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About this course

This is a first (foundational) course, there are no prerequisites

The goal is to learn how mathematics is done: what are axioms,
what are statements (lemmas, theorems) and how we prove
these

Students will learn about ‘foundational’ subjects: set theory,
logic, category theory, algorithms – mostly by solving problems

Students will also learn some practical skills such as LATEX,
bibtex, etc.

Class webpage at
https://kornai.com/2023/FoundationsOfMathematics

Textbook ChartrandPolimeniZhang.pdf available from this page
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Grading

Prelim test (last time) gives 0% of the grade!

Weekly problem sets give 50% of the grade

Class activity counts for 25%

Final exam gives remainder of the grade (25%)
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Material covered (not in this order)

Intro set theory: sets, functions, relations, operations

Intro logic: formulas, axioms, deduction, models

Intro category theory: objects, arrows, functors, natural
transformations

Intro algoriths: input, output, computation

Numbers: N,Z,Q,R,C
Structures: groups, rings, fields, modules

Probability: elementary foundations
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Why is it like this?

1 Historically, math grew out of two main threads: counting and
geometry

2 The foundations were initially Euclid’s reaction to the Sophists
(the same axiomatic method was used by Pān. ini to create the
foundations of grammar)

3 Modern foundations were developed ∼ 1850-1950
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About the 0th test

Two people got the first problem (two others partial credit)

In Problem 2, also 2 full solutions (three others got partial
credit)

In Problem 3 just one of each, and nobody quite got a full
solution

We will start building LATEXskills: people will have to typeset ZFC

We will start using Chartrand-Polimeni-Zhang
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The first problem from the 0th test

Three subsets A, B, and C of {1,2,3,4,5} have the same cardinality.
Furthermore

a 1 belongs to A and B but not to C

b 2 belongs to A and C but not to B

c 3 belongs to A and exactly one of B and C

d 4 belongs to an even number of A, B, and C

e 5 belongs to an odd number of A, B, and C

f The sums of the elements in two of the sets A, B, and C differ
by 1

1 2 3 4 5
A + + + 0/2 1/3
B + – ∨ 0/2 1/3
C – + ∧ 0/2 1/3
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Applying the other conditions

So far, we know that A has at least 3 elements. Can it have 5?

No, because in that case B and C must also have 5 elements, so
they all would be the same set by Axiom 1.

Can they all have four? No, because that would require 4 and 5
to appear in both B and C, and that would still not be enought,
because 3 appears in only one of these!

So we are done with A, and we now know that 5 cannot appear
in A, so condition E means we must have 1 occurrence of 5
(either in B or in C, not both)

1 2 3 4 5
A + + + – –
B + – ∨ 0/2 ∧
C – + ∧ 0/2 ∨
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Applying the other conditions

Since B will have one of 3 and 5, and C will have the other, we must
have 4 both in B and C. This leaves us two possibilities:

1 2 3 4 5
A + + + – –
B + – + + –
C – + – + +

1 2 3 4 5
A + + + – –
B + – – + +
C – + + + –

So the sums of the numbers in the sets will be
1 2 3 4 5

A + + + – – 6
B + – + + – 8
C – + – + + 10

1 2 3 4 5
A + + + – – 6
B + – – + + 10
C – + + + – 9
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Zermelo-Fraenkel Axioms
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Latex basics
You need to install latex on your laptop. Visit
https://www.latex-project.org/get/ and choose one (TexLive for
Linux, MacTex for Mac, or MikTex for Windows), download, and
try it out!

Some of these come with a full graphical interface, but you can
use just an ordinary plain text editor (emacs, vi, vim, nano, etc)
in a terminal window

There is a write-compile-debug cycle: start with file.tex, produce
file.pdf, test, repeat (a bit more complex if a bibliography is
involved)

Your first homework will be to write ZFC in LATEX

Yes, you can do this in your own language, not just English!

Download zfcskel.tex from the course webpage and edit that.
Start with English even if you want to learn LATEXfor some other
script or language
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The basic structure of your document

\documentclass{article}

\usepackage{colortbl}

\author{YOUR NAME}

\title{The ZFC axioms of set theory}

\date{}

\begin{document}

\maketitle

\begin{enumerate}

\item {\color{green} Extensionality} If $X$ and $Y$ ...

\begin{equation}

\forall u ...

\end{equation}

\item {\color{green} Unordered Pair} For any $a$ and $b$

\begin{equation}

\forall a \forall b

\end{equation}

...

\item {\color{green} Choice} Every family of nonempty sets...

\begin{equation}

\forall x \in a \exists A(x,y) \Rightarrow ...

\end{equation}

\end{enumerate}

\end{document}
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Reasons why all mathematicians use

LATEX

1 Typesetting formulas/equations is hard, LATEXmakes is easy

2 Too many symbols are used to fit on any keyboard. It is much
better to learn a few names, like \forall for ∀, \exists for ∃,
. . .

3 Clear separation of format and content

4 Clear separation of “object language” and “metalanguage”

5 Can do all kinds of stuff, but runs everywhere

6 Can do much better typesetting than Word or really anything
else

7 Well integrated with rest of the ecosystem (e.g. MathJax for
webpages)
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What is real?
This is perhaps the deepest question in philosophy

Are triangles real? In what way do they exist? Can you find
them in nature?

Do the rules of soccer exist? In what way? Can you find them in
nature?

Let’s agree that things like trees or houses exist! [To see that
this is by no means a fully accepted position, take a look at
https://en.wikipedia.org/wiki/Phenomenalism]

The rules of soccer are like houses: they are man-made (can’t be
found in nature)

Math is like soccer: it is a game. It’s fun, and just like soccer, it
is useful (homework: think of reasons why soccer is useful, or
whether it’s useful at all)

Mathematicians agree that sets exist
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In what way do sets exist?

They exist because we accept the ZF(C) axioms

We could permit other existing objects, in particular we could
permit numbers, triangles, functions, equations, . . .

But there is no need! Once you acknowledge the existence of
sets, all these other things come for free

How much you need to acknowledge? Let’s start with the empty
set.

Can we even prove the existence of ∅?
The easy way out: let’s make it an axiom! How do you
formulate this axiom?
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The empty set

∃x∀y¬(y ∈ x)

Can there be more than one? Is this a stupid question?

No, most people would agree that the set of triangular circles
and the set of pink elephants are different, even though they are
both empty!

Well, in set theory there can only be one unique object. Why?

Suppose u and v are both empty sets. What does Axiom 1 tell
us?

So if there is one, it’s unique. But how to guarantee existence?

Let’s look at the axioms again!
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More on the empty set
∅ must be some x that satisfies ∀y¬(y ∈ x)
But this ∀y¬(y ∈ x) is a property, and we have Axiom 3 (the
subset axiom) that if ϕ is a property with parameter p than for
any X and p there exists a set Y that contains exactly those
elements of X that satisfy ϕ
Now if we permit just one set Y , which need not be empty, we
can derive the existence of ∅ by using the above property. Thus,
Axiom 3 offers a means of constructing ∅ from any set Y
But what if there are no sets whatsoever? Well, in that case
there doesn’t remain any common basis for discussing anything
with mathematicians! (A) go home, and study some other
subject. (B) admit that there exist some sets
There have been very serious attempts to demonstrate that ZFC
has contradictions, there are no sets fulfilling the axims. None of
these have succeeded so far, so we still believe ZFC set theory is
a reasonable basis for all of mathematics.

Kornai Foundations of Mathematics, Lecture 1 BMETE91AM35 Fall 2023-24 18 / 20



One last word on the empty set
There are other set theories, as many as there are axiom
systems. In particular ZF without C is different from ZF with C.
Other well-studied systems include von Neumann-Gödel-Bernays
(NGB), Morse-Kelley (MK), and Kripke-Patek – we may discuss
these a bit. There are also interesting systems such as Aczel’s,
which replaces Axiom 8 of ZFC by an Axiom of Anti-Foundation
Look at the ZFC axioms more carefully. Do you see some other
means to get to ∅? Why yes, there is Axiom 6. What does it do
for us?
First of all, it guarantees the existence of a particular infinite set
But it does something more! It already guarantees the existence
of ∅
Depending on your version of set theory, you may have to (A)
have an axiom that guarantees its existence or (B) derive it from
other axioms
There is also (C), trying to get by without ∅. This is doable, but
very painful, just as doing arithmetic was before the Indians
invented zero.
We will actually prove the existence of 0 given ZFC and the
Peano Axioms
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Homework

Produce a .tex and .pdf version of the ZFC axioms given on
Slide 2 above. You can start with zfcskel.tex from the course
webpage

Solve all 9 problems in Section 1.1 of Chartrand-Polimeni-Zhang
(pp 17–18). You can submit your results handwritten (just send
me a picture) but you get extra points for doing the problems in
LATEX.

Later problem sets will all be due in LATEX, this is the last week
you can submit handwritten stuff
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