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Introduction

The Hopf algebra of rooted trees is introduced in Connes and Kreimer [1998],
in the context of Quantum Field Theory. The considered problem is the fol-
lowing: an integral is attached to certain graphs, called the Feynman graphs,
according to certain rules, called the Feynman rules. It turns out that these

Fig. 1. A Feynman graph

integrals are divergent, because of the presence of loops in Feynman graphs:
each loop of the graph creates a subdivergence in the associated integral. The

Fig. 2. The subdivergences of the graph

Renormalization procedure (Collins [1984]) is used to give these integrals a
sense, despite their divergences. In the Connes-Kreimer point of view, the
Renormalization consists to associate to each Feynman graph a rooted (even-
tually decorated) tree representing the structure of the subdivergences of the
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graph. After a regularization step, that is to say the introduction of a new

Fig. 3. Rooted tree associated to the graph

parameter h, the Feynman rules give now an algebra morphism ¢ from the
algebra of rooted trees Hp to the algebra of formal meromorphic functions
A = CJ[[R]][h™1]. As HR is a Hopf algebra, ¢ becomes an element of the charac-
ter group of Hi with values in A. Now, the algebra A can be decomposed into
A=A_® Ay, where Ay = C[[h]] and A_ = h~'C[h™!]. The aim becomes
the obtention of a Birkhoff decomposition of ¢, that is to say a decomposition
of the form ¢ = ¢=' % ¢, where ¢, is a character of Hp such that ¢. taken on
a rooted tree is an element of A, for ¢ = 4+ or —. Because Hp is graded and
connected, an inductive process allows to compute ¢ and ¢_, and Connes
and Kreimer proved that the Renormalization consists to replace ¢ by ¢
when h goes to 0.

Our aim here is to introduce the Hopf algebra of rooted trees Hgr and its
non commutative version Hpp, as well as several algebraic properties of these
Hopf algebras, including duality and non associative structures. We restrict
ourselves to non decorated rooted trees, but we have to mention that all
the results here exposed can be generalized in the decorated cases. The text is
organized as follows: the first section deals with Hp. We first introduce rooted
trees and rooted forests, and show how admissible cuts give a coproduct on
‘Hpr, making it a bialgebra. We then describe a gradation of Hr and use it to
prove the existence of an antipode, given by cuts. The universal property of
Hr is given, with several examples. We conclude with a description of the dual
Hopf algebra Hj, related to the Grossman-Larson Hopf algebra (Grossman
and Larson [1990, 2005]).

In the second section, we proceed in the same way with a non commuta-
tive version. Replacing rooted trees by planar rooted trees, we construct the
Hopf algebra Hppr, and give its universal property. It is proved that Hpgr
is isomorphic to its dual, which makes perhaps the main difference with the
commutative case.

In the last section, we introduce extra algebraic structures on these Hopf
algebras. The first one is a preLie structure on the Lie algebra of primitive
elements of the dual Hopf algebra H¥%. This structure is used to construct
two Hopf subalgebras of Hp, namely the ladder subalgebra and the Faa di
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Bruno subalgebra. Similarly, a dendriform structure is introduced on H5 5 (or
equivalently on Hpg), which allows to construct Hopf subalgebras of Hpg.

Notations 1. We fix a base field K of characteristic zero. All the considered
algebras, coalgebras, etc, will be defined over K. We refer to the classical
references Abe [1980] and Sweedler [1969] for the usual definitions, notations
and results concerning coalgebras, bialgebras and Hopf algebras.

1 Main results on the Hopf algebra of rooted trees

1.1 Rooted trees

Let us first recall the definition of a rooted tree.

Definition 1. (Stanley [1997, 1999])

1. A rooted tree is a finite graph, connected and without cycles, with a special
vertex called the root.

2. The weight of a rooted tree is the number of its vertices.

3. The set of isoclasses of rooted trees will be denoted by T. For all n € N*,
the set of rooted trees of weight n will be denoted by T(n).

Ezample 1.
T(1) ={.},
T(2) ={1},
T(3)={V,E},
T(4) = { v, K/ Y% }

oo by B Ly YL

1.2 Bialgebra of rooted trees

The Hopf algebra Hp of rooted trees is introduced in Connes and Kreimer
[1998]. As an algebra, Hp is the free associative commutative unitary K-
algebra generated by T. In other terms, a K-basis of Hg is given by rooted
forests, that is to say non necessarily connected graphs F' such that each
connected component of F' is a rooted tree. The set of rooted forests will be
denoted by F. For all n € N, the set of rooted forests of weight n will be
denoted by F(n). The product of Hp is given by the concatenation of rooted
forests, and the unit is the empty forest, denoted by 1.
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Example 2. Here are the rooted forests of weight < 4:

Leeotleento Voot vo b v, K/ Y% .

In order to make Hp a bialgebra, we now introduce the notion of cut of a
tree t. We orient the edges of ¢ upwards, from the root to the leaves. A non
total cut c of a tree t is a choice of edges of ¢. Deleting the chosen edges, the cut
makes ¢ into a forest denoted by W€(¢). The cut ¢ is admissible if any oriented
path in the tree meets at most one cut edge. For such a cut, the tree of W€(t)
which contains the root of ¢ is denoted by R°(¢) and the product of the other
trees of W¢(t) is denoted by P¢(t). We also add the total cut, which is by
convention an admissible cut such that R°(¢t) = 1 and P¢(t) = W°(t) = t.
The set of admissible cuts of ¢ is denoted by Adm,(¢). Note that the empty
cut of ¢ is admissible; we put Adm(t) = Adm.(t) — {empty cut, total cut}.

Ezample 3. Let us consider the rooted tree t = K/ . As it has 3 edges, it has
23 non total cuts.

e | VY o

Admissible?|yes|yes| yes |yes| no | yes|yes| no | yes

we(t) Vel vlh el e v
Re(t) Vel i o], o]«

Pe(t) T o [ o x| defea] X K/

The coproduct of Hp is defined as the unique algebra morphism from Hp
to Hr ® Hgr such that, for all rooted tree ¢t € T

Aty= > PM@R(M)=tol+let+ > PU)@R(L).
ceEAdm, (t) ce Adm(t)

As Hp is the free associative commutative unitary algebra generated by T,
this makes sense.

Ezample 4. Following example 3:

A(R/):K/®1+1®K/+I®I+.®V+.®E+I.®.+..®I.

Lemma 1. We define BT : Hg — Hpg as the operator which associates
to any rooted forest ty...t,, the rooted tree obtained by grafting the roots of
t1,...,tn on a common new root. Then, for all x € Hp:

AoBt(z) =BT (z)®1+ (Id® B") o A(x).



An introduction to Hopf algebras of trees 5

For example, BT (. 1) = \} )

Proof. We can restrict ourselves to x = t;...t, € F. Let us consider a non
total admissible cut c of t = BT (z) € T. Then the restriction of ¢ to ¢; gives an
admissible cut of ¢;, eventually total if ¢ cuts the edge from the root of ¢ to the
root of ¢;. In the other sense, if cq, ..., ¢, are admissible cuts of ¢1,...,t,, then
there exists a unique non total admissible cut ¢ of ¢ such that the restriction
of ¢ to t; gives ¢; for all i. Moreover, R°(t) = BY(R (t1)... R (t,)) and
Pe(t) = P°'(ty) ... P (t,). Hence:

Aty =t®1+ > P (ty) ... P (t,) @ BY (R (t1) ... R°"(t,))
c;€Adm, (t;),1<i<n

=Bt (z)®1+ (Id® B*) ﬁ D Pot) @ RO(t)
i=1c,€ Adm. (t;)

=BT (2)® 1+ (Id® BY)(A(t1) ... Ata))

=B (2)®1+ (Id® B%) o A(z). O

Theorem 1. With this coproduct, Hr is a bialgebra. The counit of Hp is
given by:
) Hr — K
€ {FEF—>51,F.

Proof. We have to prove three points:

1. A is a morphism of algebras.
2. € 1is a counit of A.
3. A is coassociative.

By definition of A, the first point is obvious. Let us show the second point.
For any t € T, if ¢ € Adm(t), then both P¢(t) and R°(t) are nonempty forests,
so:
(e@Id)o At) =e(t)l+e(l)t+ Y e(P(t)R(t) =t.
ce Adm(t)

In the same way, (Id ® €) o A(t) = t. So Id, (¢ ® Id) o A and (Id ® €) o A
are three algebra endomorphisms of H g which coincide on T. As T generates
Hr, they are equal. So € is a counit of A.

Let us now give the proof of the coassociativity of A. We consider:
A={xeHr /(AR Id)o A(zx) = (Id® A) o A(z)}.

As (A®Id)o A and (Id ® A) o A are two algebra morphisms from Hz to
Hr ® Hr ® Hg, A is a subalgebra. Let € A. Then:
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(A®Id)o A(BT(x)) = A(BY(2)) @1+ (A® Id) o (Id® BT) o A(x)
=BY(z)®1®1+(Id®BY)oA)®1
+(Id® Id® BY) o (A® Id) o A(x),
(Id® A)o A(BY(2)) =BT (z)®1®@1+ (Id® Ao BT) o A(x)
=BT (x)@1®@1+(Id® BY)oAlz)® 1
+(Id®Id® BY) o (Id® A) o A(z).

As z € A, these two elements coincide, so BT (z) € A: A is stable under
BT. Let us now show that any forest ' € F belongs to A by induction on
n = weight(F). If n =0, then F =1¢€ A. If n > 1 and F is not a tree, then
F =ty...ty, with £ > 2, and the induction hypothesis holds for ¢1,... .
As A is a subalgebra, F € A. If n > 1 and F € T, we can write F' = BT(G),
with G € F, and the induction hypothesis holds for G. As A is stable under
BT, F € A. As a conclusion, A = Hp, so A is coassociative. O

1.3 gradation of Hgr and antipode

For all n € N, we put Hg(n) = Vect(F(n)). So Hg = @HR(n). Moreover:
neN
1. Foralli,j € N, Hr(i)Hr(j) C Hr(i+ j),
2. Foralln € N, A(Hgr(n)) € Y Hr(k)®Hg(l).
k+l=n

In other terms, Hp is a graded bialgebra. Note that Hz(0) is reduced to the
base field K: we shall say that Hg is connected. The dimension of Hr(n),
namely the number of rooted forests of weight n, can be inductively computed,
as explained in Broadhurst and Kreimer [2000a):

Proposition 1. For all n € N, we put r, = dimg (Hg(n)). Then:

oo o0 1
W =T
2t = =

The sequence (7, ),>0 is the sequence A000081 of Sloane.

Example 5.

n[0|1|23|4|5]6| 7|8 ]9 | 10 | 11 12 13 14
Tn|1{1]2|4]9|20|48|115|286|719|1 842|4 766|12 486|32 973|87 811

The following lemma implies that H r has an antipode, so is a Hopf algebra:

Lemma 2. Let A be a graded connected bialgebra. Then A has an antipode.
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Proof. First step. Let us prove that ¢ is zero on A(n) if n > 1. We assume
that this is false and we take x € A(n), n > 1, minimal, such that £(z) # 0.
As A is connected, we put:

A(m):x1®1+1®x2+2x’®x",

Zx’@x" € z_:A(z) ® A(n —1).

By minimality of n, A(i) and A(n—i) are subspaces of Ker(¢)if 1 <i <n-—1.
So (Id ® €) o A(z) = x1 + le(z2) = z. By homogeneity of z, ;1 = z and
g(xe) = 0. Symmetrically, 2o = x and e(x1) = 0: this contradicts x = x1. So
Ker(e) = GBA(n)7 and for any z € A(n), with n > 1:

n>1

A(r)fx®171®:z:€niA(i)®A(nfi).

i=1
Second step. We can define by induction on n the following application:

A— A
Sy 1—1,
z € An) — —x =Y Sy(a’)z”,

putting A(z) =2®1+1@x+) o’ ®@a". Clearly, mo (Sy®1d) o A(z) = e(x)1
for all x € A. So S; is a left antipode of A. It is also possible to define a

right antipode Sy of A. As the convolution product * is associative, Sy =
(Sg* Id) * Sq = Sg* (Id* Sq) = Sy, so A has an antipode S = S, = S;. O

Remark 1. Applying this result to the opposite bialgebra A°, we deduce that
it has an antipode S’, so S is invertible, with inverse S~! = §’.

We now describe the antipode S of Hgr. As Hpg is commutative, its an-
tipode is an algebra morphism, so it is enough to give the antipode of elements
of T.

Theorem 2. Lett € T. Then:

S(t) = > (=D)"we(),

¢ non total cut of t
where n. is the number of cut edges in c.

Proof. Induction on the weight nof t. If n = 1, thent = ., A(.) = .®1+1®.,
so S(.) = —. and the result is true. If n > 2:

St)y=—t— Y S(P(t)R(L).

c€Adm(t)
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Let us consider a non empty and non total cut ¢ of t. There exists a unique
admissible cut ¢ of ¢ such that the tree of W€ () which contains the root
of t is R°(t), and denoting P¢(t) = t;...1;, the restriction of ¢ to t; is
a non total cut ¢; of ¢;. Moreover, W¢(t) = W (t;)... W (t;) R (t) and
Ne =k —+mne, +...+ng,. Because S is an algebra morphism, by the induction
hypothesis:

S(Pe(t) = > (—=1)rertetnethyyen ) WOk (t,).

c; non total cut of t;, 1<i<k

Combining all these assertions:

S(t) = —t - > (=D)"We(t),

¢ non empty and non total

which implies the result. O

1.4 Cartier-Quillen cohomology and universal property of Hgr

Let C be a coalgebra and (B, dg,dp) be a bicomodule over C. The Cartier-
Quillen cohomology of C' with coefficients in B, dual notion of the Hochschild
cohomology of an algebra, is the cohomology of the complex defined by X,, =
Homg (B, C®”), and coboundary b, : X,, — X,,+1 given by:

bu(L) = (Id® L) 05+ 3 _(~1)! (Id?i“*” RA® Id?i(”*”) oL
=1
+(=D)"YL ® Id) o bp.

In particular, the 1-cocycles are linear applications L : B — C satisfying the
following property:

AoL=(Id®L)odg+ (L®Id)odp.

Let us choose a group-like element of C, which we denote by 1. Consider now
the bicomodule (C, A, ép), with dp(z) =z @1 for all x € C. A 1-cocycle is a
linear endomorphism L of C satisfying: for all z € C,

AoL(x)=(Id® L) o A(z) + L(z) ® 1. (1)

In particular, lemma 1 implies that BT is a l-cocycle of Hy. Moreover,
(Hg, BT) satisfies the following property:

Theorem 3 (Universal property of Hg). Let A be a commutative algebra
and let L : A — A be a linear application.

1. There exists a unique algebra morphism ¢ : Hp — A, such that po BT =
Log.
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2. If A is a Hopf algebra and L satisfies (1), then ¢ is a Hopf algebra mor-
phism.

Proof. Unicity. ¢ is entirely determined on F by the following properties:

o(1) =1,
(b(tl tn) = (tl)'~'¢(t'rz)7
G(BT(t1...1n)) = L($(t1) - .. p(tn))-

Ezistence. As A is commutative, ¢(t1)...d(t,) does not depend of the
order of the ¢;’s, so these formulas define a linear application ¢ : Hg — A.
The first and second formulas imply that ¢ is an algebra morphism, and the
third one that ¢ o BT = L o ¢. Let us now suppose that L satisfies (1) and
let us prove that ¢ is a Hopf algebra morphism. We have to prove the two
following points:

1. eop=ce.
2. Aogp=(¢®¢)o A

First, for all x € A:

L(z)=(e®Id)oAoL(x) =co L(z)l+ (¢® L) o A(x) = e o L(x)1l + L(x),
soeo L =0.Let t € T. We can write it as BT(F), F € F. Then:
cod(t) =0 g0 BT (F) = coLog(F) =0,

so € 0 ¢ and ¢ are two algebra morphisms from Hg to K which coincide on
T: they are equal. This proves the first point.

Let us now prove the second point. We put:
X={zxeHr/Aop(x)=(p®¢) o A(x)}.

As Ao ¢ and (¢ @ @) o A are two algebra morphisms, X is a subalgebra of
Hgr. Let z € X. Then:

AopoBT(x) = Ao Log(x)
=Log(z) @1+ (Id®L)o Ao ¢(x)
=¢oBY ()@ 1+ (Id® L)o(¢p® ) o A(z)
=¢oBT(z) @1+ (¢ @) o (Id® BT)o Ax)
= (¢ ® ¢) 0 A(B™(x)),

so B*(z) € X. Then X is a subalgebra of Hg stable under B*: it is Hg. O

Remark 2. The first point of theorem 3 proves that (Hg, BT) is an initial
object in the category of commutative algebras with a linear application, as
mentioned in Moerdijk [2001].
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Ezxamples 6.

1. Let A be a commutative Hopf algebra and let L be a 1-cocycle of A
such that L(1) = 0. The Hopf algebra morphism induced by the universal
property is given by ¢(z) = e(x)14 for all x € Hp.

2. We take A = K[X], with the coproduct defined by A(X) = X®1+1®X.
The following application is a 1-cocycle of A:

K[X] — K[X]
L: P(X)—>/ P(t)dt
0

The Hopf algebra morphism induced by the universal property is given by
1 ,

H(F) = ﬁX weight(F) for all F € F, where the combinatorial coefficient

F! is inductively defined in Brouder [2004], Hoffman [2003] by:

.. ti!. .t
BT (F)! = Flweight(B*(F)).

Other similar examples are given in Zhao [2004].

1.5 Dual Hopf algebra

We first expose some results and notations concerning the graded duality. Let
A be a N-graded vector space, such that the homogeneous components of A
are finite-dimensional.

1. The graded dual A* is @A(n)* Note that A* is also a graded space,
neN
and A™ =~ A. .
2. A® A is also a graded space, with (A ® A)(n) = ZA(@) ® A(n — 1) for
i=0
all n € N. Moreover, (A® A)* = A* @ A*.

3. Let A and B be two graded spaces, with finite-dimensional homogeneous
components, and F' : A — B, homogeneous of a certain degree d, that
is to say F'(A(n)) C B(n+ d) for all n € N. Then there exists a unique
F*: B* — A*, such that if f € B*, F*(f)(z) = f o F(x) for all z € A.
Moreover, F'* is homogeneous of degree —d.

All these results imply that if (A, m, A) is a graded Hopf algebra, then its
graded dual inherits also a graded Hopf algebra given by (A*, A* m*).

We now give a combinatorial description of the dual Hopf algebra Hf,. We
shall need the following notions:
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1. For all forest F' € F, sp is the number of rooted forest automorphisms of
F'. These coefficients are inductively defined by:

S1 = 1,
SB+(F) = SF,
o™ (e93
5101 _gon = Sp) e S ol oyl
if t1,...,tr are distinct elements of T.

2. Let FF=1t1...t, and G be two elements of F. A grafting of F' over G is a
forest obtained by the following operations: for each i, ¢; is concatenated
to G, or the root of t; is grafted in a vertex of G. If F,G,H € F, the
number of ways of grafting F' on G to obtain H is denoted by n/(F,G; H).

Ezample 7. For F = . and G = V| there are four graftings of F over G,
which are . V, V¥, l\/, \) = l\/ . In particular, n’(., V; K/) =2.
The following lemma is proved in Foissy [2002b], Hoffman [2003]:

Lemma 3. For all forests F,G,H € F, we denote by n(F,G; H) the coeffi-
cient of F® G in A(H). Then n'(F,G;H)sg =n(F,G; H)spsg.

We now describe the Hopf algebra H},. For all F' € F, we put:

7 Hr — K
L G—>SF(SF,G.

As (Zr)rer(n) is a basis of Hr(n)*, (Zr)rer is a basis of HF,.
Theorem 4. For any forest F,G € F, in H}:
ZpZa =Y n/(F,G;H)Zq.
HEF
Foranyty...t, € F:

AZu.x)= Y. Zu®Zi, s
IC{1,...,n}

where tj = Htj forall JC{1,...,n}.
jeJ
Proof. We put ZpZg = Zaf{GZH in Hy. For all F,G, H € F:

(ZFZG)(H) = agGsH
=(Zr® Zg)o A(H)

=(Zr®Zc)| >, n(A,B;H)A®B
A,BEF

=n(F,G;H)spsq.
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By lemma 3, agg =n/(F,G;H).
We now put A(Zp) = bg’HZG ® Zpg. Then:
A(Zp)(G® H) = b¢ ysasu = Zr(GH) = spép.cn.
We put F = ¢ ... 3%, the t;’s being distinct elements of T. If b, ;; # 0, then

G = t?l ...tfk and H =t]"...¢]*, with a; = 3; +~; for all i. Then:

B B v k
sGSH syt .ospE Bl BrlsT st !

a ag k
bF . SF St11"'8tk O[l'O[k' 7H OC»L'
G,H — -
=1

L Bl
which implies the announced result. O

An immediate corollary is proved in Panaite [2000] (with a correction in
Hoffman [2003]) and Foissy [2002c]:

Corollary 1. H}, is isomorphic to the Grossman-Larson Hopf algebra of
rooted trees Har (Grossman and Larson [1989, 1990, 2005]), via the iso-
morphism:
{H}E — Har
Zr — Bt (F).

2 A non commutative version of Hg

2.1 Planar rooted trees

Definition 2. (Stanley [1997, 1999]) A planar (or plane) rooted tree is a
rooted tree t such that for each wvertexr s of t, the children of s are totally
ordered. The set of planar rooted trees will be denoted by Tp. For every n €
N*, the set of planar rooted trees of weight n will be denoted by Tp(n).

Ezample 8. Planar rooted trees are drawn such that the total order on the
children of each vertex is given from left to right.

TP(l) - {'}a
Tp(2) = {1}

=
3
S
I
/_/H
<

TP@{w,w,v,w,y,b,w,W |
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In particular, K/ and \} are equal as rooted trees, but not as planar rooted
trees.

2.2 The Hopf algebra of planar rooted trees

The Hopf algebra of planar rooted tree H pgr was introduced simultaneously in
Foissy [2002¢] and Holtkamp [2003]. As an algebra, H pg is the free associative
unitary algebra generated by Tp. In other terms, a K-basis of Hp is given by
planar rooted forests, that is to say non necessarily connected graphs F' such
that each connected component of F' is a planar rooted tree, and the roots
of these rooted trees are totally ordered. The set of planar rooted forests will
be denoted by Fp. For all n € N, the set of rooted forests of weight n will
be denoted by Fp(n). The product of Hpp is given by the concatenation of
planar rooted forests, and the unit is the empty forest, denoted by 1.

If t is a planar tree and c is an admissible cut of ¢, then the rooted tree
Re(t) is naturally a planar tree. Moreover, as ¢ is admissible, the different
rooted trees of the forest P¢(t) are planar and totally ordered from left to
right, so P¢(t) is a planar forest. We then define a coproduct on Hpg as the
unique algebra morphism from Hpgr to Hpr ® Hpr such that, for all planar
rooted tree t € Tp:

Alty= Y PMHOR()=tel+lat+ »  P(t)@R(L).
ceAdm., (t) ce Adm(t)

As Hppg is the free algebra generated by T p, this makes sense.

Ezamples 9.

A(K/): K/®1+1®K/+I®I+.®V+.®E+I.®.+..®I,

A(\}): \}®1+1®\}+I®I+.®V+.®f+.r®.+..®z.

Theorem 5. With this coproduct, Hpg is a bialgebra. The counit of Hpg is
given by:
.. { Hpr — K
"|FeF — 51,F-

The proof is the same as in the commutative case. In particular, we de-
fine an operator also denoted by Bt : Hpr — Hpr, which associates to a
planar forest ¢; ...t, the planar rooted tree obtained by grafting the different
trees t1,...,t, on a common root, keeping the total order on their roots. For

example, BT(1..) = RV, Bf(.1.) = and BY(..1) = \ﬁ Similarly, it
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is a 1-cocycle of Hpg.

We put Hpr(n) = Vect(Fp(n)). This defines a connected gradation of
Hpr. For all n € N, dimg (Hpgr(n)) is the number of planar rooted forests of
weight n, that is to say the n-th Catalan number:

Proposition 2. For all n € N, we put R,, = dimg(Hpr(n)). Then:

> 1—v1—-4
> R, = Lovizdh
—~ 2h

(2n)!
As a consequence, R, = W for all n € N.
n In!

The sequence (Ry,),>0 is the sequence A000108 of Sloane.

Example 10.

n|0|1|2(3| 45| 6 | 7| 8 9 10 11 12 13 14
T |1(1]2(5|14|42|132{429|1 4304 862|16 796|58 786|208 012|742 900|2 674 440

By lemma 2, Hppg is a Hopf algebra. The antipode can also be described
with cuts, although it is necessary to pay attention of the order of the trees
in W¢(t), as Hpg is not commutative (Foissy [2002c]).

Similarly to the commutative case, Hpp satisfies a universal property:

Theorem 6 (Universal property of Hpgr). Let A be an algebra and let
L:A— A be a linear application.

1. There exists a unique algebra morphism ¢ : Hpr — A, such that ¢ o
Bt =Log.

2. If A is a Hopf algebra and L satisfies (1), then ¢ is a Hopf algebra mor-
phism.

This property is more useful here than in the commutative case: we are
going to use it to prove that Hpr and its dual H}p are isomorphic.

2.3 Dual Hopf algebra and self-duality

For any F' € Fp, we define the following element of the graded dual H}p:

T Hpr — K
L GEFP—>5F7G

Then (Zp)rerw, is a basis of H} . The coproduct of H} 5, is given by:
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n
A(Zyy ) = Z Ztyoit; @ Ltyyyotn-
=0

The product of Zrp and Zg is given by planar graftings, similarly with the
commutative case. The main difference is that there is several way to graft a
planar tree on a vertex of a planar forest, and this implies the use of angles
of a planar forest (Chapoton and Livernet [2001]).

FEzxample 11.

4.2, =2 +72 ,+2Z _,+2Z, +2Z, +Z

I A A

In order to prove the self-duality of Hppr, we introduce the application ~:

- Hpr — Hpr
1t --tneFP—’t1~-~tn—16tn,.-

+Z

7 is clearly homogeneous of degree —1, so its transpose v* : Hpp — Hpp
exists and is homogeneous of degree +1. It has the following properties:

Lemma 4. 1.v" is a 1-cocycle of Hpp.
2. Hyp is generated, as an algebra, by Im(y*).

Proof. Tt is immediate that, for all planar forests F' and G:
V(FG) = Fy(G) +e(G)y(F).

So, by duality, identifying (Hpr ® Hpr)* and Hpp ® Hpg, if f € Hpp, for
all planar forests F' and G:

(Ao (MNF @ G) = (v (N)FG)
= foy(FG)
= f(FA(G) +e(GNn(F))
= (ANEF @4(G) + (f @) (v(F) ® G)
=((d@7y") 0 A(f) +7"(f) © )(F @ G).
This gives:
Aoy*(f) ={d@7") o A(f) + 7" (f) @1,

so v* is a 1-cocycle of Hpp.

Let us now prove that Im(y*) generates H} . First, for all planar forests
F7G:t1...tn € Fp:

(Y (ZeING) = Zp(Or, .ty tno1) = 0kt 1Oty = 0pe . = 2P, (G),
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so v*(Zp) = Zp. and Im(v*) = Vect(Zp, /| F € Fp). We denote by A the
subalgebra of Hpp generated by Im(v*). Let G = t1...t, € Fp and let us
show that Zg € A by induction on p(F) = weight(t,). If p(F') = 1, then
tp, =.and Zg € A. If p(F) > 2, we put t,, = BT (s ...s,,). By the induction
hypothesis, Zs, .. s, € A. So:

Zsl...s Zt1 t

m b1

= Zy,..+, + linear span of Zg with p(G) < p(F) € A.
By the induction hypothesis, Zp € A. So A =Hpp. O

As ~* is a 1-cocycle of H} g, by the universal property of Hpg there exists
a unique Hopf algebra morphism ¢ : Hpr — Hpp, such that po BT = y* 0.

Theorem 7. ¢ is an isomorphism, homogeneous of degree 0.

Proof. Let us first prove that ¢ is homogeneous: we show that for any for-
est F' € Fp(m), ¢(F) is homogeneous of degree m by induction on m. If
m = 0, then ¥ = 1 and the result is obvious. If m > 2, two cases can
occur. First, F = ty...t,, with n > 2. Then the induction hypothesis can
be applied to the ¢;’s, so ¢(F) = ¢(t1)...o(t,) is homogeneous of degree
weight(t1) + . .. +weight(t,) = weight(F). Secondly, if F = BT (G), then the
induction hypothesis can be applied to G. So ¢(F) = 7* o ¢(G) is homoge-
neous of degree weight(G)+1 = weight(F'), as v* is homogeneous of degree 1.

Let us show that ¢ is epic. We consider the following assertions:

P, : Im(¢) contains Hi (k) for all k < n.
Qn : Im(¢) contains v*(Hpp(k)) for all k < n.

Let us prove that P, = Q,,. Let x € Hpp(k), k < n. By P,, z = ¢(y) for
ay € Hpr. Then ¢ o BT (z) = ~* o ¢(y) = v*(2), so Q, is true. Let us show
that Qn, = Pn41. Let © € Hpp(k), K <n+ 1. As Im(y*) generates Hpp, ©
can be written under the form:

T = Z'y*(xk,l) e Y (X, )-
k

By homogeneity, as v* is homogeneous of degree 1, we can suppose that all the
; ;s are homogeneous of degree < n. By Qn, the v*(z; ;)’s belong to Im(¢).
As ¢ is an algebra morphism, Im(¢) is a subalgebra of H}, so € Im(¢).
As a conclusion, P, = Q,, = P, ;1. As P, is clearly true, P, is true for
all n, so ¢ is epic. As it is also homogeneous of degree 0 and the homogeneous
components of degree n of Hpr and H}p have the same finite dimension, ¢

is also monic. O

There are two alternative ways to see this isomorphism. The first one is in
term of Hopf pairing. We put, for all z,y € Hpr, (z,y) = ¢(z)(y). As ¢ is a
Hopf algebra morphism, this pairing satisfies the following properties:
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- For all z € Hpgr, (1,z) = (z,1) = (x).

17

- For all Z,Y,z € HPR7 <l’y72> = <17 ®y7A(Z)>7 and <l’,yZ> = <A(‘T)7y®z>

- For all z,y € Hpr, (S(x),y) = (z,S(¥)).

In other terms, (—, —) is a Hopf pairing. As ¢ is homogeneous of degree 0:

- For all =,y € Hpg, homogeneous of different degrees, (z,y) = 0.

As go Bt =7 0
- For all X,y € HPR7 <B+($)7y> = <$77(y)>

As ¢ is an isomorphism, (—, —) is non degenerate. It is possible to show that
this pairing is also symmetric. It admits combinatorial interpretations in term
of partial orders (Foissy [2002¢]). It can be inductively computed, using the

preceding properties.

Ezamples 12. The following arrays give the values of (—, —) taken on forests
of weight < 3:

AR
' cee| 6131321
. 2 i .3 117110
.1 .I. 1o L1013 (1]11010
Vi2|1]{o]|o0|0
Fl1]ofo|olo

The third way to see the isomorphism ¢ is in terms of a new basis. For
all F € Fp, we put ep = ¢~1(Zp). Alternatively, er is the unique element
of Hpgr such that, for all G € Fp, (ep,G) = dp . This basis satisfies the

following property:

- For all F € Fp, A(ep): Z er, Qep,.
F1Fo=F

In particular, (e;)teT is a basis of Prim(Hpg).

Ezamples 185.

€, = o,

e.. =1,

ey =..—-21,
e =1,

€I‘= \/—2},
61.—.1— V—E,
ev:I. I,

I
.
.
.

|
O
—
.

I
.
-
_|_
w
i
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2.4 A link with the commutative case

We consider:

o Hpr — Hr
" | F € Fp — the underlying rooted forest of F'.

This is clearly an epimorphism of Hopf algebras, homogeneous of degree 0.
Dually, we obtain a monomorphism of Hopf algebras:

Hyr — Hpg
1
Zp, FEF =N Z:,
F "SFZ F

where the sum is taken over the planar rooted forests F with underlying rooted
forest F. Using the isomorphism ¢, we obtain that the subspace of Hpgr with
basis (3 ez)rer, where the sum is taken in the same way, is a subalgebra of
Hpr isomorphic to H.

3 Non associative algebraic structures and applications

3.1 PreLie structures on Hy

By the Milnor-Moore theorem (Milnor and Moore [1965]), H},, being a graded,
connected, cocommutative Hopf algebra, is isomorphic to the enveloping alge-
bra of its primitive elements. Let us now consider the Lie algebra of primitive
elements of H},. By theorem 4, a basis of Prim(H},) is given by (Z;)ier.
Moreover, if t1,t5 € T, still with theorem 4:

Zi,Ziy, = Y n(t,ta; F) Zp.
FEF
Note that, if n/(t1,t2; F) # 0, then F = t1t5 or F is a tree. As a consequence:

Zi, Zyy = Ziyey + »_ 0 (t1, 123 1) Zy,
teT

(Z1,, Z2,) = > 0/ (t,tait) 2 — Y ! (ta,ta5) Zs.
teT teT

We then define a product o on Prim(H3,) by:

Zyy 0 Zyy = Y _n/(t1,ta5t) Zs.
teT

This product is not associative, but satisfies the following identity: for all
z,y,z € Prim(H3,),
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(roy)oz—wo(yoz)=(yor)oz—yo(roz),

that is to say (Prim(H%y),0) is a (left) preLie algebra, or equivalently a left
Vinberg algebra, or a left-symmetric algebra (Chapoton [2001], Chapoton and
Livernet [2001], van der Laan and Moerdijk [2006]). It is proved in Chapoton
and Livernet [2001] that (Prim(Hp,), o) is freely generated by Z, as a preLie
algebra. This result is proved using a tree-description of the operad of preLie
algebras. Moreover, this product o can be extended to S(Prim(H3,;)), making
it isomorphic to H}, (Oudom and Guin [2005]).

3.2 Application: two Hopf subalgebras of Hg

Let (g,0) be a graded prelie algebra, generated by a single element x, ho-
mogeneous of degree 1. As Prim(H},) is freely generated by Z., there exists
a unique morphism of preLie algebras from Prim(H};) to g, sending Z, to
x. As x generates g, this morphism is epic. As x is homogeneous of degree
1, this morphism is homogeneous of degree 0. It can be extended in a Hopf
algebra morphism ¢ : U(Prim(Hy)) ~ Hj, — U(g), epic and homogeneous
of degree 0. Dually, its transposition is a monomorphism of Hopf algebras
¢* : U(g)* — Hpr. We obtain in this way Hopf subalgebras of Hg, as the
two following examples.

For the first example, we take giqqgdgers = Vect(Z; / i € N*), with the
product given by Z; o Z; = Z; ;. This product is associative, so is preLie. It
is commutative, so the induced Lie bracket on gjqqqers is trivial. Moreover,
Gladders 18 graded by putting Z; homogeneous of degree i, and is generated by
Z1. So there is an epimorphism ¢jgqqers 0f preLie algebras for Prim(H},) to
Qladders, sending Z, to Z.

Notations 2. For all n € N, we put I, = (B")"(1) (ladder of weight n). For
example, [y =+, I — :,13:I,14:% .
Lemma 5. The preLie algebra morphism o¢jqqders 1S given by:

Pmm(H}%) — Bladders

Dradders Zy — 0 if t is not a ladder,
Zln — Zn.

Proof. Tt is enough to prove that the thus defined linear application is indeed
a preLie algebra morphism. Let ¢ and ¢’ be two elements of T. If ¢ or ¢’ is not a
ladder, then there is no grafting of ¢t on ¢’ giving a ladder, so ¢aqders(tot’) =
0 = Qradders(t) © radders(t’). I t = 1, and t' = 1,,, then there is a unique
grafting of ¢ on ¢’ giving a ladder, which is L, 15 SO Gradders(tot’) = Zpmin =
L © L = d)ladders (t) o ¢ladders (tl) O
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Dually, ¢}, 44ers iS the algebra morphism sending Z;; to I,, for all n > 1. So
the image of ¢, ;... is the subalgebra of Hpr generated by ladders, which is
indeed a Hopf subalgebra: for all n > 1,

A(ly) = zn:zi ® lo_s.
1=0

This is a commutative, cocommutative Hopf algebra, isomorphic to the Hopf
algebra of symmetric functions (Duchamp et al. [2002], Stanley [1999]).

For the second example, we take grgp = Vect(Z; /i € N*), with the
product given by Z; o Z; = jZ;;. This product is preLie: for all 4, j, k € N*,

(ZioZj)o Zy — Zio(Zjo Zy) = jkZitjrr — (§ + k)kZitjvk
= —k*Ziyjik

Moreover, grgp is graded by putting Z; homogeneous of degree ¢, and is
clearly generated by Z;. So there is an epimorphism ¢prqp of prelLie algebras
for Prim(H%) to grap, sending Z, to Z;.

Lemma 6. The preLie algebra morphism ¢rqp is given by:

Srap ° Prim(Hy) — 9raB
' Zy — Zweight(t)~
Proof. 1t is enough to prove that the thus defined linear application is indeed
a preLie algebra morphism. Let ¢t and ¢’ be two elements of T, of respective
weights n and n'. There are exactly n’ graftings of ¢ on t/, so ¢pap(tot’) =
n,Zn+n’ = Zn o Zn’ = (deB(t) o ¢FdB(t/)~ g
Dually, ¢}, is the algebra morphism sending Z;; to d,,, defined by:

o= > 1

, 5t
weight(t)=n

So the image of ¢}, is the subalgebra of Hr generated by the d,’s, which is
consequently a Hopf subalgebra. This is one of the subalgebra of Foissy [2008],
coming from a Dyson-Schwinger equation, and is isomorphic to the Faa di
Bruno Hopf algebra (Figueroa et al. [2005]). Note that another imbedding
of the Faa di Bruno, known as the Connes-Moscovici subalgebra, is given
in Connes and Kreimer [1998], with the notion of growth, or equivalently of
heap-orderings of rooted trees. For example, its first generators are:

5/1:°7
& =1,
8 = Vo4l

5Q:W+3K/+Y+i.
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3.3 Dendriform structures on Hpgr

The notion of dendriform algebra is introduced in Loday [2001]. Namely, this
is an associative algebra (A4, x), such that * can be written as * =< + >, with
the following compatibilities: for all =,y € A,

r<(y<2)=(x*y) >z
x>+ (y<z) =(z=y) <z,
= (y*x2)=(z>y) » 2

In other terms, (A, <,>) is a bimodule over (A,x*). Note that dendriform
algebras are not unitary objects. The free dendrifrom algebra on one gener-
ator is described in Loday and Ronco [1998] in terms of planar binary trees,
obtaining a Hopf algebra on these objects known as the Loday-Ronco Hopf
algebra (see also Aguiar and Sottile [2006]). It is shown in Foissy [2002b] that
this Hopf algebra is isomorphic to Hpg, and as a corollary, the augmentation
ideal ’Hﬁ r of Hpg inherits a structure of dendriform algebra, given in the
dual basis (ep)prer, in terms of graftings. As the product epeq is given by
the graftings of F' over G (by similarity with H} ), the left product is given
by graftings of F' over G such that the last tree of the grafting is the last tree
of F'. In particular, for all t € T, F' € F, ¢; < er = ep¢. For this dendriform
structure, H; r is freely generated by ..

Ezxzample 14.

e..ep =e I—l—e v—l—ei—l—e \/—I—ez —l—ev—l—e\}
—|—eq/—|—ev' —i—ey—l—e —|—ei —l—ev—i—e\/ +er.

e.. Reyp =e +e\/ Jref +e\/ +er. .
e.. =ep =e_ 1 te \/+ei+e\/
+e +e +e +e +e +e

Y Y% v Y Y v

Dually, it is also possible to cut the coproduct of Hppg into two parts, with
good compatibilities with the left and right products. The obtained result is
called a bidendriform bialgebra (Foissy [2007]). This formalism, together with
a rigidity theorem, allows to prove for example that the Malvenuto-Reutenauer
Hopf algebra, also known as the Hopf algebra of free quasi-symmetric functions
(Duchamp et al. [2002], Malvenuto and Reutenauer [1995]) is isomorphic to a
decorated version of Hpg.

Using the dendriform Milnor-Moore theorem of Loday and Ronco [1998],
any connected dendriform Hopf algebra can be seen as the dendriform en-
veloping algebra of a brace algebra. As in the commutative case, replacing
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preLie algebras by brace algebras, it is possible to construct some Hopf sub-
algebras of Hpg. In particular, the subalgebra generated by the ladders is
a non commutative, cocommutative Hopf subalgebra isomorphic to the Hopf
algebra of non commutative symmetric functions (Duchamp et al. [2002]), or
to a bitensorial Hopf algebra (Manchon [1997]). It is also possible to give non
commutative versions of the Faa di Bruno subalgebras, for example the subal-
gebra generated in degree n by the sum of all planar trees of weight n (Foissy
[2002Db, 2008]).

Conclusion

By way of conclusion, we would like to mention that the Hopf algebras
Hgr and Hpr has appeared in several areas. First, following Connes and
Kreimer [1998], eventually working with Hopf algebras of Feynman graphs,
the applications to the Renormalization is explored in Bergbauer and Kreimer
[2005, 2006], Broadhurst and Kreimer [2000b,a], Chryssomalakos et al. [2002],
Connes and Kreimer [2000, 2001a,b], Ebrahimi-Fard et al. [2004, 2005],
Figueroa and Gracia-Bondia [2001, 2004], Krajewski and Wulkenhaar [1999],
Kreimer and Delbourgo [1999], Kreimer [1999a,b, 2002].

Applications of the Birkhoff decomposition on characters group for con-
nected Hopf algebra are given in Brouder and Schmitt [2007], Cartier [2007],
Girelli et al. [2004], Manchon [2004], Turaev [2005].

Non-commutative versions of Hopf algebras of Renormalization, based on
planar binary trees, are described in Brouder and Frabetti [2003], Byun [2005],
Erjavec [2006].

The Hopf algebra Hp is also related to the Butcher group of Runge-Kutta
methods, as shown in Brouder [2004], and to the process of arborification-
coarborification in Ecalle’s mould calculus, as explained in Menous [2007].

From an algebraic point of view, Hr and Hpgr and their extra structures
are related to operads and free objects in Chapoton [2001], Chapoton and Liv-
ernet [2001], Moerdijk [2001], Murua [2006], Oudom and Guin [2005], van der
Laan and Moerdijk [2006], and to other combinatorial Hopf algebras in Aguiar
and Sottile [2005], Hoffman [2003], Holtkamp [2003], Panaite [2000].

Several algebraic results (self-duality of Hpgr, comodules, Hopf subalge-
bras, etc) are given in Foissy [2002a,c¢,b, 2008], Zhao [2004] and a quantization
of a decorated version of Hpp is described in Foissy [2003].

References

Eiichi Abe. Hopf algebras. Number 74 in Cambridge Tracts in Mathematics.
Cambridge University Press, Cambridge-New York, 1980.



An introduction to Hopf algebras of trees 23

Marcelo Aguiar and Frank Sottile. Structure of the Loday-Ronco Hopf algebra
of trees. J. Algebra, 295(2):473-511, 2006. arXiv:math/04 09022.

Marcelo Aguiar and Frank Sottile. Cocommutative Hopf algebras of permuta-
tions and trees. J. Algebraic Combin., 22(4):451-470, 2005. arXiv:math/04
03101.

Christoph Bergbauer and Dirk Kreimer. Hopf algebras in renormalization the-
ory: locality and Dyson-Schwinger equations from Hochschild cohomology,
volume 10 of IRMA Lect. Math. Theor. Phys. Eur. Math. Soc., Zrich, 2006.
arXiv:hep-th/05 06190.

Christoph Bergbauer and Dirk Kreimer. The Hopf algebra of rooted trees in
Epstein-Glaser renormalization. Ann. Henri Poincaré, 6(2):343-367, 2005.
arXiv:hep-th/04 03207.

D. J. Broadhurst and D. Kreimer. Towards cohomology of renormalization:
bigrading the combinatorial Hopf algebra of rooted trees. Comm. Math.
Phys., 215(1):217-236, 2000a. arXiv:hep-th/00 01202.

D. J. Broadhurst and D. Kreimer. Combinatoric explosion of renormalization
tamed by Hopf algebra: 30-loop Padé-Borel resummation. Phys. Lett. B,
475(1-2):63-70, 2000b. arXiv:hep-th/99 12093.

Ch. Brouder. Trees, renormalization and differential equations. BIT, 44(3):
425-438, 2004. arXiv:hep-th/99 04014.

Christian Brouder and Alessandra Frabetti. QED Hopf algebras on planar
binary trees. J. Algebra, 267(1):298-322, 2003. arXiv:math/01 12043.

Christian Brouder and William Schmitt. Renormalization as a functor on
bialgebras. J. Pure Appl. Algebra, 209(2):477-495, 2007. arXiv:hep-th/02
10097.

Jungyoon Byun. A generalization of Connes-Kreimer Hopf algebra. J. Math.
Phys., 46(7):42pp, 2005. arXiv:math-ph/05 05064.

Pierre Cartier. A primer of Hopf algebras. Springer, Berlin, 2007.

Frédéric Chapoton. Algebres pré-lie et algebres de Hopf liées a la renormali-
sation. C. R. Acad. Sci. Paris Sér. I Math., 332(8):681-684, 2001.

Frédéric Chapoton and Muriel Livernet. Pre-Lie algebras and the rooted trees
operad. Internat. Math. Res. Notices, 8:395-408, 2001. arXiv:math/00
020609.

C. Chryssomalakos, H. Quevedo, M. Rosenbaum, and J. D. Vergara. Normal
coordinates and primitive elements in the Hopf algebra of renormalization.
Comm. Math. Phys., 255(3):465-485, 2002. arXiv:hep-th/01 05259.

John C. Collins. Renormalization. An introduction to renormalization, the
renormalization group, and the operator-product expansion. Cambridge
Monographs on Mathematical Physics. Cambridge University Press, Cam-
bridge, 1984.

Alain Connes and Dirk Kreimer. From local perturbation theory to Hopf and
Lie algebras of Feynman graphs. Lett. Math. Phys., 56(1):3-15, 2001a.
Alain Connes and Dirk Kreimer. Hopf algebras, Renormalization and
Noncommutative geometry. Comm. Math. Phys, 199(1):203-242, 1998.

arXiv:hep-th/98 08042.



24 Loic Foissy

Alain Connes and Dirk Kreimer. Renormalization in quantum field theory
and the Riemann-Hilbert problem I. The Hopf algebra of graphs and the
main theorem. Comm. Math. Phys., 210(1):249-273, 2000. arXiv:hep-th/99
12092.

Alain Connes and Dirk Kreimer. Renormalization in quantum field theory
and the Riemann-Hilbert problem. II. The g-function, diffeomorphisms and
the renormalization group. Comm. Math. Phys., 216(1):215-241, 2001b.
arXiv:hep-th/00 03188.

Gérard Duchamp, Florent Hivert, and Jean-Yves Thibon. Noncommutative
symmetric functions. VI. Free quasi-symmetric functions and related alge-
bras. Internat. J. Algebra Comput., 12(5):671-717, 2002.

Kurusch Ebrahimi-Fard, Li Guo, and Dirk Kreimer. Integrable renormaliza-
tion. I. The ladder case. J. Math. Phys., 45(10):3758-3769, 2004. arXiv:hep-
th/04 02095.

Kurusch Ebrahimi-Fard, Li Guo, and Dirk Kreimer. Integrable renormal-
ization. II. The general case. Ann. Henri Poincaré, 6(2):369-395, 2005.
arXiv:hep-th/04 03118.

Zlatko Erjavec. QED Hopf algebras on planar binary bitrees. Int. J. Pure
Appl. Math., 26(2):139-154, 2006.

Héctor Figueroa and José M. Gracia-Bondia. On the antipode of Kreimer’s
Hopf algebra. Modern Phys. Lett. A, 16(22):1427-1434, 2001. arXiv:hep-
th/9912170.

Héctor Figueroa and José M. Gracia-Bondia. The uses of Connes and
Kreimer’s algebraic formulation of renormalization theory. Internat. J.
Modern Phys. A, 19(16):2739-2754, 2004. arXiv:hep-th/03 01015.

Héctor Figueroa, José M. Gracia-Bondia, and Joseph C. Varilly. Faa di Bruno
Hopf algebras. arXiv:math/05 08337, 2005.

Loic Foissy. Bidendriform bialgebras, trees, and free quasi-symmetric func-
tions. J. Pure Appl. Algebra, 209(2):439-459, 2007. arXiv:math/05 05207.

Loic Foissy. Quantifications des algebres de Hopf d’arbres plans décorés et
lien avec les groupes quantiques. Bull. Sci. Math., 127(6):505-548, 2003.

Loic Foissy. Finite-dimensional comodules over the Hopf algebra of rooted
trees. J. Algebra, 255(1):85-120, 2002a. arXiv:math.QA /01 05210.

Loic Foissy. Les algebres de Hopf des arbres enracinés, II. Bull. Sci. Math.,
126(4):1249-288, 2002b. arXiv:math.QA /01 05212.

Loic Foissy. Les algebres de Hopf des arbres enracinés, I. Bull. Sci. Math.,
126(3):193-239, 2002¢. arXiv:math.QA/01 05212.

Loic Foissy. Faa di Bruno subalgebras of the Hopf algebra of planar trees from
combinatorial Dyson-Schwinger equations. Advances in Mathematics, 218:
136-162, 2008. ArXiv:0707.1204.

Florian Girelli, Thomas Krajewski, and Pierre Martinetti. An algebraic
Birkhoff decomposition for the continuous renormalization group. J. Math.
Phys., 45(12):4679-4697, 2004. arXiv:hep-th/04 01157.



An introduction to Hopf algebras of trees 25

Robert L. Grossman and Richard G. Larson. Differential algebra structures on
families of trees. Adv. in Appl. Math., 35(1):97-119, 2005. arXiv:math/04
09006.

Robert L. Grossman and Richard G. Larson. Hopf-algebraic structure of
combinatorial objects and differential operators. Israel J. Math., 72(1-2):
109-117, 1990.

Robert L. Grossman and Richard G. Larson. Hopf-algebraic structure of
families of trees. J. Algebra, 126(1):184-210, 1989. arXiv:0711.3877.

Michael E. Hoffman. Combinatorics of rooted trees and Hopf algebras. Trans.
Amer. Math. Soc., 355(9):3795-3811, 2003.

Ralf Holtkamp. Comparison of Hopf algebras on trees. Arch. Math. (Basel),
80(4):368-383, 2003.

T. Krajewski and R. Wulkenhaar. On Kreimer’s Hopf algebra structure
of Feynman graphs. FEur. Phys. J. C Part. Fields, 7(4):697-708, 1999.
arXiv:hep-th/98 05098.

D. Kreimer and R. Delbourgo. Using the Hopf algebra structure of QFT in
calculations. Phys. Rev. D (8), 60(10):14pp, 1999. arXiv:hep-th/99 03249.

Dirk Kreimer. Combinatorics of (pertubative) Quantum Field Theory. Phys.
Rep., 4-6:387-424, 2002. arXiv:hep-th/00 10059.

Dirk Kreimer. Chen’s iterated integral represents the operator product ex-
pansion. Adv. Theor. Math. Phys., 3(3):627-670, 1999a. arXiv:hep-th/99
01099.

Dirk Kreimer. On Overlapping Divergences. Comm. Math. Phys., 204(3):
669-689, 1999b. arXiv:hep-th/98 10022.

Jean-Louis Loday. Dialgebras, volume 1763 of Lecture Notes in Math.
Springer, Berlin, 2001.

Jean-Louis Loday and Maria O. Ronco. Hopf algebra of the planar binary
trees. Adv. Math., 139(2):293-309, 1998.

Clauda Malvenuto and Christophe Reutenauer. Duality between quasi-
symmetric functions and the Solomon descent algebra. J. Algebra, 177
(3):967-982, 1995.

Dominique Manchon. L’algebre de hopf bitensorielle. Comm. Algebra, 25(5):
1537-1551, 1997.

Dominique Manchon. Hopf algebras, from basics to applications to renormal-
ization. arXiv:math/04 08405, 2004.

Frédéric Menous. On the stability of some groups of formal diffeomorphisms
by the Birkhoff decomposition. Adv. Math., 316(1):1-28, 2007.

John W. Milnor and John C. Moore. On the structure of Hopf algebras. Ann.
of Math. (2), 81:211-264, 1965.

Ieke Moerdijk. On the Connes-Kreimer construction of Hopf algebras, volume
271 of Contemp. Math. Amer. Math. Soc., Providence, RI, 2001.

A. Murua. The Hopf algebra of rooted trees, free Lie algebras, and Lie series.
Found. Comput. Math., 6(4):387-426, 2006.



26 Loic Foissy

Jean-Michel Oudom and Daniel Guin. Sur lalgebre enveloppante d’une
algebre pré-Lie. C. R. Math. Acad. Sci. Paris, 340(5):331-336, 2005.
arXiv:math/04 04457.

Florin Panaite. Relating the Connes-Kreimer and Grossman-Larson Hopf
algebras built on rooted trees. Lett. Math. Phys., 51(3):211-219, 2000.

N. J. A Sloane. On-line encyclopedia of integer sequences.
http://www.research.att.com/ njas/sequences/Seis.html.

Richard P. Stanley. Enumerative combinatorics. Vol. 1. Number 49 in
Cambridge Studies in Advanced Mathematics. Cambridge University Press,
Cambridge, 1997.

Richard P. Stanley. Enumerative combinatorics. Vol. 2. Number 62 in
Cambridge Studies in Advanced Mathematics. Cambridge University Press,
Cambridge, 1999.

Moss E. Sweedler. Hopf algebras. Mathematics Lecture Note Series. W. A.
Benjamin, Inc., New York, 1969.

Vladimir Turaev. Loops on surfaces, Feynman diagrams, and trees. J. Geom.
Phys., 53(4):461-482, 2005.

Pepijn van der Laan and Ieke Moerdijk. Families of Hopf algebras of trees
and pre-Lie algebras. Homology, Homotopy Appl., 8(1):243-256, 2006.
arXiv:math/04 02022.

Wenhua Zhao. A family of invariants of rooted forests. J. Pure Appl. Algebra,
186(3):311-327, 2004. arXiv:math/02 11095.



