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1. Introduction

In this paper we study subsequential transducers from a coalgebraic perspective. Subsequential transducers can be
described as deterministic automata which produce output words on transitions and terminal output at accepting states.
A subsequential transducer realises a partial word function, called its behaviour, by its transformation of accepted input
words to output words. This combination of language recognition and transduction makes subsequential transducers useful
in areas such as lexical analysis, coding theory, computer arithmetic (cf. [13]) and more recently, in speech and language
processing (cf. [21,29]).

Subsequential transducers were introduced by Schiitzenberger [40] as a generalisation of sequential transducers [12].
They have since been studied, in particular, by Choffrut [9,10] who showed that subsequential transducers can be minimised
via a normalisation construction; that any partial word function is realised by a minimal subsequential transducer, and that
the Ginsburg-Rose characterisation theorem for sequential functions can be generalised to the subsequential case. Other
results may be found in [4,5,8].

In the abovementioned work, subsequential transducers were studied from the algebraic perspective on automata and
formal languages (cf. [11,12]) where syntax, congruence and initiality are fundamental notions. Coalgebra provides a dual
perspective based on general notions of behaviour, bisimilarity and finality. Many different types of state-based systems
have been identified as coalgebras (cf. [3,15,25,37]), but automata form the archetypical examples of coalgebras (over Set).
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In particular, classic deterministic automata and Mealy/Moore machines can all be modelled coalgebraically such that their
traditional semantics coincides with the coalgebraic semantics (cf. [35,37]). These well known automata classes form natural
subclasses of subsequential transducers.

Our motivation for carrying out coalgebraic modelling is that by identifying a class of automata as coalgebras, we obtain
general results regarding bisimulation, minimisation and structural theory (cf. [37]). We also gain a larger mathematical
perspective in which to view existing results and constructions. Moreover, having a coalgebraic modelling opens up the
possibility of applying general results and techniques for specifying properties of coalgebras using logic languages, see for
example [7,26,31]. In this paper we focus on the basic parts of the coalgebraic modelling, and leave logic and specification
as future work.

The main aim of this paper is to place subsequential transducers and their underlying structures in a coalgebraic frame-
work. In particular, Choffrut’s results on the existence of a minimal subsequential transducer [10] strongly suggest that a
final object exists at some level. On the other hand, for someone familiar with coalgebra it is not difficult to see that the
word function semantics of subsequential transducers is not captured by the associated coalgebraic notion of behaviour.
We would like to obtain a clear picture of the mathematical underpinnings of these observations. This paper has three main
parts.

In the first part (Section 3), we define subsequential transducers, structures and morphisms. We show that the sub-
categories of coaccessible, normalised and minimal subsequential structures form a sequence of nested, full, reflective
subcategories of the category of all subsequential structures. Each move to a reflective subcategory can be seen as a step
towards an optimal representation. These results give a clear break-down of the essential steps of minimisation and parallel
known results for deterministic automata (cf. [1,2]).

In the second part (Section 4), we turn to the coalgebraic modelling. Although subsequential structures are easily seen to
have the type of coalgebras for a functor §, the associated notion of S-coalgebra morphism does not include all subsequential
morphisms. Hence the category Subseq of subsequential structures and morphisms is not coalgebraic. However, we show
that the subcategory NSubseq of normalised subsequential structures is a full subcategory of Coalg(S$). This result is the
basis for our slogan that normalisation is coalgebraisation. Moreover, we prove that NSubseq has a final object €2, and since
NSubseq is reflective in Subseq, 2 is also final in Subseq. Finally, we describe how to adapt the minimisation algorithm of
DFAs to normalised structures.

In the third part (Section 5), we present an alternative coalgebraic modelling for subsequential transducers in which
all states are final. We call such subsequential transducers (and their underlying structures) step-by-step. This coalgebraic
representation is obtained by a structural transformation which corresponds to taking the differential of the behaviour.
These so-called differential representations can be seen as sequential transducers which produce output in the free group

B®™ rather than the free monoid B*, and they can be modelled as coalgebras for a functor 55*). We can therefore also say
that taking differentials is coalgebraisation. Moreover, like normalisation, taking differentials is functorial and a reflector.
The practical interest of this coalgebraic characterisation is that it provides us with an alternative method for deciding
equivalence of step-by-step transducers which does not require normalisation.

This paper is an extended and improved version of [18], and its main contributions are: (1) The classification of various
subclasses of subsequential structures and transducers in terms of reflective subcategories and their coalgebraic or non-
coalgebraic nature. In particular, the observation that normalisation and taking differentials are reflectors to categories of
coalgebras. (2) The identification of a final subsequential structure which explains existing results on minimal subsequential
transducers from [10]. (3) A new approach for deciding equivalence of step-by-step transducers.

2. Preliminaries
2.1. Functions and words

Let X and Y be sets. A (partial) function from X to Y is denoted by f: X --» Y. We will write f: X — Y when f is a
total function from X to Y. The domain and range of f: X --» Y are denoted dom(f) and ran(f), respectively. For a function
f:X --»Y,and subsets C C X and D C Y, the f-image of C is denoted f(C) = {f(x) € Y | x € C N dom(f)}, the inverse
f-image of Dis f~1(D) = {x € dom(f) | f(x) € D}, and the restriction of f to C is f]c.

The free monoid over a set X is the monoid (X*, €, .) where X* is the set of all words over X, ¢ is the empty word, and
u . w, or simply uw, denotes the concatenation of two words u, w € X*. For allu, w € X*, we write u < w if u is a prefix of
w, i.e., there exists av € X* such that w = uv. The length of a word w is denoted by |w/|.Iff, g: X — B* thenf. g: X — B*
is the function defined by (f . g)(x) = f(x) .g(x). The free group over X is denoted by X &) and the formal inverse of x in
X is written X. For w € X*, the inverse of w = X1X2 ...Xg iSW = Xi...X3 X1, and € = ¢. The symbol . also denotes
multiplication in X0, Hence, if w = uv € X*, thenu.w = v and w.V = u. An example where u is not a prefix of w € X*,
is given by aab.ab = ab.b. A subset T C X* is called prefix-closed if whenever u < wandw € T then u € T. A partial
function f : X* --» Y* is prefix-preserving if dom(f) is prefix-closed, and for all u, w € dom(f), if u < w then f(u) < f(w).
For aset S C X™ of words, we denote by Icp(S) the longest common prefix of words in S with the convention that Icp(¥) is
undefined.
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2.2. Coalgebra

Some previous familiarity with coalgebra will be useful to the reader, but we will provide all the basic coalgebraic
definitions relevant for this paper. For a more detailed introduction, including many examples, we refer to Rutten [37]. We
do, however, assume the reader is familiar with basic notions such as category and functor, and the constructions of product,
coproduct and exponentiation. In general, for an object C in a category C, we denote the identity C-morphism on C by idc.

Our coalgebras will be based on Set, the category of sets and total functions. Given a functor ¥ : Set — Set, an F-
coalgebra is a pair S = (S, o) where Sisasetand o : S — #(S) is a function, often called an ¥ -coalgebra structure on S.
A function f: Sy — Sy is an ¥ -coalgebra morphism from (S1, 01) to (S2, 02) if F(f) o 01 = 03 o f, that is, if the following
diagram commutes:

S1 4f>52

J]l lo‘z
F ()

F(S1) —=F(S2)

F -coalgebras and ¥ -coalgebra morphisms form a category which we denote by Coalg(¥).

Let (S, o) be an ¥ -coalgebra. An ¥ -coalgebra (S’, o) is a subcoalgebra of (S, o),if S’ C Sandtheinclusionmap:: S’ — S
is an ¥ -coalgebra morphism. Subcoalgebras are determined by their carrier ([37, Proposition 6.1]), meaning that if (S’, o)
and (', ¢”’) are subcoalgebras of (S, ), then ¢’ = o”. We can therefore think of the subcoalgebras of (S, o) as certain
subsets of S. If the intersection of all subcoalgebras containing a state s € S is again a subcoalgebra of S = (S, o), then we call
it the subcoalgebra generated by s in S and denote it by (s)s. We will also use the fact that if f is an F -coalgebra morphism from
(81, 01) to (S, 02), then the image f(S7) is a subcoalgebra of (S,, 02). If f is injective, then (S, o7) is isomorphic to f(S,),
since any bijective S-coalgebra morphism is an isomorphism in Coalg(.s). We refer to [37, Proposition 2.3, Theorem 6.3] for
these last two facts.

Given an F-coalgebra S = (S, o) arelation R € S x S is a congruence on S, if R is the kernel of some ¥ -coalgebra
morphism f from (S, o) to some (S’, o’). The identity relation on S is a congruence, and congruences are closed under
unions. Consequently, a largest congruence on S always exists (cf. [17]). A congruence R is an equivalence relation and we
denote the set of R-equivalence classes on S by S/R. If R is a congruence, then there exists a unique ¥ -coalgebra structure
or: S/R — F(S/R) such that the quotient map pgr: S — S/Ris an F-coalgebra morphism from (S, o) to (S/R, or) (see
e.g. [37, Propositions 5.7 and 5.8]). We denote the quotient structure (S/R, og) by S/R. An F-coalgebra S is called minimal
if it has no proper quotients, that is, if the largest congruence on S is the identity relation.

Coalgebras come with abstract notions of behaviour and bisimulation. Let two ¥ -coalgebras S; = (S1,01) and S, =
(52, 02) be given. Two states s; € Sy and s, € Sy are called behaviourally equivalent if there exist an ¥ -coalgebra (S, o) and
F -coalgebra morphisms f; from (S;, 0j) to (S, 0),j € {1, 2}, such that f(s1) = f2(s2), in which case we write s; =¢ s5.0n
an ¥ -coalgebra S, the behavioural equivalence relation = is the largest congruence on S, see e.g. [17]. One way of proving
that two states are behaviourally equivalent is to show that they are linked by a bisimulation. A relation Z C S; X S, is an
F -bisimulation between S and S5, if Z can be equipped with coalgebraic structure { : Z — ¥ (Z) such that the projections
i Z — S;,1 € {1, 2}, are ¥ -coalgebra morphisms. Two states s; € S; and s, € S, are ¥ -bisimilar (notation: s; ~ S2)
if there exists an # -bisimulation Z between Sy and S, such that (s1, sy) € Z. It is always the case that s; ~# s, implies
s1 =g sz, however, the converse holds only under certain conditions on ¥ (cf. [37, Theorem 4.3]).

An object € in a category C is a final object in C, if for any C-object C there is a unique C-morphism h¢ from C to
called the final C-morphism (from C). Note that hg = idg. A final F -coalgebra is a final object in Coalg (). In general, a final
F -coalgebra need not exist, but if it does, it is unique up to isomorphism, and we will therefore sometimes speak of the final
coalgebra. The elements of a final #-coalgebra can be thought of as all possible behaviours of #-coalgebras. The following
theorem summarises some fundamental properties of final #-coalgebras. The proof can be found in [37, Section 9].

Theorem 2.1. Let Q2 = (Sq, o) be a final F-coalgebra.

1. Foralls,t € Sq:s ~¢ tiffs=t.
2. All subcoalgebras of 2 are minimal.

Example 2.2. Many known structures are identified as being coalgebras (see e.g. [37]). We mention in particular two types
of automata which are special instances of subsequential transducers. The first is classical deterministic automata over an
alphabet A. A classic deterministic automaton can be seen as a map (0, d): Q — 2 x Q% whered: Q — Q% is the next-
state function and the output function o: Q — 2 = {0, 1} defines whether a state g € Q is accepting (o(q) = 1) or not
(o(q) = 0). Such maps are coalgebras for the functor Aut(X) = 2 x X4, and it is straightforward to show that Aut-coalgebra
morphisms coincide with the well known morphisms of deterministic automata; that the final Aut-coalgebra consists of
the set of all languages P(A*), and the final Aut-coalgebra morphism is the map that sends a state q to the set of words
accepted from q (see e.g. [35]).
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The second example is given by Mealy machines (cf. [28]). A Mealy machine with input in A and output in B is a coalgebra
ofthetypet: Q — (Bx Q)" (cf.[37]),and a final Mealy-coalgebra is obtained by equipping the set {f : A* — B} offunctions
which map non-empty words over A to B with the following structure: f +— Aa.{f(a), fy) where f,(w) = f(a) .f(aw) for all
we AT,

In this paper all functors considered are polynomial, i.e., they are constructed from constant sets, identity, product,
coproduct and exponentiation. We will make use of the following facts.

Proposition 2.3. Let F : Set — Set be a polynomial functor.

1. The final F -coalgebra exists.

2. For all F-coalgebras (S, o) and alls,t € S:s ~ ¢ tiffs =4 t.

3. For all F-coalgebras (S, o), the bisimilarity relation ~ ¢ is the largest congruence on S, hence S/~ ¢ is a minimal F -
coalgebra.

4. For all F-coalgebras S = (S, o) and all s € S, the generated subcoalgebra (s)g exists.

5. For all F-coalgebras Sq and S; containing states s; and s,, respectively: s; ~¢ s iff k1(s1) ~ g k2(s2), where k; : S; —
S1+S,,i € {1, 2}, are the coproduct injections.

Proof. These properties follow from the fact that polynomial functors are standard, continuous and preserve weak pullbacks.
Details may be found in [37]. O

2.3. Reflective subcategories

We recall the definition and some facts of reflective subcategories (see e.g. [1,27]). Let C be a subcategory of D, and D an
object in D. A C-reflection arrow for D is a D-morphism rp: D — Cp to some C-object Cp which has the following universal
property. For any C’ € C and any D-morphismf: D — C’ there is a unique C-morphism f": Cp — €’ suchthatf = f" orp.
That is, the following diagram commutes.

The subcategory C of D is reflective in D if for every D-object D there is a C-reflection arrow for D. As an example, we mention
that in the category of deterministic automata (DAs) the subcategory of minimal DAs is reflective (see [2, Chapter VI.1] and
also [1, Example, 4.17]).

An equivalent formulation of reflective subcategory is the following. A subcategory C of D is reflective in D if the embedding
functor £: C — D has a left adjoint ® : D — C. This left adjoint R is called a reflector. Once a choice of reflection arrow
has been made for every D-object D, the functor % can be defined by ® (D) = Cp, and for f: D; — D5, R (f) is the C-arrow
determined by the following diagram:

Dy —2Ls R (Dy)
fl lﬂi(f)
Dy —2 5 R (Dy)

This implies that if C is reflective in D, then a final object Cy in Cis also final in D, due to the bijection of Hom-sets: D(D, Cy) =
C(R.(D), Co). Namely, the unique morphism hg py : R (D) — Cp corresponds to a unique morphism hp: D — Co. Finally,
since reflectors are adjoints, and adjoints compose, if A is a reflective subcategory of B, and B is a reflective subcategory of
C, then A is a reflective subcategory of C.

3. Subsequential structures and transducers

In this section we review the basic definitions of subsequential transducers (cf. [9,10]), and define subsequential structures
and their morphisms. We characterise the full subcategories of coaccessible, normalised and minimal subsequential struc-
tures. In particular, we show that they form a sequence of nested, reflective subcategories in the category of all subsequential
structures.

3.1. Basic definitions

Throughout this paper, we assume we are given two (possibly infinite) sets A and B, which we refer to as the input and
output alphabet, respectively. A subsequential transducer can be seen as a deterministic automaton which for every accepted
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input word from A* produces an output word in B*. If the input word leads to a non-accepting state, then the output will be
considered undefined. The transition structure is assumed deterministic, but not total, that is, for each state and each input
letter there is at most one transition available. The output is generated by outputting words on transitions and a terminal
output word at final states. Moreover, the subsequential transducer may be equipped with an initial prefix which is a word
that will be prefixed to the output generated from processing the input.

In coalgebra, we usually focus on structures without a designated initial state, and this will also be the case here. The
underlying structure of a subsequential transducer is obtained by leaving out its initial state and initial prefix.

Definition 3.1 (subsequential structure and transducer). A subsequential structure is a 4-tuple S = (Q, o, d, r) where Q is a
set of states, 0: Q — (A --» B*) is an output function,d: Q — (A --+ Q) is a next-state function and r: Q --» B*isa
terminal output function. We require that for all ¢ € Q, dom(o(q)) = dom(d(q)) =: supp(q), called the support of g. The
set of final (or accepting) states of S is F := dom(r). If ¢ & F then q is called an internal state. The underlying deterministic
automaton of S is the structure (Q, d, F). If Q = ¢, then S is called the empty subsequential structure.

A subsequential transduceris a 6-tuple T = (Q, o, d, r, i, m) where (Q, o, d, r) is a subsequential structure, and if Q # ¢,
i € Q is the initial state, and m € B* is the initial prefix. In case Q = J, i and m are considered undefined, and T is called the
empty transducer.

The reason we allow the empty subsequential structure/transducer is that later (cf. Definition 3.13) we want the operation
of taking the coaccessible part to be a map on subsequential structures, and this operation can result in an empty set of states.

A path in a subsequential structure S = (Q,o0,d, r) starting in state go and ending in state g, is a sequence
(qo, ap, wo), (q1, a1, w1), ..., (Gn—1, Gn—1, Wn—1), qn Wheren > 0, qo, .. ., g are states in Q, ap, . . ., a;—1 are elements
of A and wy, ..., w,_1 are words in B* such that for all j < n, d(gj)(aj) = gj+1 and o(q;)(a;) = w;. The parameter n is

called the length of the path, the words agay . . . a,—1 and wow; ... w,_q are called the input and output labels of the path,
respectively. A path is called final if it ends in a final state, and a state q is coaccessible if there exists a final path starting in
g. The set of coaccessible states of a subsequential structure S (or transducer T) will be denoted by Coacc(S) (respectively,
Coacc(T)). In a subsequential transducer, a state q is accessible (or reachable) if there is a path from the initial state to q. The
set of accessible states of a subsequential transducer T are denoted by Acc(T). A subsequential transducer is called trimmed,
if all its states are accessible and coaccessible.

LetS = (Q, o, d, r) be a subsequential structure and q € Q a state. We extend the output and next-state functions at g to
mapso(q): A* --» B*and d(q) : A* --» Q in the following standard manner. Forastateq € Q,a € Aandw € A*, we define

d@(e) =q,  d(g)(wa) = d(d(q)(w))(@),
o(@)(e) =¢,  o(g)(wa) = o(q)(w).o(d(q)(w))(a).

with the proviso that the left side is defined only if the right side is. The set of words accepted from q in the underlying DA
(Q, d, F) is called the input language of q and we denote it by £(q), i.e.,

L(q) = {w € A" | d(@)(w) € F}. (1)

A subsequential transducer T realises a partial word function by its transformation of input words to output words.
Similarly, given a subsequential structure S and a state q in S, we can consider the partial word function realised by S when
starting in q.

Definition 3.2 (behaviour). Given a subsequential structure S = (Q, o, d, r) and a state g € Q, the behaviour of q (in S) is
the partial function [q]ls: A* --+ B* defined for allw € £(q) by:

[alls(w) = o(q)(w) . r(d(q)(W)). (2)

Given two subsequential structures S and S/, two states ¢ in S and ¢/ in S’ are equivalent if [q]ls = [¢'Is'-
The behaviour of a subsequential transducer T = (S, i, m) is the partial function [T : A* --+ B* definedforallw € £(i)
by:

[TI(w) = m. [ills(w). (3)
We say that T realises [T]], and two subsequential transducers T; and T+ are equivalent if [T1]] = [T>]l.

For notational simplicity we sometimes leave out the subscript from [q]ls when S is clear from the context, or we use
some appropriate indexing, for example, [q]l; instead of [q]ls, .

Example 3.3. Consider the subsequential transducers Ty and T depicted below. The initial state is marked by an incoming,
sourceless arrow labelled with the initial prefix; a transition from a state g to a state ¢’ on input letter a with output w is
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illustrated as an arrow from q to ¢’ with label a|w; and final states are marked with an outgoing double-arrow labelled with
the terminal output.

T1 . Tz .
alb j/g ﬂg ale ia ﬂa
7T bla 7N ble
q2 g1 ——Q3 S2 S1 ——S3
ala alba

It is not difficult to see that Ty and T, compute the same partial function f: {a, b}* --» {a, b}*, where dom(f) = {(aa)*b |
k € w}, and for all k € w, f((aa)*b) = (ab)*a. Hence Ty and T are equivalent.

Choffrut introduced in [10] a notion of morphism between trimmed subsequential transducers. This definition is based
on his observation in [9] that it is possible to systematically shift some of the output letters “upstream” without changing
the input-output behaviour. For example, in Example 3.3 above, the two transducers realise the same function, and the
underlying DAs are isomorphic. The only difference is that internally T, produces its output a bit faster than T;. Informally,
Choffrut’s definition of morphism is a map between states which respects transitions of the underlying DAs together with
the requirement that an output shift exists which makes the two subsequential transducers produce their output in a
synchronised manner.

We wish to define a notion of morphism for arbitrary subsequential transducers and in particular for subsequential
structures. We do so by a slight variation on Choffrut’s definition. See Remark 3.12 at the end of this section for details
on how the two relate to each other.? Since we view subsequential structures as more fundamental than subsequential
transducers, we will first define morphisms between subsequential structures, and then add conditions for the transducer
case. We note that the conditions (next) and (init) in Definition 3.4 below should be read as saying that the left side is defined
if and only if the right side is, and if both are defined the two must be equal.

Definition 3.4 (subsequential morphism). Let S = (Qq, 01, d1, 1) and Sy = (Q2, 02, d3, 1) be two subsequential struc-
tures. A function: Qq --» Q is a subsequential morphism from S; to S, (notation: o : Sq --» Sy), if there exists a function
B: Q1 — B* such that the following conditions are satisfied for all ¢ € Qy:

(next) Va e A: a(di(q)(a)) = da(a(q)(a),
(out) Va € A: ifq, di1(q)(a) € dom(«)

then B(q) . 02(a(q))(a) = 01(q)(a) . B(d1(q)(a)),
(acc) a"I(F) = F,

(term-out) if g € Fy then B(q) .12(a(q)) = r1(q).

Given two subsequential transducers T1 = (Sq, i1, my) and Ty = (S;, ip, my), a subsequential (transducer) morphism from
T to T is a subsequential morphism ¢« : S --+ S, such that @ and its witnessing function 8: Q; — B™ satisfy:

(init) (i) =iz,

(e-in) ifi; € dom(«) thenmy = my . B(i1).

Remark 3.5. We will use the notation (&, 8): S --+ S, to say that « is a subsequential morphism from S; to S; with
witnessing function .

Condition (next) can be illustrated by the diagrams in Fig. 1. The diagrams should be read as follows. The left side of (next)
is defined iff the solid arrows of the (next-left) diagram are given. Consequently, the dotted arrows should exist such that
the resulting diagram commutes. Similarly, for the diagram (next-right).

One might have expected that in the (next-left) diagram the upper arrow with label o should have been solid rather than
the lower one. The next-state condition corresponding to this variation is the condition required of proper state mappings
of partial DAs in [12, lIL.4], and it ensures that in transducers, &« must be defined on all accessible states. Definition 3.4, on
the other hand, ensures that @ must be defined on all coaccessible states (Lemma 3.8). We find the (next-left) condition
appropriate since we view subsequential structures as potential subsequential transducers, namely, each state in a subse-
quential structure has the potential to become the initial state of a subsequential transducer. A morphism of subsequential
structures should therefore include all states that have the potential to become a transducer with non-trivial behaviour, i.e.,
all coaccessible states.

2 We remark that our current definition of subsequential morphisms differs from the one given earlier in [18], which turns out to be the correct notion for
coaccessible structures, but not for subsequential structures in general.
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(next-left) (next-right)
G R C) 9 ———a(q)
o V V o
di(q)(a) ——a(d1(q)(a) di(q)(a) >da(a(q)(a)

Fig. 1. Diagrammatic description of condition (next).

Example 3.6. We can now verify that in Example 3.3 the map «(qj) = s;,j € {1, 2, 3}, is a subsequential morphism from
T; to T, by taking 8(q1) = a, B(q2) = ba and S(q3) = . For example, to see that the (out) condition holds, we have

B(q1) -02(s1)(a) = a.ba = a.ba = o01(q1)(a) - B(q2),
B(q2) «02(s2)(a) = ba.e = b.a 01(q2)(a) « B(q1),
B(q1)-02(s1)(b) = a.¢ 01(q1)(b) . B(q3).

a.¢

We allow a subsequential morphism « to be partial in order to be able to ignore states that have trivial behaviour. This
is the reason why the condition (out) is restricted to states in dom(w). We illustrate with an example.

Example 3.7. Consider the two variations on the subsequential transducers of Example 3.3.

T;: TY:

alb i/s /H‘g ale i/a ’H*S
bla AN pg bib ZTNY pge
4 <—Qq2 g1 ——q3 Sg<—-952 S ———>S3
w7 \\\/
ala alba

It can easily be confirmed that the (now partial) map «(q;) = s;,j € {1, 2, 3}, is a subsequential morphism from T} to T
by defining 8 as in Example 3.6 for q1, q2, g3, and letting 8(q4) be any value in B*. The states g4 and s4 are not coaccessible,
and hence do not contribute to the behaviour of T and T%. In Lemma 3.15 below, we will see that the witnessing function
B of any subsequential morphism is uniquely defined on all coaccessible states. In this example, this implies that g4 cannot
be in the domain of any subsequential morphism from T to T%, since there is no value for 8(q4) € B* which would satisfy
the (out) condition.

We now show that states with trivial behaviour are the only states that are allowed to be ignored by subsequential
morphisms, and that they respect input languages.

Lemma 3.8. Let S and S, be subsequential structures and «: S; --+ S, a subsequential morphism.

1. Coacc(S1) € dom(w).
2. Forallq € dom(w): £(q) = L(x(q)).
3. Forallq € dom(x): q € Coacc(Sy) iffa(q) € Coacc(S,).

Proof. LetS; = (Qq, 01, dy, 1) andS; = (Qz, 02, dy, 17),and assume & : S --+ S,. Item (1): By definition, q € Coacc(Sy)
iff there existsaw € A* such that d; (q)(w) € F;. We show by induction on the length of w that forall g € Q1,d;(q)(w) € F;
implies ¢ € dom(w). Base case: If d1(q)(¢) = q € Fy, then by (acc) we have «(q) € F,, hence ¢ € dom(«). The induction
step follows easily from (next-left) and the induction hypothesis.

Item (2): We prove by induction on the length of w € A* that for all ¢ € dom(«): d1(q)(w) € Fy iff dy(x(q))(w) € F,.
Item (2) then follows immediately. The base case follows from (acc). For the induction step, leta € A and v € A*. We
have:

di (@ @)(v) € Fr < dy(a(di (@ @)W)€ B L2 dy(da(@(9)(@)(v) € Fy

and hence d;(q)(av) € F; iff dy(x(q))(av) € F,.
Item (3) follows from item (2), since for all ¢ € Qq, g € Coacc(Sy) iff £(q) # ¥, similarly for a(q). O

Subsequential morphisms preserve the behaviour of subsequential transducers, but not necessarily the behaviour of
states, i.e., «: S; --+ Sy does not imply that for all g in dom(e), [q]l; = [«(q)]l,. This can be observed in Example 3.3.
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Instead, given a subsequential morphism « with witnessing function f, the state behaviour of «(gq) can be obtained from
the state behaviour of g by explicit mention of 8(q).

Proposition 3.9. Let T = (S, i1, mq) and T, = (S,, i>, my) be subsequential transducers. We have:

L If (o, B): S1 -=» Sy, then for all g € dom() : [[q]l; = B(q@) « (@)1l
2. Ifa: Ty --» Ty, then [T1] = [T,].

Proof. Item (1): Let S = (Qq, 01, d1, 1), S2 = (Q2, 03, d3, 12) and assume that (¢, B): Sy --+ S;. From Lemma 3.8(2) it
follows immediately that for all ¢ € dom(«), dom([[q]l;) = dom([[e(q)]l;), and, in particular, [q]]; is the empty map
if and only if [ (q)], is the empty map. We prove by induction on the length of w € dom([[q]l;) that [q]l;(w) =
B(@) .« (@)1, (w). Base case:

(term—out)

gl (¢) =r1(q) B(@) -r2(c(q) = B(q@) « [ (D2 (€).
Induction step: Let w = av € dom([[q]l;) where a € Aand v € A*. Note that this implies that g and d(q)(a) are in dom(w).
We have:

[ql(av) = o1(q)(a). [di(q)(@)]; (V)
D 51(9)(@) - B(d1 (@)(@)) « [er(ds(q) (@) T(v)
W B(g) . 02((9))(@) + [er(dr (9)(@) T, ()

(next)

=" B(@.02(x(q)(@) . [da(a(q))(a) 2 (v)
= B@. [a(@](av).

Item (2): Let Ty = (Sq, i1, my), Ty = (Sy, iz, my) and assume («, B): Ty --» T,. First consider the case where i; ¢
dom(). Then (init) implies that i, is undefined and hence T is empty, and by Lemma 3.8(1), i1 & Coacc(T7). Hence [T1]]
and [[T,]] are both the empty map. Now assume that i; € dom(«). By definition, for w € A*: [T1]l(w) = mq . [i1]; (w).
From item (1) and (init), we get [T](w) = my.B(i1) - [i2],(w), and finally from (e-in), [T1[(w) = my. [ix],(w) =
[T2l(w). O

For a subsequential structure S = (Q, o, d, 1), we define the identity morphism ids on S to be the identity map idg on
the state set Q. It is easily seen that idg is a subsequential morphism from S to S by taking 8 = ¢ (the constant function
equal to & everywhere). Similarly, for a subsequential transducer T with state set Q, the identity morphism on T is defined
as id := idg. The next lemma shows that subsequential morphisms can be composed.

Lemma 3.10. LetS;,j € {1, 2, 3}, be subsequential structures, and let T}, j € {1, 2, 3}, be subsequential transducers.

1. Ifag: S --» Spanday: Sy —-» Sy thenay o1 Sq --» Ss.
2. Ifa;: Ty --» Trand ay: Ty --» T3 thenaz oy : Sg --» Sa.

Proof. Item (1): Assume (1, f1): S1 --+ S; and (a3, B2): S; --+ Ss3. Let B: Q1 — B* be defined by S(q) =
B1(q) « B2(x1(q)) ifq € dom(w) and B(q) = B1(q) ifq € Q1\dom(cx7).Itis straightforward to check that (ap0c1, B): S1 --»
Ss. Item (2) can easily be verified using item (1). O

Hence subsequential structures and subsequential morphisms form a category Subseq, and subsequential transducers
and subsequential transducer morphisms form a category SubseqTra. Note that although subsequential morphisms allow
a non-trivial output shift 8, isomorphisms in Subseq do not.

Lemma 3.11. Let S; = (Qq,01,d1, 1) and S; = (Qo, 02, da, 17) be subsequential structures. A subsequential morphism
o: Sy --» Sy is an isomorphism iff « is a bijection and its witnessing function 8 is constant equal to & on all coaccessible states.

Proof. Suppose (o1, B1): S --» Sy and (@2, B2): Sy --+ S; such that @y o oy = ids, and @y o ay = ids,. Clearly,
a1: Qq — Qy is a bijection. Recall that the free group inverse of a word w € B* is denoted w. From condition (term-out)
we get that forall g € Fy: B1(q) = r1(q) . r2(a1(q)) and B (1 (q)) = r2(1(q)) - r1(q). This means that 1(q) = B2((q)).
Since 81 and B, take values in B*, we must have that 81(q) = B>(«1(q)) = ¢ for all ¢ € Fy. Using condition (out) and
induction on the distance of a state q to F;, we can extend this argument to show that 81(q) = B2(x1(q)) = ¢ for all
q € Coacc(Sy). O
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Many interesting results on subsequential transducers, subsequential functions> and their relationship with rational
functions can be found in [5,6,8-10,32], including a characterisation of subsequential functions [9] which generalises the
Ginsburg-Rose theorem for sequential functions, and methods of determinisation [5].

Remark 3.12. Definition 3.4 is adapted from Choffrut’s definitionin [10] of morphisms of trimmed subsequential transducers.
We make a few remarks on the differences: (i) Choffrut allows §3 to take values in B* UB¥, where B* = {w | w € B*} € B*).
This slightly more general definition allows morphisms to exist from T to T, also if T sometimes produces its output slower
than T. We find this an unnecessary generalisation, since it is not needed to prove the existence of a minimal subsequential
transducer (cf. Corollary 4.13). (ii) Choffrut also defines a subsequential morphism as a partial map «, however, since all
states in a trimmed subsequential transducer are coaccessible, it follows from conditions (acc) and (next) (cf. Lemma 3.8(i))
that @ must be a total function. (iii) Choffrut explicitly includes the witnessing function 8 in his definition of morphisms
of subsequential transducers, i.e., his subsequential morphisms are pairs. We will see in Lemma 3.15 that a subsequential
morphism « between trimmed transducers, has exactly one witness 8, hence j is implicitly given by «.

3.2. Coaccessible structures

We call a subsequential structure (or transducer) coaccessible, if all its states are coaccessible. We denote by CSubseq the
full subcategory of Subseq consisting of coaccessible subsequential structures; similarly, CSubseqTra is the full subcategory
of SubseqTra consisting of coaccessible subsequential transducers.

It is well known that given a finite (partial) deterministic automaton, one can obtain the coaccessible part by computing
the states that are backwards reachable from the final states, and the same, of course, holds for subsequential structures,
since coaccessibility is a property defined by the underlying DA.

Definition 3.13. Let S = (Q, o, d, r) be a subsequential structure. We define C(S) := (Q’, o, d’, r) where Q" = Coacc(S)
and o’ and d’ are the restrictions of o and d to Q’, i.e., forallqg € Q" and a € A, 0'(q)(a) = 0(q)(a) and d’'(q)(a) = d(q)(a), if
d(q)(a) € Q’, otherwise o’ (q)(a) and d’(q)(a) are undefined.

The following lemma is clear from the definition.
Lemma 3.14. IfS is a subsequential structure, then C(S) is a coaccessible subsequential structure.

We now show that Definition 3.4 ensures that the witnessing output shift function g is uniquely defined on coaccessible
states.

Lemma3.15. LetS; = (Qq, 01, d1, r1) andS; = (Qa, 02, da, 1) besubsequential structuresanda : Sy --+ S, asubsequential
morphism.If B : Q1 — B* and B’ : Q; — B* are both witnessing functions for ., then B/ coace(s;)= B’ [coace(S;)-

Proof. We show that for all ¢ € Q; and all w € A*, if d{(q)(w) € F; then B(q) = B’(q). The proof is by induction on the
length of w. In the base case, i.e., ¢ € Fy, it follows from (term-out) that 8(q) = B’(q). For the induction step, assume that
a € Aand v € A* such that d;(q)(av) € Fy, and let g, = d1(q)(a). By induction hypothesis (IH) and (out) it follows that

out

B@) 2 01(9)(@) . BGa) - 02@(@) (@ L 01(9)(@) B () - 02(@(@)(@) X B'(q). O

In the previous section, we observed in Lemma 3.8(1) that a subsequential morphism must be defined on all coacces-
sible states, hence the morphisms in CSubseq are total maps. Together with Lemma 3.15, this leads us to the following
characterisation of subsequential morphisms between coaccessible structures.

Proposition 3.16. Let S; = (Qq, 01,dy, 1) and Sy = (Q2, 02, do, 1) be coaccessible subsequential structures. A function
o: Qp --» Qy is a subsequential morphism from Sq to S, if and only if dom(«) = Qq and there exists a unique function
B: Q1 — B* such that the following conditions are satisfied for all ¢ € Qy:

(supp) supp(q) = supp(a(q)),

(next)c Va € supp(q): a(di(q)(a)) = da(a(q))(a),

(out)c Va € supp(q): B(q) «02(x(q))(a) = 01(q)(a) . B(d1(q)(a)),
(acc) a I(F) =F,

(term-out) ifq € Fy then B(q) . r2((q)) = r1(q).

3 A function f: A* --» B* is called subsequential, if f is the behaviour of some finite subsequential transducer T, i.e., T has only finitely many states and
transitions.
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Proof. First assume that « is a subsequential morphism with witnessing function 8. By Lemma 3.8(1), « is total, and hence
condition (next) ensures that (supp) and (next)c holds. The totality of « and (out) together imply that (out)c holds for «
and B. The uniqueness of B follows from Lemma 3.15. Now, assume that « is a total function from Q; to Q, satisfying the
conditions of the proposition with unique witness . Condition (supp) now ensures that in (next) the left side is defined iff
the right side is, and when both are defined, (next)c ensures that they are equal. To see that (out) holds, note that since « is
total, d(q)(a) € dom(w) iff a € supp(q). Hence (out) follows from (out)c. O

We will use the notation «: S1 — Sy rather than o: S --+ Sy, when S; is coaccessible, in order to emphasise that «
is a total map.

Next, we will show that CSubseq is reflective in Subseq, by showing that the identity on coaccessible states is a reflection
arrow. We first illustrate with a small example that the identity on coaccessible states is a subsequential morphism.

Example 3.17. Consider the subsequential structures S; and S underlying T from Example 3.3 and T’ from Example 3.7,
as illustrated below.

S/] . S] :
alb ﬂ\s alP\ ﬂ\s
bla TN g T
Q4<—0Q2 a1 ——q3 az a1 ——q3
\“\_// \T/
ala ala

Clearly, S; = C(S)), and it is easy to see that idcegc(s;) : S --» St in Subseq with witnessing function § constant equal
to €.

The following theorem confirms that our definition of subsequential morphisms is the correct one. It is also an argument
for saying that the right way of thinking about subsequential structures is in terms of their coaccessible part. We will see in
the next section that this statement can be sharpened by considering normalised subsequential structures.

Theorem 3.18. Let S be a subsequential structure. We have:
idcoacc(s) : S -+ C(S) is a CSubseq-reflection arrow for S.

It follows that CSubseq is a reflective subcategory of Subseq, and the map C is a functor C: Subseq — CSubseq by defining
Cla) = Otchacc(sl)fOTa: St --» S,

Proof. Let S be a subsequential structure. It is straightforward to check that (idceacc(s), €) : S --+ C(S). It remains to show
that idceacc(s) has the desired universal property, that is, if («, 8): S --» S’ in Subseq where §' is in CSubseq, then there
is a unique morphism o’: C(S) — S’ in CSubseq such that @ = o’ o idcace(s). We claim that o’ = o with witnessing
function B’ = B [ coace(s) as illustrated in the following diagram.

(idCoacc(S) ,€)

84>C(‘S)

M \\V(a» ﬂrCoacc(S) )

S/

To prove our claim, we just have to note that by Lemma 3.8(1) and the assumption that S’ is coaccessible, it follows that
dom(a) = Coacc(S), hence & = & coaee(s)= & © idcoace(s), and « is clearly unique. It is also easy to see that ' = B coacc(s)
witnesses the fact that o : C(S) — S’ is a morphism. Moreover, 8’ is unique due to Lemma 3.15. [J

3.3. Trimmed transducers

Subsequential transducers are often assumed to be trimmed (cf. [10]), that is, all states are accessible and coaccessible.
We now look closer at the operations involved in trimming a transducer. First we note that for subsequential transducers,
taking the coaccessible part is not always a well defined operation, since doing so on a T in which the initial state is not
coaccessible and the set of final states is not empty will result in an object where the initial state is not an element of the
(non-empty) state set. Such objects are not subsequential transducers by our definition. Still we remark that the category
CSubseqTra is well defined, only  is not a functor from SubseqTra to CSubseqTra. Before we can take the coaccessible
part, we must first make T accessible.

Definition 3.19. Let T = (Q, o, d, r, i, m) be a subsequential transducer. We define 4(T) = (Acc(T), o', d’, r’, i, m) where
o/, d’" and 1’ are the restrictions of o, d and r to Acc(T). A(T) is called the accessible part of T, and T is called accessible if
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T = a(T).If T = (S, i, m) is an accessible subsequential transducer, then we define C(T) = (C(S), i, m) with i and m
undefined if Coacc(S) = @.

Trimming a subsequential transducer can be achieved by first taking the accessible part and then the coaccessible part.
In particular, note that if T is accessible, then all states are coaccessible iff the initial state is coaccessible.

Lemma 3.20. IfT is a subsequential transducer, then A(T) is an accessible subsequential transducer and C(A(T)) is a trimmed
subsequential transducer.

Let ASubseqTra and TSubseqTra denote the full subcategories of SubseqTra consisting of accessible and trimmed
subsequential transducers, respectively.

The notions of accessibility and coaccessibility are properties of the underlying deterministic automaton, and the following
proposition can easily be adapted to a statement about (partial) deterministic automata.

Proposition 3.21. We have:

1. Forall T € SubseqTra, idac(T): A(T) --+ T is a subsequential morphism.
2. Forall T € ASubseqTra, idcogee(y: T --+ C(T) is a TSubseqTra-reflection arrow.

Proof. We only provide a sketch. For item (1), let T = (Q,o0,d,r,i,m) and 4(T) = (Acc(T), o', d’,r’,i, m). To see
that idac () satisfies (next), we have for all ¢ € Acc(T) and all @ € A: idace(T) (d'(q)(a)) is defined iff a € supp(q) iff
d(idace(Ty(q)) (a) is defined, and when both are defined they are equal, since d’ is the restriction of d to Acc(T). Condition
(acc) holds since F’ := dom(r’) = FN Acc(T) = id;c}:(T) (F). The other conditions from Definition 3.4 are checked as easily.
Item (2) can be proved along the same lines as Theorem 3.18. [J

Since subsequential transducer morphisms respect behaviour (Proposition 3.9(2)) we have an easy corollary.
Corollary 3.22. For any subsequential transducer T, C(A4(T)) is equivalent to T.

Remark 3.23. In fact, it is also possible to show that for any subsequential transducer T, idac(t): A(T) --» T is an
ASubseqTra-coreflection arrow for T. A coreflection arrow is the dual notion of a reflection arrow. Hence trimming a
transducer can be seen as a composition of a coreflection with a reflection. However, we leave it to the interested reader to
verify this claim, since it will not play any role in the rest of the paper.

3.4. Normalised subsequential structures

As we have seen in the previous section, considering coaccessible subsequential structures allows us to work with mor-
phisms as total maps and unique witnessing functions. Still, in spite of this conceptual simplification, checking whether a
morphism exists between two coaccessible structures, or whether two subsequential transducers are equivalent, is com-
plicated by checking for the existence of a witnessing output shift function 8. In this section, we will see that this problem
is eliminated by considering normalised subsequential structures and transducers. Informally stated, a normalised subse-
quential transducer produces its output at maximal speed. Consequently, morphisms between normalised subsequential
transducers can only have 8 = ¢ as witnessing function.

The definition of normalised subsequential transducers goes back to Choffrut [9] who showed that any finite subsequential
transducer can be transformed into an equivalent normalised one. Here we formulate Choffrut’s results for coaccessible sub-
sequential structures, and we show that normalised subsequential structures and transducers form reflective subcategories
of CSubseq and CSubseqTra, respectively.

Definition 3.24 (normalised states, structures and transducers). LetS = (Q, o, d, r) be a coaccessible subsequential structure,
and q € Q. We define a function Bs: Q — B* by

Bs(@) = lep(o(@ (W) . r(d(@)(w)) | w € L(@)}). (4)

That is, Bg (q) is the longest common prefix over all output words on final paths starting in g. A state ¢ € Q is normalised if

Bg (q) = &. A subsequential structure S is normalised if all states in S are normalised, and a subsequential transducer T is
normalised if its underlying subsequential structure is normalised.

If T = (S, i, m), then will use the notation BT = ,35, or we may leave out the subscript altogether if no confusion can
arise. Let NSubseq be the full subcategory of CSubseq (and Subseq) consisting of normalised subsequential structures
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and subsequential morphisms. Similarly, NSubseqTra is the full subcategory of CSubseqTra consisting of normalised
subsequential transducers.

The meaning of ﬁ can be explained informally as follows. Suppose a subsequential transducer T is processing an input

word w = vu € dom([[T])), and after reading v, the output produced so far is x € B* and the current state is q. Now ﬁ(q)
gives us the longest word which will be output by T in the remainder of the computation, no matter what u is. This means

that the output of /§ (q) is unnecessarily delayed while waiting for T to read the next input letter. Normalising a subsequential
transducer consists in changing the output functions such that there is no delayed output anywhere.

Definition 3.25 (normalisation of structures and transducers). Let T = (Q, o, d, r, i, m) be a coaccessible subsequential

transducer. The normalisation of T is the subsequential transducer A'(T) = (Q, o/, d, r’, i, m’) where for all ¢ € Q, and all
acA:

m =m.B(0), o @@ =A@ .oq)@.Ad@(). rq =Pha.rQ. (5)

Similarly, for a subsequential structure S = (Q, o, d, r), the normalisation of S is A(S) = (Q, o, d, "), where o’ and 1’ are
defined as in (5).

Lemma 3.26. IfS is a coaccessible subsequential structure then N\ (S) is a normalised subsequential structure. Consequently, for
all coaccessible subsequential transducers T, N\ (T) is a normalised subsequential transducer.

Proof. First note that in Definition 3.25, 0o’ (¢q)(a) and ' (q) take values in B* for all states g and a € A, since ,é(q) is a prefix
of o(q)(a) . B(d(q)(a)) and of r(q). So A(S) is a subsequential structure. The fact that A(S) is normalised is clear from the
definition of . O

Example 3.27. The reader can verify that in Example 3.3, T is the normalisation of T4, and the 8 given in Example 3.6 is
equal to Br,.

Before we characterise subsequential morphisms between normalised structures, we note that from Proposition 3.9 it
follows that if («, B): S; — S, in CSubseq, then for all states q in Sy:

Br(@) = B(@)+ Ba(a(q)), (6)
where ,31 = ﬁgj,j =1, 2. From (6) it follows immediately that:
Lemma 3.28. Let (o, B): S; — Sy in CSubseq.

1. IfS; is normalised, then 8 = ,51.
2. If Sy and S, are normalised, then B = ¢.

We can now prove that subsequential morphisms between normalised structures are very much like morphisms between
deterministic automata or Mealy machines.

Proposition 3.29. Let S = (Qq, 01,dy, 1) and S; = (Qy, 02, dy, r2) be normalised subsequential structures. A function
a : Qq — Qg is a subsequential morphism if and only if (, €): S1 — S, i.e, forallq € Qy:

(supp) supp(q) = supp(a(q)),

(next)c Va € supp(q): a(d1(q)(a)) = d2(a(q))(a),
(out)y Va € supp(q): 01(q)(a) = 02(x(q))(a),
(acc) a”'(F) =Fy,

(term-out)y ifq € Fy thenri(q) = ra(a(q)).

Let T1 = (Sq, i1, mq) and Ty = (S,, iy, my) be normalised subsequential transducers. A subsequential (transducer) morphism
from T to T is a subsequential morphism o : S — S, satisfying:

(init) a(iq) =iy, and

(e-in)y  ifi; € dom(«) then my = my.
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Proof. First consider the characterisation of subsequential morphisms between normalised structures.Ifa: S; — S,, then
by Lemma 3.28(2) the (unique) witnessing function is 8 = ¢.The other direction is clear. The characterisation of morphisms
between normalised transducers follows easily from the result for structures. [

An easy consequence of Proposition 3.29 is that subsequential morphisms between normalised structures preserve state
behaviour.

Corollary 3.30. Let: S; — S; be a subsequential morphism in NSubseq. For all states q in S1: [qll; = [ (q)]1>.

Proof. From Proposition 3.9 we have for all g in S; that [q]l; = B(q) . [« (q)]l,. From Proposition 3.29 it follows that
B(q) = ¢,and hence [[q]l; = [(q)]l,. O

We now show that normalisation is a reflector. This result takes the argument from the previous section for coaccessible
structures and transducers a step further, so that we now can say that the right way of thinking about subsequential structures
and transducers is in terms of their normalisation.

Theorem 3.31. Let S be a coaccessible subsequential structure and T = (S, i, m) a coaccessible subsequential transducer. We
have:

1. ids: S — N(S) is an NSubseq-reflection arrow for S.
2. id7: T — A((T) is an NSubseqTra-reflection arrow for T.

It follows that NSubseq is a reflective subcategory of CSubseq, and NSubseqTra is a reflective subcategory of CSubseqTra.
Moreover, the map N\ is a functor \_: CSubseq — NSubseq and A\ : CSubseqTra — NSubseqTra by defining N (@) = «
for a subsequential morphism « in CSubseq or CSubseqTra.

Proof. Item (1): Let S be an object in CSubseq. It is straightforward to check that (ids, Bg): S — A(S) by using the
characterisation of morphisms in CSubseq (Proposition 3.16) and the definition of A'(S) (Definition 3.25). Now it is also
easy to see that for any normalised S’ € NSubseq, if (o, 8): S — S’ in CSubseq then @’ = « is the unique NSubseq-
morphism such that &’ : A(S) — S and o’ o ids = «. From Lemma 3.28(2) it follows that the witnessing function B’ for
a: N(S) — §'isjust B/ = &, and that the diagram below commutes.

S (ids, Bs) z l(S)

R to)

S/

Item (2): Let T = (S, i, m, ) be in CSubseqTra. Hence in particular, i € Coacc(T). It is easy to check that (idT, Br): T —
A(T) in CSubseqTra. Now suppose (a, 8): T — T’ for some T = (S,i, m’) in NSubseqTra. It follows that,
(a, B):' S — §/, hence by item (1) a: A(S) — §' is the unique subsequential morphism such that @ = « o ids. To
see thata: A(T) — T’ in NSubseqTra, note that («, 8): T — T’ implies that m’ = m. B(i), and using Lemma 3.28(1)

wegetm =m. Bg (i). Hence A((T) and T’ have the same prefix. The uniqueness of « follows from the uniqueness of o on
the underlying structures. [J

Corollary 3.32. Forall T in CSubseqTra, we have: [T] = [AL(T)].

Proof. Follows from Theorem 3.31(2), and the fact that subsequential morphisms preserve transducer behaviour. [

Choffrut surveysin[10] a number of different algorithms for computing ,3 One of these algorithms is by Béal and Carton [4]

who report that for a normalised S, ,3 can be computed in time O((IIE || + 1)M), where ||B|| is the maximal length ofﬁ(q)
over all states g in S, and M is the number of transitions in S.

3.5. Minimal subsequential transducers

A subsequential structure S is called minimal, if S is normalised and no two states in S are equivalent. A subsequential
transducer is minimal if its underlying structure is minimal. Choffrut remarked in [10, p. 131 and 139] that minimisation
of normalised subsequential transducers can be carried out by generalising existing techniques for minimising determin-
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istic automata [20,24], however, the details were not given.? We describe the minimisation of normalised structures and
transducers in Section 4.3.

Choffrut showed also in [10] that for any functionf : A* --+ B*, there exists aminimal (but possibly infinite) subsequential
transducer Ty with behaviour f such that for all trimmed subsequential transducers T which also realise f, there is a unique
subsequential morphism «: T — Ty. This result strongly suggests the existence of a final subsequential structure, and in
the next section we will prove that indeed the existence and properties of Ty follow from finality, (Corollary 4.13).

As expected, minimal subsequential structures form a reflective subcategory of normalised subsequential structures.

Proposition 3.33. The full subcategory of minimal subsequential structures (transducers) is reflective in NSubseq
(NSubseqTra).

Proof. The result for structures follows from Proposition 4.4 of the next section, which shows that NSubseq is a full sub-
category of Coalg(s$), together with a more general result from [16], where it is proved that for any functor ¥, minimal
F-coalgebras are reflective in Coalg(F). To get a reflector for NSubseq, we just have to restrict the reflector for Coalg(.s)
to the full subcategory NSubseq. The argument for the transducer case is almost identical. O

4. Coalgebraisation via normalisation

One of our aims is to find out whether subsequential structures can be seen as coalgebras. A fundamental property of a
category of coalgebras is that it comes with abstract definitions of morphism and state behaviour, which capture the general
idea that coalgebra morphisms are behaviour preserving maps. In order to claim that a class of subsequential structures is
coalgebraic, we would want the notions of subsequential morphism and state behaviour (defined in Section 3.1) to coincide
with the coalgebraic ones. However, we already suspect that, in general, subsequential structures and morphisms are not
coalgebraic, since subsequential morphisms do not preserve state behaviour, unless we find ourselves in the subcategory of
normalised structures.

In this section we will first demonstrate that indeed the category NSubseq can be regarded as a category of coalgebras,
whereas this does not hold for Subseq and CSubseq. This result is the basis for our slogan that normalisation is coalgebrai-
sation. In Section 4.2 we prove that NSubseq has a final object. Since NSubseq is reflective in Subseq, it follows that the
final NSubseq-object is also a final Subseq-object. We also show that the existence and properties of minimal subsequen-
tial transducers (cf. Section 3.5) follow from the existence of this final object. In Section 4.3 we describe how to minimise
normalised structures by adapting the standard minimisation algorithm for deterministic finite automata.

4.1. Coalgebraic modelling

First recall that a partial function f: X --+ Y can be seen as a total function f: X — {} U Y where % is the undefined
value by taking f(x) = %, ifx ¢ dom(f). We will use the notation 1 = {*} and write 1 4 Y instead of {%} U Y.

Let S = (Q, o0, d,r) be a subsequential structure. We combine o and d into a transition structure t: Q — (A —
(1 + B* x Q)) by defining for all ¢ € Q: t(q)(a) = {0(q)(a), d(q)(a)) if a € supp(q); otherwise t(q)(a) = *. Similarly,
we view r: Q --» B* as a total function r: Q — 1 + B*. It is then easy to see that S can be fully described by a single
map:

(t,r) © Q - (1+B*xQ?* x (1+B%)
q — (t(@) , r(q)).

(7)

This map has the type of a coalgebra for the functor S: Set — Set defined by:

SX) = (14B"xX)" x (1+B%),
SE:X—=Y) = A +idg x /)i x (14 idgs).

Clearly, every map (t, r) of the type given in (7) can also be seen as a subsequential structure, and from now on we will
make no distinction between the two. Instantiating the definition of S-coalgebra morphism yields the following. Let X1 =
(X1, (t1, 1)) and X5 = (X3, (t2, r2)) be S-coalgebras. A function @ : X; — X» is an §-coalgebra morphism from X; to X,
ifforallx € X7: S(o)((t1(x), 11 (%)) = (t2(x (X)), r2(x(x))), which is equivalent with:

4 Choffrut states in [10, p. 139] that a normalised subsequential transducer can be minimised by minimising the underlying automaton. This is however not true
(and we assume it was just a misformulation by Choffrut), since it is clearly possible that two states are equivalent with respect to the underlying deterministic
automaton while not having the same behaviour.
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(M) VaeA: t1(x)(a) = * = t(a(x))(a) = *,
(T2) Vae A: t1(x)(a) # % =
01(x)(a) = 02(x(x))(a) and a(d1(x)(a)) = d2(x(x))(a),
R1) r(x) =% <= n@k) =*,
R2) n(x) #*x = 1 =r(aX)).

The notion of $-coalgebra morphism applies to arbitrary subsequential structures. The following lemma tells us when a
subsequential morphism is also an S-coalgebra morphism.

Lemmad4.l. LetS; = (Qq, 01, dy, 1) and Sy = (Q3, 07, d3, 7) be two subsequential structures (S-coalgebras), and o : Qq —
Q, a total function. We have: « is an S-coalgebra morphism from Sq to S, ifand only if : S; — S, is a subsequential morphism
with witness f = e¢.

Proof. Using the assumption that « is total, it is easily verified that the conditions (T1), (T2), (R1) and (R2) are equivalent
with the conditions of Definition 3.4 for witnessing function g = ¢. O

The following example shows that an §-coalgebra morphism can exist between non-normalised subsequential structures.

Example 4.2. Consider the non-normalised subsequential structures S and S’ depicted below together with the normali-
sation of §'.

S s NS

qlay x; a|a< ,wa a\e< /)bls
AN
Ji: [ Je

The map « defined by «(qo) = qp, a(q1) = «(q2) = ¢, and w(q3) = ¢4, is an S-coalgebra morphism between the
coalgebras induced by S and S’. Hence by Lemma 4.1, « is also a subsequential morphism with witnessing function 8 = &,
as can easily be checked directly. On the other hand, the identity map on the states is a subsequential morphism from S’ to
AN(S) (cf. Theorem 3.31), but not an $-coalgebra morphism.

One immediate consequence of Lemma 4.1 is that S-bisimilarity always implies state equivalence.
Proposition 4.3. Let S be a subsequential structure containing states s; and s;. If s1 ~ s, then [[s1] = [s2]].
Proof. LetS, s; and s, be as stated. Assume (s1, s3) € Z for some S-bisimulation (Z, ¢) on S. It follows that the projections

7,y Z — S are S-coalgebra morphisms. By Lemma 4.1, the projections are subsequential morphisms with witness ¢,
and from Proposition 3.9, we get [[s1[|ls = I[(sl,sz)]](z’g) = [[s2]ls. O

In the following proposition we make precise what we mean by saying that normalised subsequential structures can be
properly regarded as coalgebras.

Proposition 4.4. NSubseq is a full subcategory of Coalg(s).

Proof. Follows from the characterisation of NSubseq-morphisms in Proposition 3.29 and Lemma 4.1. [

4.2. The final subsequential structure

In a category of coalgebras, a final object can be thought of as the coalgebra of behaviours. In the case of normalised
subsequential structures, state behaviours are functions f : A* --» B* with the property that all words in the range of f have
only a trivial common prefix, i.e., lcp(f(A*)) = &. We call an f with this property normalised. We can define a normalised
subsequential structure on the set of normalised functions using the notions of maximal output and derivative.
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These operations also form the basis of Choffrut’s construction in [10] of the minimal transducer realising a function f.>
Informally, given a function f: A* --+ B* and a word w € A*, the maximal output of f on w is the longest common prefix
over all output words generated by f on inputs that start with w. The derivative of f with respect to w is the function which
maps an input word u to the output word obtained by removing the maximal output on w from f (wu), given that f (wu) is
defined. We point out that other types of derivatives of formal languages, streams and stream functions have been shown
to yield final coalgebra structures (cf. [35,38,39]). We now give the formal definition.

Definition 4.5. Letf: A* --» B* and w € A*. The maximal output of f on input w is defined as
flw] := lep(f(WA™)) = lep({f (wu) | wu € dom(f)}).

The (word function) derivative of f with respect to w is the partial function f-w: A* --» B* defined for all u € A* by

flw].f(wu) if wu € dom(f)

otherwise

(Fw) () =

Note that Icp(f(A*)) = f[e], i.e., f is normalised iff f[¢] = . We observe that derivatives are normalised.
Lemma4.6. Forallf: A* --> B* and allw € A*, (f-w)[e] = e.
Proof. We have:
(Fwle] = lep({(F-w)(w) | u € dom(f-w)})
= Iep({fTw] . f(wu) | u € dom(f-w)})
= flwl.lep({f(wu) | wu € dom(f)})
= fwl.flwl=¢. O
Definition 4.7. We define  := (Qq, 0, D, R) where
Qq = {f: A" ——» B* | fle] = ¢},

and forallf € Qg and a € A:

0(f)(a) = flal, D(f)(a) =f-a, R(f) = f(e).
We first show that €2 is an object in NSubseq.

Lemma4.8. 2 = (Qq, O, D, R) is a normalised subsequential structure.
Proof. Firstnote thatD, and hence €2, is well-defined due to Lemma 4.6. To prove that €2 is normalised, we show by induction

on |w| that for all f € Qg and w € A*, [fllo(w) = f(w). The base case follows from the definition of R. Now let a € A,
w € A* and f € Qq. We have:

[flq(aw) = flal . [f-ale(W) =y m) flal.(f-a)(w) = fla].fla].f(aw) = f(aw).
It follows that f is normalised as a state in €2, since then ;§(f) = [Ifllqle]l = fle]l. O
We now show that € is final in NSubseq with the behaviour map [[_ ]| as the unique subsequential morphism into €.
Theorem 4.9. The normalised subsequential structure 2 is a final object in the category NSubseq.
Proof. LetS = (Q, o, d, r) be a normalised subsequential structure, and let [_]] = [_]ls: Q — Qg be the state behaviour
map. We will show that [[_]] is a subsequential morphism, i.e., an S-coalgebra morphism. First of all, since all states in S are
coaccessible, [_ ] is a total function. We now check that [[_]] satisfies the conditions from Proposition 3.29. Let ¢ € Q, and

a € A. We have: a € supp(q) iff aw € dom([[¢]]) for some w € A* iff dom([[q]]-a) # @ iff a € supp([q]]).

5 Choffrut’s definition is based on the congruence classes of the syntactic congruence of f, but it can easily be reformulated in terms of derivatives of word
functions (also called the residual).
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To see that O([[q])(a) = [[qllla] = o(q)(a), we note that for all w € A* such that aw € dom([[q]]), [q]l(aw) =
o(q)(a) « [d(q)(a)]|(w), and hence

[qlllal = lep(l[qll(aA™)) = o(g)(a) « lep([d(q) (@ T(A™)) = o(q)(a) . € = 0(q)(a),

since d(q)(a) is normalised. In order to show that [d(q)(a)]] = [q]]-a for all a € supp(q), let w € A*. We then have

[d(q) (@)1 (w)

o(d(g)(a))(w) . r(d(d(g)(a))(w))
= o(q)(a) . o(q) (aw) . r(d(q) (aw))
[qllal . [qll(aw)

= ([[ql-a)(w).

Finally, we have q € dom(r) iff ¢ € dom([[q]]) iff [q]] € dom(R), and R([[q]]) = [[q]l(¢) = r(q). We leave it to the reader to
verify that [_]]: (Q, 0,d, ) — (Qgq, O, D, R) is unique. [J

Since NSubseq is reflective in Subseq, € is also final in Subseq.
Corollary 4.10. The normalised subsequential structure 2 is a final object in Subseq.

Proof. This is an immediate consequence of Theorem 4.9 and the fact that NSubseq is reflective in Subseq, which follows
from Theorems 3.31 and 3.18 and the fact that reflectors compose. For S € Subseq, the final Subseq-morphism hs: S — Q
is obtained by composing the reflection arrows with the behaviour map in NSubseq:

hs = [ Naccs)) © idecs) © idcoacc(s) -

Concretely, one can show thaths: S — Qisthe partial map defined forallq € Coacc(S) by hs(q) = [qlls-¢ = 3g (@ - [qls.
As witnessing function take any # which agrees with S, on Coacc(S). O

Using the fact that behaviour is a morphism, we can show that in normalised structures, state equivalence coincide with
S-bisimilarity.

Corollary 4.11. Let S be a normalised subsequential structure. For all states qy, g, in S, we have: [[q1]ls = [q21s if and only if
a1 ~s g2

Proof. First assume that [q1ls = [g2]s. Since S is normalised, [_]ls: S —  is also an S-coalgebra morphism, and it
follows from Proposition 2.3(2) that g ~s g2. The other direction holds by Proposition 4.3. [

Note that €2 is not final in Coalg(.5), since for an arbitrary S in Coalg(s), the final Subseq-morphism will not be an
S-coalgebra morphism (cf. Lemma 3.28(1)). However, since S is polynomial, we know that a final $-coalgebra I' exists
(cf. Proposition 2.3(1)). Corollary 4.11 tells us that €2 is minimal not only with respect to state equivalence, but also with
respect to S-bisimilarity. Consequently, €2 can be considered a subcoalgebra of I".

Theorem 4.12. The final subsequential structure 2 is isomorphic to a subcoalgebra of the final S-coalgebra T.

Proof. Let ¢q be the final Coalg($)-morphism from €2 to I'. We will show that ¢q, is injective. It then follows that €2 is
isomorphic to the subcoalgebra ¢q (2) of T'. So assume ¢q (f) = ¢q(g) for f, g € Qq. It follows from Proposition 2.3(2)
that f ~ g, hence by Proposition 4.3 we have [[f]o = [[g]lg, and by finality of €2, we conclude thatf = g. O

We now show that the existence and properties of a minimal transducer T realising a function f: A* --» B* given in
[10] are a consequence of Theorem 4.9. Recall that (f)q denotes the subcoalgebra generated by f in .

Corollary 4.13. Letf: A* --» B* be any partial function.

1. Ty = ({f-e)q, f-&, fle]) is a minimal subsequential transducer with behaviour f.
2. If T is an accessible subsequential transducer with [T] = f, then there is a unique subsequential transducer morphism
from T to Ty.

Proof. Item (1): The subcoalgebra (f-¢)q, and hence Ty, is minimal since €2 is minimal. To see that [Tf]] = f, we have for
allw € A*, w € dom(f) iff w € dom(f-¢) = dom(Ty), and for w € dom(f) we have:

[Tr(w) = flel. [f-ello(w) = fle]l. (f-e)(w) = fle].fle].f(w) = f(w).
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Item (2): Let T = (S, i, m) be accessible. The final Subseq-map hs is a subsequential morphism from S to (f-&)q with a

witnessing function 8 such that B [cogcc(s)= ﬁc(g) (cf. Corollary 4.10). In the case the initial state of T is not coaccessible,
Ty is the empty transducer, and hg is the empty map. If i € Coacc(T), it follows that hg and B also satisfy (&-in) since

fle] = [ TNl = m. Bs(i), and (init) since:

hs(i) = Bs(i)« [ills = Bs(i) T .f = m. Bs(i) .f = flel.f =f-e.
Uniqueness follows from uniqueness of hg. O
4.3. Minimisation algorithm for normalised structures

Due to Propositions 2.3(3) and Corollary 4.11, normalised subsequential structures can be minimised by quotienting
with S-bisimilarity. We now describe how we can compute S-bisimilarity on an S-coalgebra (and hence on a normalised
subsequential structure) by adapting the existing method for computing state equivalence on deterministic finite automata
(DFA) (see e.g. ([20,24])).

First of all, working out the details of the definition of S-bisimulation yields the following. Given an S-coalgebra S =
(Q,0,d,r),arelationR € Q x Q is an S-bisimulation on S, if for any two states q, s € Q, (q, s) € R implies

(sO
(s1
(s2
(s3

) supp(q) = supp(s);

) foralla € supp(q) : o(q)(a) = o(s)(a);

) foralla € supp(q) : (d(q)(a), d(s)(a)) € R; and
) (@) =r1(8).

In order to make the connection with the algorithm for DFAs clear, we also give the definition of bisimulation which
applies to DFAs. Recall (cf. Example 2.2) that a deterministic automaton (Q, d, F) is a coalgebra (0, d): Q — 2 x Q” for the
functor Aut(X) = 2 x Q. Let A = (Q, d, F) be a finite Aut-coalgebra. A relation R € Q x Q is an Aut-bisimulation on A,
if for any two states g, s € Q, (g, s) € R implies that:

(a1) o(q) = o(s) (i.e.q € Fiffs € F); and
(a2) foralla € A : (d(q)(a), d(s)(a)) € R.

We now briefly sketch the algorithm for computing Aut-bisimilarity in a finite deterministic automaton A = (Q, d, F).
The computation starts with the partition Py = {F, Q \ F} of Q. Py is the largest equivalence relation such that condition
(al) holds for all Py-related states. In the main loop, Py is iteratively refined into an equivalence relation which also satisfies
condition (a2). This is done by inspecting the current partition Py = {Qy, ..., Qu} of Q for the existence of some Q;, Qj € Py
and a € A such that there are q, s € Q; for which d(q)(a) € Q; and d(s)(a) ¢ Q. In that case, Q; is split (by (Q;, a))
into the two sets Q/ = {q € Q; | d(¢q)(a) € Q;} and Q/ = {g € Q; | d(g)(a) ¢ Q;}, in other words, Py is refined into
Pir1 = (P \{Q:}) U {Q/, Q/'}. This refinement process continues until no more splits can be made. When this happens,
the partition stores the Aut-bisimilarity classes on A. By using extra data structures it is possible to choose the splitters
(Qj, a) wisely, and reduce the number of actual splits that must be carried out, resulting in an algorithm which runs in time
O(|A| nlog(n)) where n is the number of states, and |A| is the size of the input alphabet A (cf. [23], see also [14,19]).

The adaptation of the DFA-algorithm to $-coalgebras consists of changing the initial partition. The refinement part of
the algorithm stays the same. We take as initial partition the (classes of) the largest equivalence relation P§ on Q such that
all pairs related by P; satisfy (s0), (s1) and (s3). Running the refinement algorithm starting from this initial partition will
result in the largest equivalence relation which satisfies (s0)-(s3), i.e., the bisimilarity relation on S. This can be proved by
essentially the same argument used for the correctness of the algorithm for DFAs, see e.g. [23, Proof of Proposition 5]. In the
next lemma we describe how to compute P§.

Lemma 4.14. Given a finite S-coalgebra S = (Q, 0, d, r), we can compute the largest equivalence relation P on Q which
satisfies (s0), (s1) and (s3) in time O((|Allloll + [Ir[D|Q[log(lQ|)), where |jo]| := max{lo(g)(a)| | ¢ € Q,a € A} and
Irll := max{[r(q)| | g € Q}.

Proof. We want to group together states which have the same output function and the same terminal output. This can be
done efficiently by a variation on a sorting algorithm which can be implemented using a balanced binary search tree (cf.
[22]). The nodes of a binary search tree T are pairs (c, ) where c is a key and I is a value, and it is required that a linear

order <" exists on the set of all keys. Since S is finite, we can assume A = {a;, as, ..., a;} and B = {by, b,, ..., by} by
enumerating all input and output letters that occur in S. In our case, a key ¢ is a data record which stores the output and
terminal output functions for some state q. We define c(q) := (o(q)(ay), ..., 0(q)(ax), r(q)). The value I associated with

a key c will be a list of states g such that c(q) = c. We will use a variation on insertion which does the following. Inserting
(c(g), q) into a tree which contains a node (¢, I-) with ¢’ = ¢(q) will result in adding q to I, and if c¢(q) does not occur in
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the tree, then a new node (c(q), {q}) is added. By inserting (c(q), q) for all states q into an initially empty tree. we can obtain
the Pj-equivalence classes by traversing the resulting tree and retrieving the node values I.

It remains to define a linear ordering on the key values, which are elements of (1 + B*)¥*1. We define a linear order < on
Bbyb; < by < ... < b, and extend this ordering to the lexicographic ordering on B*, which we also denote <. We extend <
to 14 B* by definingw < % forallw € B*. Finally, we can lift < to the corresponding lexicographic ordering on (1+B*)**1.

We now analyse the complexity of computing Pj. An insertion in a balanced binary search tree with n nodes can be
done in time O(C log(n)), where C is an upper bound for the cost of comparing keys. In our case, the key size is bounded by
|Alllo]l + ||r]], so each insertion can thus be done in time O(|A|||o|| + ||7]|) log(|Q])). We have |Q| elements to insert, hence
the tree T can be constructed in time O((JAl|lo|| + |Ir]])|Q]|log(|Q])). O

It is difficult to give a compact description of the overall time complexity of carrying out minimisation via normalisation
due to the many different factors involved. So in the next proposition we just provide the upper bounds for the two main
components of the algorithm. In particular, we do not include the cost of actually constructing the quotient structure.

Proposition 4.15. LetS = (Q, o, d, r) be a finite subsequential structure. The time complexities of normalising S and computing
S-bisimilarity on S are:

Compute N(S): o((IBIl + 1)M),
Compute S-bisimilarity on AL(S):  O((|A[ [lo]| + IIr[D]Q[log(|Q])),

where ||/§|| = max{|;§(q)| | ¢ € Q} and M is the number of transitions in S.

Proof. For the normalisation part, we refer to the complexity result given by Béal and Carton [4]. To compute S-bisimilarity
on AL(S), we need O((|A| |lo]| + [Ir])|Q]|log(]Q])) time for computing P; (Lemma 4.14), and O(|A||Q|log(|Q|)) time for
completing the refinement stage. Since O(|A||Q|log(]Q])) is dominated by O((]A]| [lo]| + |I7]|)|Q|log(]Q])) this gives us the
claimed upper bound for computing S-bisimilarity. [J

Remark 4.16. A subsequential structure S = (Q, o, d, 1) is sequential if dom(r) = Q and forallq € Q:r(q) = e.
A subsequential transducer T = (S, i, m) is a sequential transducer if S is sequential and m = &. Note that sequential
structures/transducers are normalised. The full subcategory Seq of NSubseq with sequential structures as objects is
easily seen to be isomorphic to Coalg(S5,) where So(X) = (1 + B* x X)”. Eilenberg [12] gives a detailed treatment of
sequential transducers under the name generalised sequential machines. In particular, in [12, Chapter XII] the existence of
a final sequential structure is proved, although the words ‘final’ and ‘coalgebra’ are never mentioned. The final sequential
structure Qseq can be characterised as the subcoalgebra of  in Coalg($) carried by the set of prefix-preserving functions
f: A* ——» B* satisfying f(¢) = .

Similarly, the final Mealy-coalgebra (cf. Example 2.2) can be characterised as the subcoalgebra of Qseq in Coalg($)
whose states are those total maps f : A* — B* in Qseq that are also length-preserving.

5. Coalgebraisation via differentials

The reason why subsequential structures, in general, cannot be seen as coalgebras essentially comes down to the fact
that their semantics allows for asynchrony at internal computation steps, whereas the coalgebraic notion of equivalence
requires synchrony at all steps. We have seen that normalisation is one way of eliminating internal asynchrony. In this
section, we will see that there is an alternative coalgebraic representation of the class of subsequential structures which
have no internal states, and therefore also no proper internal computations. We call this subclass step-by-step structures. The
coalgebraic representation is obtained by generalising the differential of sequential functions (cf. [12]) to word functions
with prefix-closed domain. Taking differential is thus also a form of coalgebraisation, and the differential representation
gives rise to an alternative method for determining equivalence.

5.1. Step-by-step structures

Definition 5.1. A subsequential structure S = (Q, o, d, r) is called step-by-step if dom(r) = Q (i.e. all states are final). A
subsequential transducer (S, i, m) is step-by-step if S is step-by-step.

Example 5.2. Consider the following two simple step-by-step subsequential transducers.

ﬂb ﬂ\ab ,ﬂ\ab ,ﬂ\b
ba ale b alaa

Ts: 83) S3 Ty: {M}

bla bla
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The behaviour of both T3 and Ty is the partial function f: {a, b}* --» {a, b}* with dom(f) = {b*, b*a | k € w} where
f(b*) = ba**t'b and f(b*a) = ba**T2b for k € w.

As we have seen in the above example, step-by-step subsequential transducers are not necessarily normalised, hence
two step-by-step subsequential transducers can realise the same function without being in perfect synchrony. Nevertheless,
their morphisms can be characterised without explicit reference to an output shift function f.

Proposition 5.3. Let S; = (Qq,01,dy,11) and S; = (Qa, 03, do, 1) be step-by-step subsequential structures. A function
o : Qu — Qy is a subsequential morphism if and only if for all ¢ € Q; the following hold:

(supp) supp(q) = supp(e(q)),
(next)c  Va € supp(q): a(di(q)(a)) = d2(x(q))(a),
(out)g Va € supp(q):
11(q) - 01(@)(@) « 11(d1(9) (@) = r2((q)) - 02((q)) (@) - T2 (da (cx(q)) (@),
(term-out)g r1(q) «r2((q)) € B*.

Let Ty = (Sq,i1,mq) and Ty = (S, ip, my) be step-by-step subsequential transducers. A function o« : Q; — Qy is a
subsequential (transducer) morphism from T4 to T ifand only ifa: S1 — S5 is a subsequential morphism and

(init) a(iy) = iy,
(s—in)s mq.n (i]) =Mp.I7 (iz).

Proof. First assume «: S — S, is a subsequential morphism with witnessing function 8: Q; — B*. Note that since
step-by-step structures are coaccessible, « satisfies the conditions from Proposition 3.16, in particular, « must be a total
function. Condition (term-out) implies that for all ¢ € Qy:

B(@) = ri(q) . r2(x(q)). (8)

Hence, as 8(q) € B*, (term-out)s must hold. Using (8), one can also easily verify that (out)c reduces to (out)s.
Conversely, for any total function @ : Q; — Q, which satisfies the above requirements, we can define 8: Q — B* using
(8), since condition (term-out)s guarantees that 8(q) € B*. It is now straightforward to verify that (o, 8): S; — S,.
Finally, a subsequential transducer morphism «: Ty — T, between step-by-step transducers satisfies (-in)g due to (8)
and (e-in). Conversely, if @ : S; — S is a subsequential morphism satisfying (e-in)s, then (&-in) must hold for the unique
witnessing function g givenin (8). O

Let Step and StepTra denote the full subcategories of CSubseq and StepTra which have step-by-step subsequential
structures and transducers as their objects, respectively.

The behaviours of step-by-step transducers do not preserve prefixes, as illustrated in Example 5.2. However, since all
states are final, the domain is prefix-closed.

Proposition 5.4. A function f: A* --» B* is realised by a step-by-step subsequential transducer if and only if dom(f) is
prefix-closed.

Proof. Clearly, if f is realised by a step-by-step subsequential transducer, then dom(f) is prefix-closed. To prove the other

direction, it suffices to show that the minimal realisation Ty is step-by-step, that is, for all w € A*, if w € dom(f) then
& € dom(f-w). But this is immediate from the definition of f-w, cf. Definition 4.5. [

5.2. Differential representations
Although step-by-step behaviours do not preserve prefixes, they have a property which generalises the following basic

decomposition property of prefix-preserving functions. If f : A* --» B* is prefix-preserving then forallw = ajay ...a, €
A*, f(w) factors as:

fw) =f(e)f(ar)«(f-a1)(ax) . (fra1a2)(az)« ... «(f-a1az ... ay—1)(an). 9)

The differential of a prefix-preserving f describes the growth of f and is formally defined as the map Dy : AT --s B* which
for all wa € dom(f) is determined by the equation f(wa) = f(w).Ds(wa) (cf. [12]), that is, Df(wa) = f(w).f(wa).
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It can easily be checked that for a prefix-preserving f, f[w] = f(w), and hence Df(wa) = (f-w)(a). We can now
rewrite (9) as:

fw) =f(¢)«Df(ar) «Dp(a1az) « ... «Dp(aray ... ap). (10)

If f does not preserve prefixes, we may not be able to decompose f-values as in (9). For example, if f (ay) is not a prefix
of f(ajay), then f(ajay) # f(ay) . (f-a1)(ayz). However, if f has a prefix-closed domain, f can still be decomposed using the
differential by allowing Dy to take values in the free group B™ rather than B*. This generalisation of the differential was
introduced in [32].

Definition 5.5. Let f: A* --» B* be a function with prefix-closed domain. The differential of f is the partial function
Df: AT --» B™) defined on dom(f) \ {¢} for alla € A, w € A* by

Df(wa) = ]W Sf(wa).

Lemma 5.6. Let f: A* --» B* be a function with prefix-closed domain. For allw = aja, . .. a, € dom(f), n > 1, we have:

f(w) =f(e)«Ds(ar) -Df(aiaz) « ... «Df(aray ... ay), (11)
Df(W) = Df‘ﬂ]...ﬂnfl (an)a (12)
fw) =f(e) «Dy.e (ar) . Df.q, (az) Df.a1a, (a)«.... Df.qy...an_1 (an). (13)

Proof. Eq. (11) holds more or less by definition of Dy:

fw) = f(e)f(e)flar) f(ar) f(araz)« ...« flaraz ... an—1) f(a10z . .. ay)
= f(&).Df(ar) . D(aiaz) « ... «Dp(aray ... ay).

To see that Eq. (12) holds, let v = ay . . . a;—1. We have:

Dy.v(an) = (F-v)(&) « (F-v)(an) = FIVI.F(v) fIVIF(van) = f(v) . f(van) = Df(vay).
Eq. (13) follows from (11) and (12). O

Example 5.7. We compute the differential of the function f realised by the step-by-step subsequential transducers from
Example 5.2. Recall that f: {a, b}* --» {a, b}* with dom(f) = b* U b*a where f(b*) = ba**1b and f(b*a) = ba**2b for
k € w. We have for k > 1:

Dr(b*) = f(b*1).f(b*) = bakb.ba*"'b = bab fork >1,

Df(b*a) = f(b%).f(b*a) = bak+'b.bad**2b = bab fork > 0.

The analogue of (12) for differentials of state behaviour are shown in the following lemma. Note that this lemma is not
an immediate consequence of (12), since [[q]]l-w # [[d(q)(w)]l if d(g)(w) is not normalised which can be the case in a
step-by-step structure.

Lemma 5.8. Let S = (Q, o, d, 1) be a step-by-step subsequential structure, qo € Q and w = ay ...a, € dom([[qo]), n > 1.
For ease of notation, let q, = d(qo)(ay . ..ax) and uy = o(qr—1)(ay) fork =1, ...,n,andletr, = r(qy) fork =0, ..., n,as
illustrated in the following picture:

ﬂ‘ro /ﬂ\rl 'ﬂrz 'ﬂfn—l /ﬁ\rn
ar fuy az|uy an|up

qo q1 a2 e qn—1 ——— 0

We have forall k € {1, ..., n}: Dygq(as, ..., ax) = Dyge_,q(a).

Proof. For k € {1, ..., n} we have by definition:

Dpgon(ar - .. ax) = [qoll(ay ... ar—1)-llqoll(as ... ar)

= Uye ... aUp—1alg—1alUya ... alUp—1aUpaTg
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= Tk—1Uk=Tk
= llqk—111(e) « [qk—111(ax)
= Dyg_ip(ax). O
Representing behaviour in terms of the differential can be seen as transforming a step-by-step transducer T into a

sequential transducer T’ with prefix which produces output in the free group B™. A computation in T corresponds to a
computation in T’ as illustrated here:

ﬂ*ro ﬂ\rl ﬂ\rnfl ﬂ\rn
ap fuy az|uz an|up

T: —">4o a1 a2 e an—-1 ————>0n
mry a|rouir ay|riupr; an|[Tn=1upr
T do q ) - Gn—1 ——"—"" >

Recall from Remark 4.16 that a subsequential structure is sequential, if the terminal output function r is constant equal
to . We will therefore often leave out r from the specification of a sequential structure. Sequential structures with output
in B are not essentially different from sequential structures with output in B*, and all previously introduced notions for
sequential structures apply with identity taken in B™ where appropriate. This includes extending the transition output
function from letters to words, and the definitions of sequential morphisms and behaviour. Differential representations of

transducers are almost sequential transducers with output in B™). The only difference is that differential representations
may have a non-trivial initial prefix, whereas sequential transducers have empty initial prefix by definition.

Definition 5.9. We denote by Seq(*) the category of sequential structures S = (Q, o, d) in which the transition output
function may take values in B®, i.e. 0: Q — (A --» B®)). The morphisms of Seq™ are the functions which satisfy the
conditions (supp), (next) and (out)y by taking equality in B™ in (out).

We denote by pSeqTra(*) the category which has as its objects subsequential transducers T = (S, i, m), where S is an

object in Seq™. A morphism in pSeqTra® is a Seq™ -morphism of the underlying structures which maps initial state to
initial state and leaves the initial prefix unchanged.

Remark 5.10. The pin pSeqTra(*) is used to indicate that the objects can have a non-trivial prefix, since the name SeqTra(*)
suggests objects that are sequential transducers which by definition have empty prefix.

The following definition makes the transformation suggested after Lemma 5.8 precise.

Definition 5.11 (differential representation). Let S = (Q, o, d, r) be a step-by-step subsequential structure. The differential
representation of S is the object in Seq(*) denoted by D(S) = (Q, ds, d), where the output function ds: Q — (1 + B%*)A
is defined for g € Q and a € A by:

ds(@)(@) = r(q) - 0(q)(@) - 1(d(q) (@) (14)

if a € supp(q), and % otherwise.
For a step-by-step subsequential transducer T = (S, i, m) whereS = (Q, o, d, r), we define the differential representation
of T as the object in pSeqTra™) defined by D(T) = (D(S), i, m.r(i)).

As with other subscripts, we may leave out S from dg and simply write 9 if S is immaterial, or clear from the context.
When we speak of the differential representation of a structure S or a transducer T, we will always implicitly assume that
S and T are step-by-step.

Example 5.12. It is straightforward to check that the differential representations of the two step-by-step subsequential
transducers T3 and T4 from Example 5.2 are both isomorphic to the object in pSeqTra(*) depicted below. For example, in
T4, the differential output function at q4 in b is: d(q4)(b) = ab.a.ab = bab.

albab
Ts: bab [

8

blbab
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Taking differential representations of structures is a map from the objects of Step to the objects of Seq(*), and as with
normalisation, we would like to give a formal argument in the form of a reflectivity result which says that the right way of
looking at step-by-step structures is in terms of their differential representation. However, at first glance there is a problem,
since Seq(*) is not a subcategory of Step. The solution to this problem is to also generalise step-by-step structures to produce
output in B,

Definition 5.13. The category Step(* ) has as its objects step-by-step structures S = (Q, o, d, r) in which the transition
output function may take values in B*®, i.e., Q, d and r are as in Definition 5.1 and 0: Q — (A --» B™®). The morphisms of
Step(*) are the functions which satisfy the characterising conditions for Step-morphism given in Proposition 5.3.

The category StepTra®™) consists of subsequential transducer objects T = (S, i, m) where S is in Step™ together with
the functions which satisfy the characterising conditions for Step Tra-morphisms given in Proposition 5.3.

Again, previously defined notions and results, including behaviour and differential representations, all apply unchanged
to Step™ and StepTra®™. From the definition of Seq*) and Step™, and the natural embedding of B* in B*, it is clear that
Seq™ and Step are full subcategories of Step™), and pSeqTra™ and StepTra are full subcategories of StepTra™).

We now have a suitable set-up of subcategories, and D defines an object map from Step™ to Seq™® and from StepTra™
to pSeqTra™.

Theorem 5.14. Let S € Step™ and T e StepTra™. We have:

1. ids: S — D(S) is a Seq™ -reflection arrow for S, and
2. idp: T — D(T) is a pSeqTra™ -reflection arrow for T.

Hence Seq™ is areflective subcategory of Step™, and pSeqTra™ is a reflective subcategory of Step Tra®™). Moreover, by defining
D(e) = « for all morphisms « in Step™ and StepTra™, D is a functor D: Step®™ — Seq™, and D: StepTra®™ —
pSeqTra™.

Proof. Let S = (Q, o, d, r) be an object in Step™. We first check that ids is a Step®-morphism from S to D(S), that

is, ids = idq satisfies the conditions given in Proposition 5.3 when taking identity in B™ in (out)s. The conditions (supp)
and (next)c clearly hold for idg. In D(S) the terminal output function is constant equal to &, hence (out)s reduces to the

requirement that for all ¢ € Q and a € supp(q): r(q) .0(q)(a) .r(d(q)(a)) = 0ds(q)(a). This is just the definition of ds,
hence true. Similarly, condition (term-out)s reduces to r(q) € B* for all ¢ € Q, which also clearly holds.

We must now prove that forany S’ = (Q’, o/, d’) € Seq®™ anda: S — S inStep™, there is a unique Seq™-morphism
a': D(S) — S such that @ = &’ o idg. As when showing that normalisation is a reflector (Theorem 3.31), we will prove

that o’ = « is the unique choice. If « is a Seq™ -morphism from D(S) to S/, then « is clearly the unique morphism such
that « = « o idg. To prove that &: D(S) — S’ we first note that (supp) and (next)y are satisfied since the underlying

DAs of D(S) and S are identical. By the assumption that « is a Step™ -morphism, « satisfies (out)s, i.e., for all ¢ € Q and
a € supp(q): ds(q)(a) = o’(¢q)(a), hence (out)y holds and a: D(S) — §'.

We leave it to the reader to extend the proof for Step™ to pStepTra®™. O
Corollary 5.15. For any T in StepTra, we have: [T] = [D(T)].

Proof. This is an immediate consequence of Theorem 5.14 and the behaviour preservation of subsequential morphisms
(which also holds in StepTra®). O

Going to the differential representation only preserves state behaviour modulo an output shift, since differential structures
are not normalised.

Lemma 5.16. LetS = (Q, o, d, 1) be a step-by-step structure, and q € Q. We have: [qlls = (q) « [q]l n(s).

Proof. The implicitly defined output shift function for the reflection arrow ids: S — D(S) is 8 = r (cf. equation (8)). The
result now follows from Proposition 3.9. O

Although state behaviour is not preserved, equivalence in the differential structure captures equivalence of differentials.

Proposition 5.17. Let S = (Q, o, d, r) be a step-by-step structure, and q1, q2 € Q. We have: Dyjq, | = Djjg,1is If [q1]lns) =
[[QZ]]@(S)-
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Proof. Since D(S) is a sequential structure, we always have [q1[n)(8) = [q2llni)(e) = 6. Forw = ay...a, € AT,
n > 1,and any g € Q we have

[qllps)(w) = ds(g)(ar) - ds(d(q)(ar))(az)« ... .0ds(d(q)(ar...an—1)(an)
= Dyqp(a1) - Dpd(gy@1(a2) .- +Dydq)(as...an—1)1(an)
(Lemma 5.8) = Dygp(ai) « Dygpaiaz) . ... Dygplay...ap).

It follows from the above that Dyq; = Dyq, if and only if [q1]lps) = [g21lps)- O
5.3. Coalgebras for differentials

Objects from Seq(*) can be modelled as coalgebras in the same way as sequential structures (cf. Remark 4.16) by changing
the type functor accordingly. Let the functor 5‘3*) : Set — Set be defined by:

55700 — (1+B% x X4,
S X > ) = (A +idge x f)id,

Proposition 5.18. Seq™ is isomorphic to Coalg(Sé*)).
Proof. Any structure S = (Q, o, d) in Seq(*) can be seen as an 5(5*)—coalgebra:
(3s,d): Q — (1+B™ x Q)"

Checking that the morphisms of Seq™*) and Coalg(.S(g*)) coincide is more or less immediate from the definition of Seq®™-
morphisms. O

The existence of a final object in Seq(*) does not follow from the existence of a final sequential structure (Remark 4.16),
but since S(()*) is a polynomial functor, we know that such a final object exists, and we will see it is straightforward to prove
this from first principles. As expected, the final object will have the state behaviours of structures in Seq™ as its carrier.
Now we adjust the definition of derivative to functions with codomain B™ and prefix-closed domains (as e.g. differentials).
Letf: A* ——» B® be a function with prefix-closed domain, and let a € A. The derivative of f with respect to a is the partial

function f-a: A* --» B® defined for allw € A* by (f-a)(w) = f(a) . f(aw) if aw € dom(f).
Theorem 5.19. Define
Qseqn = {f: A* =5 B® | dom(f) is prefix-closed, f (¢) = &}.

Forf € QSeq<*) and a € A, define

0 ()@ =f@, D)@ =fa RP() =f(e).

The 4-triple Qgeqe0 = (Qseqe » 0™, D™ R™) is a final object in Seq™, and for all S € Seq™, the final morphism is [_Ts.

Proof. We first check that QSeq(*> is well-defined. The output function 0™ takes values in B*) and the terminal output
function R® is constant equal to & on Qseq(*), hence if Qseq<*) is closed under taking derivatives, then we can conclude that
Q5eqt) is a well-defined object in Seq(*). Letf € Qseq and a € A. We have w € dom(f-a) iff aw € dom(f), so by the
assumption that dom(f) is prefix-closed, it follows that dom(f-a) is prefix-closed. Moreover, (f-a)(¢) = f(a) .f(a.€) = ¢.

We now show that the behaviour map [[_ ] is the final map, i.e., for any S in Seq®™, [_]: S — Q5eq( is the unique
Seq(*)—morphism. Let S = (Q, o, d, r) be a sequential structure in Seq(*>. First of all, since all states in S are final, it is clear
that for any q € Q, dom([[q]]) is prefix-closed, hence [q] € QSeq(@. The condition (supp) is easily seen to hold, namely, for

g € Q and a € Awe have: a € supp(q) iffa € dom([[q]]) iff a € supp([[q]]). Also immediate is the condition (out)y, since
forallqg € Q and a € supp(q), [qll(a) = o(q)(a) by definition. Finally, to see that (next)c holds, we have for all ¢ € Q,
a € supp(q) and w € A*:

[d(@)(@(w) = o(g)(a) « [q]l(aw) = ([q]l-a) (w).
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We have thus shown that for any S in Seq(*), themap[[_]: S — QSeq(*) isa Seq(*)—morphism. We leave uniqueness as an
exercise to the reader. [J

Since Seq™ is reflective in Step™ it follows that Q5eq» Is also a final object in Step™. Hence for any step-by-step
S, considered as an object in Step(*), there is a unique Step(*)—morphism from S to QSeq(*)- By combining the reflectivity

of Seq™ in Step™ with the coalgebraic modelling of Seq®™) we can now argue that the differential representation is an
alternative to normalisation which provides an equally correct way of viewing step-by-step structures as coalgebras. From
Theorem 5.19 it also follows that state equivalence is bisimilarity in differential representations.

Corollary 5.20. Let S; and S, be a step-by-step structures. For all states q; in S1 and q, in Sy: qq ~ @ 02 iff [g1llps,) =
0
[92110(s,)-

Proof. By Proposition 5.18 and Theorem 5.19, [_]] is the final Coalg(.s‘é*))—map, which implies that q; = @ iff
0
(115, = [921lps,)- The result now follows from Proposition 2.3(2). 0

5.4. Minimising differential representations

The definition of Sé*) -bisimulation amounts to the following. Let S = (Q, o, d) bean Sé*) -coalgebra. ArelationR € Q xQ

is an 55*)-bisimulation on S, if for all {q, s) € R:

(d0) supp(q) = supp(s);
(d1) forall a € supp(q): o(q)(a) = o(s)(a) (in the free group B(*)); and
(d2) forall a € supp(q): (d(q)(a), d(s)(a)) € R.

Given a finite 53*)—coalgebra S = (Q, o, d), we can compute 55*)—bisimilarity on S by using a small variation on the
algorithm from Section 4.3 for computing S-bisimilarity in normalised structures. The idea is again to perform the refinement
algorithm for DFAs, but this time we take as the initial partition, the largest equivalence relation Pg on Q which satisfies (d0)
and (d1).

Lemma 5.21. Let S = (Q, o, d) be a finite 55*)—coalgebra. We can compute the largest equivalence relation Pg on Q which
satisfies (d0) and (d1) in time O(]|o]| |A]|Q] log(]Q|)) where ||o|| := max{|o(q)(a)| | ¢ € Q, a € A}.

Proof. Pg can be computed in essentially the same way as P, so we only provide a sketch and refer to Lemma 4.14 for details.
We again use a binary search tree, but now a state q is inserted with key value c(q) := (o(q)(ay), ..., o(q)(ax)) where
|A| = k. In order to define a linear ordering on key values, it suffices to define a linear ordering on BU {b | b € B}, since we
can then extend this ordering lexicographically to reduced elements of B™ and key values as in Lemma 4.14. As before, we
obtain a linear ordering by < by < ... < byonB = {by, by, ..., by} by enumeration, and we extend < toBU {b | b € B}
by defining b < b’ iff b < b’ and b < b’ forallb,b’ € B,ie,b; < by < ... < b, < by < by < ... < b,. The size of
c(q)-values is now O(]A|||o]|) which yields a time complexity of O(||o|| |A| |Q|log(|Q|)) for inserting all pairs (c(q), q) into
the tree. O

Lemma 5.21 can be used to give a bound on the complexity of computing 53*)—bisimilarity on D(S) starting with a finite
step-by-step structure S.

Proposition 5.22. Let S = (Q, o, d, r) be a finite step-by-step structure. The time complexities of computing 55*)-bisimilarity
on D(S) are:

Compute ds: omM|ir|),
Compute 5[()*)—bisimilarity on D(S):  O(2|Ir|l + llolD) 1Al |Q]log(|Q[))

where M is the number of transitions in S, ||r|| := max{|r(q)| | ¢ € Q} and ||o|| := max{|o(q)(a)| | g € Q, a € A}.

Proof. We must compute ds(q)(a) = r(q) . 0(q)(a) . 7(d(q)(a)) for each q € Q and a € supp(a). Since we want to compare
ds-values, we want to expand r(q) to a string of the form by ...b, where b; € B,i = 1, ..., n. Hence computing all ds-
values can be done in time O(M||r||). From Lemma 5.21 we know that we can compute the initial partition Pg on D(S)
in time O(||9s]|| |A] |Q|log(|Q])). From the definition of ds, we have that ||ds|| < 2]||r|| + ||o]|. Hence Pg can be computed
in time O(2||r|| + lloll) |A] |Q|log(]Q])). The refinement part of the algorithm can be done in time O(|A||Q]log(|Q|))
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(cf. [23]). Adding up the time needed for computing Pg and the time needed for refinement (under the big-0O), we find that
5(5*)—bisimilarity can be computed in time O((2||r|| 4 ||o]|) |A] |Q|log(|Q])). O

Proposition 5.22 gives us a method to decide equivalence of step-by-step transducers via differentials without normali-
sation.

Theorem 5.23. Let T = (Sq, i1, mq) and Ty = (Sy, iy, my) be two step-by-step transducers, where S; = (Qq, 01, d1, 1))
and S; = (Q2, 02, da, 12). We have: Ty and T+, are equivalent if and only if

mi.1r1(i1) = my.ra(iy) and iy NS(S*) iy.

We can decide whether [T1]] = [T,] in time: O(||m|| + 2||Ir]| + |lo|])|A|N log(N)), where ||m|| = max{|m1|, [mz|}. N =
Qi +1Qzl. lIrll = max{lrj(g)| | g; € Q. Jj € {1, 2}}, [loll = max{loj(g))(a)| | gj € Q. j € {1,2},a € A}.

Proof. From the definition of (T) and Corollary 5.15, we have:
[T;1 = [DTHI = my«13G)) « [l s for € {1, 2}

From Corollary 5.20 it follows that [T]] = [T5] iff mq .r1(i;) = my.r3(i) and i, ~ o) i>. We can determine whether
0

i1~ ip by computing .55*)—bisimilarity on the coproduct D(S1) + D(S,), cf. Proposition 2.3(v). By Proposition 5.22, we
0
can compute ds, and Js,, in time O(M/||r||), where M is the sum of the number of transitions in Sy and S,. The coproduct
of two S(S*)—coalgebras is just their disjoint union, hence 55*)—bisimilarity on D(S1) + D(S;) can be computed in time
O(2|Ir]l + lloll)]A|IN log(N)). Using that M < |A|N, we can decide i; ~ ) ip in time O((2||r|| + |lo||)|A|N log(N)). Finally,
0

the equality mq . r1(i1) = my «12(iz), can be checked in time O(||m|| + ||r||). Adding up, we find that the time for the entire
decision method is O(||m|| + 2||r|| + [lo]))|A|N log(N)). O

We now have two ways of constructing a minimal representation of a step-by-step transducer T. One is quotient-
ing A\'(T) with S-bisimilarity, the other is quotienting D(T) with 55*)—bisimilarity. We will show in Proposition 5.25
below that for a step-by-step transducer T, the state equivalence relations on D(T) and A(T) are identical (as
relations on the state set). Once this is established, it is easy to prove, in Theorem 5.27, that minimising the differential

representation D(T) yields the differential representation of the minimisation of T. First we make an easy, but useful
observation.

Lemma 5.24. IfSq, S, are in Step, and o : S; — S, is a subsequential morphism, then for all states qin Sy and alla € A we
have: 9s, (q)(a) = 9s, («(q))(a). In particular, since ids: S — A(S) is a subsequential morphism, ds(q)(a) = dar(s)(q)(a)
forallq € Q and a € A, which implies that D(S) = D(N(S)).

Proof. Follows from the fact thato: S; — S, in Step implies that o : D(S1) — D(S,) in Seq™ (Theorem 5.14), and that
Seq™-morphisms satisfy the condition (out)y (cf. page 1389). O

We can now show that for a step-by-step S, the bisimilarity relations on D(S) and A (S) are identical.

Proposition 5.25. Let S be a step-by-step subsequential structure. For all states q; and q, in S, we have: q; ~ 59 qz in D(S)

iff g1 ~s q2 in A(S).

Proof. LetS = (Q, 0,d, 1), D(S) = (Q, ds, d) and A(S) = (Q, 0/, d, 1).

We will use the characterising conditions of 55*)—bisimilarity and S-bisimilarity, (s0)-(s3) (page 1385) and (d0)-(d2)
(page 1392), respectively.

Assume first that q; ~5 g2 in AL(S). Clearly, (d0) and (d2) follow from (s0) and (s2). For (d1) it suffices by Lemma 5.24 to
show that dar(s) (q1)(a) = da¢(s)(q2) (a). By definition of A and 9, we have for all ¢ € Q and a € supp(q): da(s)(q)(a) =
(q) « 0'(q)(a) . " (d(q)(a)). Now (d1) is easily seen to follow from (s1), (s2) and (s3).

Now assume that g, ~ s G2 in D(S).Now (s0) and (s2) follow from (d0) and (d2). To see that (s3) holds, i.e., that ' (q1) =

0

1'(q2), suppose first that supp(q;) = supp(q2) = . In this case, ﬁ(q1) = r(q1) and hence ' (q1) = ﬁ(q1) .17(q1) = &.Sim-
ilarly, we get ' (q2) = &, and so 1'(q1) = 1'(g2). Now suppose supp(q;) = supp(qz) # . Since A(S) is normalised, there
must be ay, ay € supp(qq) such that Iep({r' (q1), 0'(q1)(a1)}) = lep({r'(q2), 0'(q2)(a2)}) = . From (d1) and Lemma 5.24
it follows that da(s) (q1) (a1) = dar(s)(q2)(a1), e,

(q1) «0'(q1)(ar) « 7' (d(q1)(a1)) = 1'(q2) + 0'(q2) (a1) . 7' (d(g2) (ar)). (16)
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Letting v = Icp({r'(q2), 0'(g2) (a1) . ' (d(g2)(ay))}) it follows from the assumption on a; and (16) that r'(q2) = v.r'(q1).
Using similar arguments, we get for a;:

'(q2) « 0'(q2) (a2) . 7' (d(q2)(a2))
(q1) « V. 0'(q2)(a2) . 7' (d(q2) (a2)).

'(q1) . 0'(q1)(az) . 7' (d(q1)(a2))

(17)

Since v < 1’(gy) we have by our choice of a, that lcp({v, 0’(q2)(a2)}) = &.Hence from (17) we can now conclude thatv = ¢
and hence r'(q1) = r'(q2).
It remains to prove (s1). First note that by the definition of A/, r’(q) = r’(s) holds iff

%. r(q) = % r(s) and hence % = % r(s) @

We now have,

B(a1) - o(q1)(a) . B(d(q1)(a)

(s3) = B(q2) +1(@2) + 7(@1) - 0(q1) (@) . 7(d(q1) (@) . 7(d(q2) (@) - B (d(q2) (@)

(d1) = B(q2) +1(q2) + 7(q2) - 0(q2) (@) . T(d(q2) (@) . 7(d(q2) (@)) - B(d(q2)(a))
= B(@2) . 0(q2)(@) . B(d(q2) (@)

Hence 0'(q1)(a) = 0'(q2)(a). O

The next example illustrates the result of Proposition 5.25 and the difference between the two types of minimal realisa-
tions.

Example 5.26 (minimal realisations). Consider the following transition diagram of a step-by-step subsequential structure
S = (Q, o, d, r), and its differential representation D(S):

albabba

ﬂba
A (1Y biba D(S) : (0)

-

laﬂmb a|bb]

b|ab<4 e ¥>b\b b|ba<4
U A

Qb\ba

lzﬂbb

-
v) blb

albabba

Let R be the least equivalence relation on S which contains {({0, 2}, (1, 3)}. It can easily be checked that R is the .55*)—
bisimilarity relation on D(S). Fori € {0, 1, 2,3}, let T; = (S, i, ¢) and f; = [T;]] = [li]ls.

From Theorem 5.23 and the observation that r(0) = r(2) we can conclude that fy = f,. Fori € {0, 1, 2, 3}, we can
obtain a minimal sequential transducer with output in B™ which realises fi by quotienting D(S) with R and initialising this
structure with the R-class containing i, adding initial prefix fi(¢) = r(i). Let 0 = {0, 2} and 1 = {1, 2}. For fi, this minimal
realisation is:

(D(S)/R, 1, ba):
a|babba \Lba

blb QJ blba

albb

Alternatively, we could compute and minimise A((S). It can easily be verified that: ,3(0) = ¢, ,3(1) = ba, ,3(2) = ¢,
B(3) = a. N(S) is illustrated below on the left. We now obtain a minimal normalised realisation of f; by quotienting A (S)
with R, initialising with the R-class containing i and adding the initial prefix § (i). For f1, the minimal normalised realisation is

shown below on the right:
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i’ fi°
alabba 1>b\ba (N(S)/R, 1, ba): J{
b

b davba |
al b\b mblba
alabba 1}17“3 M’b alb M’s

Ue Uy

We can now show that the minimisation of the differential representation is the differential representation of the min-
imisation.

Theorem 5.27. Let S = (Q, o, d, ) be a step-by-step subsequential structure, and T = (S, i, m) a step-by-step subsequential
transducer. Let also

Z={q,q)€QxQ|inD®) :q 5 02}
={{q1,92) € Q x Q | in N.(S) : q1 ~5 q2} (cf. Proposition 5.25).

We have:
DINES)/Z) = DO)/Zz and DAN(T)/Z) = D(T)/Z.

Proof. We first show the result for a step-by-step structure S = (Q, o, d, r). Let D(S)/Z = (Q/Z, 9z, dz). Since D and N\
do not change the underlying DA, the result follows once we show that 97 = da(s)/z-Let p: Q — Q/Z be the quotient map
whichsendsastateq € Q toitsZ-class q/Z.Since p: D(S) — D(S)/ZisaSeq™ -morphism,andalso p: A(S) — N(S)/Z
is a Coalg($)-morphism, we have for all ¢ € Q and a € supp(q):

ds(q) (@) = 9z(q/Z)(a) and  dns) (@) (@) = dn(s)/2(q/2)(a).

It follows now from Lemma 5.24 that dz(q/Z)(a) = 9a(s)/2z(q/Z) ().

The proof for the transducer case follows from result for structures as soon as we can show that D(T) and D(A(T))
have the same initial prefix. Let T = (Q, o, d, r, i, m) € StepTra. The initial prefix of D(T) is m.r(i) (Definition 5.11).
Letting m’ and r’ denote the initial prefix and the terminal output function in A(T), the initial prefix in D(A((T)) is

m' .1’ (i) = m. Br(i) .7 (i) = m.r(i) (cf. Definition 3.25). O

For the class of step-by-step structures, differential representations could offer an interesting alternative to normalised

structures for the purpose of minimisation and deciding equivalence. We base this on the observation that computing 3 is
a non-trivial task which involves a global fixpoint computation (cf. [4,10]) whereas differentials can be computed locally in
the sense that for each state g and a € supp(q), we only need to know the values of r(q), o(q)(a) and r(d(q)(a)) in order
to determine ds(q)(a). This local nature of the differential allows for flexible and straightforward algorithms for computing
differential representations. It would be interesting to see how the two techniques compare in practice, and when applied
to real examples.

6. Conclusion

Although subsequential structures as objects have the type of coalgebras for a functor §: Set — Set their word function
semantics requires a notion of morphism which is more general than the notion of S-coalgebra morphism. Hence the
category of all subsequential structures cannot be seen as a (sub)category of coalgebras. However, we showed that normalised
structures and differential structures do have a coalgebraic modelling. Hence normalisation and taking differentials transform
subsequential structures into an equivalent coalgebraic representation. This is what we mean when we say that normalisation
and taking differentials are a form of coalgebraisation. One immediate consequence of this coalgebraisation is that finite
structures can be minimised by quotienting with bisimilarity. We provided a detailed description of how one can adapt the
known method for DFA-minimisation to normalised structures and differential representations. For the purpose of deciding
equivalence of step-by-step transducers, we believe that the decision method obtained by computing state equivalence on
the differential structure is an interesting alternative to the normalise-minimise method. This claim is based on the easy,
local manner in which the differential can be computed, as opposed to the more complicated and global nature of known
normalisation algorithms (cf. [4,10]).

The mathematical properties of the abovementioned transformations were made precise by showing that normalisation
and taking differentials are reflectors A and D, respectively. We can therefore argue that the right way of thinking about
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subsequential structures is in their coalgebraic, normalised form, and for step-by-step structures, the differential represen-
tation yields an alternative, but equally correct coalgebraic description. In the diagram below we provide an overview of the
relationships between the various classes of subsequential structures and coalgebras that have been studied in this paper.
The inclusion arrows indicate embeddings of categories; a double-headed arrow indicates that the embedding is surjective
on objects; and the labels ‘full’, ‘refl’ and = indicate whether the embedding is full, reflective or an isomorphism, respectively.

Subseq <—— Coalg(s) <ML Coalg(sy) ML Coalg(jé*))

refl| | C full = ;1

A
CSubseq = NSubseq <ML §eq ful Seq®)

full DT refl
full

e ) Step C% Step(*)

As directions for future research, we mention that in automatic speech recognition, subsequential transducers with weighted
transitions play an important role (cf. [30]). Since weighted or probabilistic systems can be modelled coalgebraically [3],
one could try to extend the current coalgebraic modelling to weighted subsequential transducers. On the side of formal
languages and transductions, the natural next step would be to try to give a coalgebraic modelling of sequential bimachines
and rational functions [12]. We expect this to be a non-trivial exercise, if at all possible, since a unique canonical minimal
bimachine seems not to exist [33].

The problems we encountered in the coalgebraic modelling of arbitrary subsequential structures arise from the presence
of internal states and the fact that the word function semantics equates output in the free monoid. These issues could perhaps
be dealt with by extending the coalgebraic setting from being purely set based, to one in which the monoid identities are
formally included. Another idea would be to look for alternative equivalence notions along the lines of weak bisimilarity.
However, weak bisimilarity in coalgebras is not very well understood, but some results may be found in [34,36,41]. In this
context, we also mention that although subsequential structures seem to allow a kind of internal steps, these steps are not
entirely unobservable since an input letter is always consumed.

Another direction for future research would be to find out whether existing coalgebraic specification languages (cf. [7,26,
31]) are useful for expressing properties in the application domains of subsequential transducers. For example, the regular
expressions for polynomial coalgebras given in [7] provide an expressive formal language for specifying normalised and step-
by-step subsequential transducers. We would also like to know if our results on step-by-step transducers and differential
representations are practically useful in this or other application domains.

Finally, we mention that step-by-step transducers are implicitly used in [8] to give a proof of Choffrut’s characterisation
theorem for subsequential functions. It would be interesting to see if Choffrut’s result can be reinterpreted in the coalgebraic
setting presented here.
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