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Preface to the Fourth Edition

As the teaching of calculus in many colleges and universities has become more problem-
oriented with added emphasis on the use of calculators and computers, the theoretical
gap between the material presented in calculus and the mathematical background
expected (or at least hoped for) in advanced calculus and other more advanced courses
has widened. In an attempt to narrow this gap and to better prepare students for the
more abstract mathematics courses to follow, many colleges and universities have
introduced courses that are now commonly called “transition courses.” In these courses,
students are introduced to problems whose solution involves mathematical reasoning
and a knowledge of proof techniques, where writing clear proofs is emphasized. Topics
such as relations, functions and cardinalities of sets are encountered throughout theo-
retical mathematics courses. Lastly, transition courses often include theoretical aspects
of number theory, combinatorics, abstract algebra and calculus. This textbook has been
written for such a course.

The idea for this textbook originated in the early 1980s, long before transition
courses became fashionable, during the supervision of undergraduate mathematics re-
search projects. We came to realize that even advanced undergraduates lack a sound
understanding of proof techniques and have difficulty writing correct and clear proofs.
At that time, we developed a set of notes for these students. This was followed by the
introduction of a transition course, for which a more detailed set of notes was written.
The first edition of this book emanated from these notes, which in turn has ultimately
led to this fourth edition.

While understanding proofs and proof techniques and writing good proofs are major
goals here, these are not things that can be accomplished to any great degree in a single
course during a single semester. These must continue to be emphasized and practiced in
succeeding mathematics courses.

Our Approach

Since this textbook originated from notes that were written exclusively for undergrad-
uates to help them understand proof techniques and to write good proofs, the tone is
student-friendly. Numerous examples of proofs are presented in the text. Following com-
mon practice, we indicate the end of a proof with the square symbol m. Often we precede
a proof by a discussion, referred to as a proof strategy, where we think through what
is needed to present a proof of the result in question. Other times, we find it useful to
reflect on a proof we have just presented to point out certain key details. We refer to a
discussion of this type as a proof analysis. Periodically, we present and solve problems,
and we may find it convenient to discuss some features of the solution, which we refer to



simply as an analysis. For clarity, we indicate the end of a discussion of a proof strategy,
proof analysis, analysis, or solution of an example with the diamond symbol ¢.

A major goal of this textbook is to help students learn to construct proofs of their
own that are not only mathematically correct but clearly written. More advanced mathe-
matics students should strive to present proofs that are convincing, readable, notationally
consistent and grammatically correct. A secondary goal is to have students gain suffi-
cient knowledge of and confidence with proofs so that they will recognize, understand
and appreciate a proof that is properly written.

As with the first three editions, the fourth edition of this book is intended to assist
the student in making the transition to courses that rely more on mathematical proof and
reasoning. We envision that students taking a course based on this book have probably
had a year of calculus (and possibly another course such as elementary linear algebra)
although no specific prerequisite mathematics courses are required. It is likely that, prior
to taking this course, a student’s training in mathematics consisted primarily of doing
patterned problems; that is, students have been taught methods for solving problems,
likely including some explanation as to why these methods worked. Students may very
well have had exposure to some proofs in earlier courses but, more than likely, were
unaware of the logic involved and of the method of proof being used. There may have
even been times when the students were not certain what was being proved.

New to This Edition

The following changes and additions to the third edition have resulted in this fourth
edition of the text:

e Presentation slides in PDF and LaTeX formats have been created to accompany
every chapter. These presentations provide examples and exposition on key topics.

Using short URLs (which are called out in the margin using the :D icon), these

presentations are linked in the text beside the supplemental exercises at the end of
each chapter. These slides can be used by instructors in lecture, or by students to
learn and review key ideas.

e The new Chapter 7, “Reviewing Proof Techniques,” summarizes all the techniques
that have been presented. The placement of this chapter allows instructors and
students to review all of these techniques before beginning to explore different
contexts in which proofs are used. This new chapter includes many new examples
and exercises.

e The new Chapter 13, “Proofs in Combinatorics,” has been added because of a
demand for such a chapter. Here, results and examples are presented in this
important area of discrete mathematics. Numerous exercises are also included in
this chapter.

e The new online Chapter 18, “Proofs with Real and Complex Numbers,” has been
added to provide information on these two important classes of numbers. This
chapter includes many important classical results on real numbers as well as
important results from complex variables. In each case, detailed proofs are given.



Chapters 16 (Proofs in Ring Theory), 17 (Proofs in Linear Algebra), and 19 (Proofs
in Topology) continue to exist online to allow faculty to tailor the course to meet
their specific needs.

e More than 250 exercises have been added. Many of the new exercises fall into the
moderate difficulty level and require more thought to solve.

e Section exercises for each chapter have been moved from the end of the chapter to
the end of each section within a chapter. (Exceptions: for the review chapter [7] and
the online chapters [16—19], all exercises remain at the end of the chapter.)

o In the previous edition, there were exercises at the end of each chapter called
Additional Exercises. These summative exercises served to pull together the ideas
from the various sections of the chapter. These exercises remain at the end of the
chapters in this edition, but they have been renamed Supplemental Exercises.

Contents and Structure

Outline of Contents

Each of the Chapters 1-6 and 8—15 is divided into sections, and exercises for each section
occur at the end of that section. There is also a final supplemental section of exercises
for the entire chapter appearing at the end of that chapter.

Since writing good proofs requires a certain degree of competence in writing, we
have devoted Chapter 0 to writing mathematics. The emphasis of this chapter is on effec-
tive and clear exposition, correct usage of symbols, writing and displaying mathematical
expressions, and using key words and phrases. Although every instructor will empha-
size writing in his or her own way, we feel that it is useful to read Chapter O periodically
throughout the course. It will mean more as the student progresses through the course.

Chapter 1 contains a gentle introduction to sets, so that everyone has the same
background and is using the same notation as we prepare for what lies ahead. No proofs
involving sets occur until Chapter 4. Much of Chapter 1 may very well be a review for
many.

Chapter 2 deals exclusively with logic. The goal here is to present what is needed
to get into proofs as quickly as possible. Much of the emphasis in Chapter 2 is on
statements, implications and quantified statements, including a discussion of mixed quan-
tifiers. Sets are introduced before logic so that the student’s first encounter with mathe-
matics here is a familiar one and because sets are needed to discuss quantified statements
properly in Chapter 2.

The two proof techniques of direct proof and proof by contrapositive are introduced
in Chapter 3 in the familiar setting of even and odd integers. Proof by cases is discussed
in this chapter as well as proofs of “if and only if”” statements. Chapter 4 continues this
discussion in other settings, namely divisibility of integers, congruence, real numbers
and sets.

The technique of proof by contradiction is introduced in Chapter 5. Since existence
proofs and counterexamples have a connection with proof by contradiction, these also
occur in Chapter 5. The topic of uniqueness (of an element with specified properties) is
also addressed in Chapter 5.



Proof by mathematical induction occurs in Chapter 6. In addition to the Principle of
Mathematical Induction and the Strong Principle of Mathematical Induction, this chapter
includes proof by minimum counterexample.

Chapter 7 reviews all proof techniques (direct proof, proof by contrapositive, proof
by contradiction and induction) introduced in Chapters 3—6. This chapter provides many
examples to solidify the understanding of these techniques, emphasizing both how and
when to use the techniques. Exercises in this chapter are distributed randomly with re-
spect to the method of proof used.

The main goal of Chapter 8 (Prove or Disprove) concerns the testing of statements
of unknown truth value, where it is to be determined, with justification, whether a given
statement is true or false. In addition to the challenge of determining whether a statement
is true or false, such problems provide added practice with counterexamples and the
various proof techniques. Testing statements is preceded in this chapter by a historical
discussion of conjectures in mathematics and a review of quantifiers.

Chapter 9 deals with relations, especially equivalence relations. Many examples
involving congruence are presented and the set of integers modulo # is described.

Chapter 10 involves functions, with emphasis on the properties of one-to-one (in-
jective) and onto (subjective) functions. This gives rise to a discussion of bijective func-
tions and inverses of functions. The well-defined property of functions is discussed in
more detail in this chapter. In addition, there is a discussion of images and inverse images
of sets with regard to functions as well as operations on functions, especially composi-
tion.

Chapter 11 deals with infinite sets and a discussion of cardinalities of sets. This chapter
includes a historical discussion of infinite sets, beginning with Cantor and his fascination
and difficulties with the Schroder—Bernstein Theorem, then proceeding to Zermelo and
the Axiom of Choice, and ending with a proof of the Schroder—Bernstein Theorem.

All of the proof techniques are employed in Chapter 12, where numerous results
in the area of number theory are introduced and proved.

Chapter 13 deals with proofs in the area of discrete mathematics called combina-
torics. The primary goal of this chapter is to introduce the basic principles of counting
such as multiplication, addition, pigeonhole and inclusion-exclusion. The concepts of
permutations and combinations described here give rise to a wide variety of counting
problems. In addition, Pascal triangles and the related binomial theorem are discussed.
This chapter describes many proofs that occur in this area including many examples of
how this subject can be used to solve a variety of problems.

Chapter 14 deals with proofs that occur in calculus. Because these proofs are quite
different from those previously encountered but are often more predictable in nature,
many illustrations are given that involve limits of sequences and functions and their
connections with infinite series, continuity and differentiability.

The final Chapter 15 deals with modern algebra, beginning with binary operations
and moving into proofs that are encountered in the area of group theory.

It is our experience that many students have benefited by reading and solving prob-
lems in these later chapters that deal with courses they are currently taking or are about
to take. The same is true for the following online chapters.

The study of proofs in modern algebra continues in the first online Chapter 16
(goo.gl/zKdQor), where the major topic is ring theory. Proofs concerning integral
domains and fields are presented here as well.



In Chapter 17 (goo . g1/Tmh2ZB), we discuss proofs in linear algebra, where the
concepts of vector spaces and linear transformations are emphasized.

Even though real numbers (and, to a lesser degree, complex numbers) occur through-
out mathematics, there are many properties of these two classes of numbers of which
students may be unaware. This is the topic for Chapter 18 (goo.gl/ymv5kJ).

The final online chapter is Chapter 19 (goo. g1l /bWFRMu), where we discuss
proofs in topology. Included in this chapter are proofs involving metric spaces and topo-
logical spaces. A major topic here is open and closed sets.

Exercises

There are over 1000 exercises in Chapters 1-19. The degree of difficulty of the exer-
cises ranges from routine to medium difficulty to moderately challenging. As mentioned
earlier, the fourth edition contains more exercises in the moderately difficult category.
Types of exercises include:

o Exercises that present students with statements, asking students to decide whether
they are true or false (with justification).

e Proposed proofs of statements, asking if the argument is valid.

e Proofs without a statement given, which ask students to supply a statement of what
has been proved.

e Exercises that call upon students to make conjectures of their own and possibly to
provide proofs of these conjectures.

Chapter 3 is the first chapter in which students will be called upon to write proofs. At
such an early stage, we feel that students need to (1) concentrate on constructing a valid
proof and not be distracted by unfamiliarity with the mathematics, (2) develop some
self-confidence with this process and (3) learn how to write a proof properly. With this
in mind, many of the exercises in Chapter 3 have been intentionally structured so as to
be similar to the examples in that chapter.

Exercises for each section in Chapters 1-6 and 8—15 occur at the end of a section
(section exercises) and additional exercises for the entire chapter (supplemental exer-
cises) appear at the end of the chapter as do chapter exercises for Chapter 7. Answers
or hints to the odd-numbered section exercises appear at the end of the text as do odd-
numbered chapter exercises for Chapter 7. One should also keep in mind, however, that
proofs of results are not unique in general.

Teaching a Course from This Text

Although a course using this textbook could be designed in many ways, here are our
views on such a course. As we noted earlier, we think it is useful for students to reread
(at least portions of) Chapter 0 throughout the course, as we feel that with each read-
ing, the chapter becomes more meaningful. The first part of Chapter 1 (Sets) will likely
be familiar to most students, although the last part may not. Chapters 2—6 will proba-
bly be part of any such course, although certain topics could receive varying degrees of
emphasis (with perhaps proof by minimum counterexample in Chapter 6 possibly even
omitted). Chapter 7 reviews all proof techniques introduced in Chapters 3—6. If the in-
structor believes that students have obtained a strong understanding of these techniques,



this chapter could be omitted. Nevertheless, we feel it is good for students to read this
chapter and try solving the exercises. Instructors who choose to omit Chapter 7 might
find it useful to assign exercises from this chapter, asking students to determine which
proof technique is to be used.

One could spend much or little time on Chapter 8, depending on how much time
is used to discuss the large number of “prove or disprove” exercises. We think that
most of Chapters 9 and 10 would be covered in such a course. It would be useful to
cover some of the fundamental ideas addressed in Chapter 11 (Cardinalities of Sets).
As time permits, portions of the later chapters could be covered, especially those of in-
terest to the instructor, including the possibility of going to the web site for even more
variety.

Supplements and Technology

Online Chapters

Four additional chapters, Chapters 1619 (dealing with proofs in ring theory, linear
algebra, real and complex numbers, and topology), can be found by going to:
g0o.gl/bf2Nb3.

Instructor’s Solutions Manual (downloadable)
ISBN-10: 0134840461 — ISBN-13: 9780134840468

The Instructor’s Solutions Manual, written by the authors, provides worked-out solutions
for all exercises in the text. It is available for download to qualified instructors from the
Pearson Instructor Resource Center https://www.pearson.com/us/sign-in.html.

Chapter Presentations

This icon : , found beside the supplemental exercises for each chapter, indicates a

chapter presentation. The short URLs in the margin of the text provide students with
direct access to the presentations in PDF form. The URL goo.g1/bf2Nb3 provides
access to the complete library of presentations in both PDF and editable LaTeX (Beamer)
formats.
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Communicating Mathematics

uite likely, the mathematics you have already encountered consists of doing prob-

lems using a specific approach or procedure. These may include solving equations
in algebra, simplifying algebraic expressions, verifying trigonometric identities, using
certain rules to find and simplify the derivatives of functions, and setting up and evalu-
ating a definite integral that gives the area of a region or the volume of a solid. Accom-
plishing all of these is often a matter of practice.

Many of the methods used to solve problems in mathematics are based on results in
mathematics that were discovered by people and shown to be true. This kind of math-
ematics may very well be new to you and, as with anything that’s new, there are things
to be learned. But learning something new can be (and, in fact should be) fun. There
are several steps involved here. The first step is discovering something in mathematics
that we believe to be true. How does one discover new mathematics? This usually comes
about by considering examples and observing that a pattern seems to be occurring with
the examples. This may lead to a guess on our part as to what appears to be happen-
ing. We then have to convince ourselves that our guess is correct. In mathematics this
involves constructing a proof showing what we believe to be true is, in fact, true. But
this is not enough. We need to convince others that we are right. So we need to write
a proof that is written so clearly and so logically that people who know the methods
of mathematics will be convinced. Where mathematics differs from all other scholarly
fields is that once a proof has been given of a certain mathematical statement, there is
no longer any doubt. This statement is true. Period. There is no other alternative.

Our main emphasis here will be in learning how to construct mathematical proofs
and learning to write proofs in such a manner that these proofs will be clear to and
understood by others. Even though learning to guess new mathematics is important and
can be fun, we will spend only a little time on this as it often requires an understanding of
more mathematics than can be discussed at this time. But why would we want to discover
new mathematics? While one possible answer is that it comes from the curiosity that
most mathematicians possess, a more common explanation is that we have a problem to
solve that requires knowing that some mathematical statement is true.
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Chapter 0

Communicating Mathematics

0.1 LEARNING MATHEMATICS

One of the major goals of this book is to assist you as you progress from an individual
who uses mathematics to an individual who understands mathematics. Perhaps this will
mark the beginning of you becoming someone who actually develops mathematics of
your own. This is an attainable goal if you have the desire.

The fact that you’ve gone this far in your study of mathematics suggests that you
have ability in mathematics. This is a real opportunity for you. Much of the mathematics
that you will encounter in the future is based on what you are about to learn here. The
better you learn the material and the mathematical thought process now, the more you
will understand later. To be sure, any area of study is considerably more enjoyable when
you understand it. But getting to that point will require effort on your part.

There are probably as many excuses for doing poorly in mathematics as there are
strategies for doing well in mathematics. We have all heard students say (sometimes,
remarkably, even with pride) that they are not good at mathematics. That’s only an alibi.
Mathematics can be learned like any other subject. Even some students who have done
well in mathematics say that they are not good with proofs. This, too, is unacceptable.
What is required is determination and effort. To have done well on an exam with little or
no studying is nothing to be proud of. Confidence based on being well prepared is good,
however.

Here is some advice that has worked for several students. First, it is important to
understand what goes on in class each day. This means being present and being prepared
for every class. After each class, recopy any lecture notes. When recopying the notes,
express sentences in your own words and add details so that everything is as clear as
possible. If you run into snags (and you will), talk them over with a classmate or your
instructor. In fact, it’s a good idea (at least in our opinion) to have someone with whom
to discuss the material on a regular basis. Not only does it often clarify ideas, it gets you
into the habit of using correct terminology and notation.

In addition to learning mathematics from your instructor, solidifying your under-
standing by careful note-taking and talking with classmates, your textbook is (or at least
should be) an excellent source as well. Read your textbook carefully with pen (or pen-
cil) and paper in hand. Make a serious effort to do every homework problem assigned
and, eventually, be certain that you know how to solve them. If there are exercises in the
textbook that have not been assigned, you might even try to solve these as well. Another
good idea is to try to create your own problems. In fact, when studying for an exam, try
creating your own exam. If you start doing this for all of your classes, you might be sur-
prised at how good you become. Creativity is a major part of mathematics. Discovering
mathematics not only contributes to your understanding of the subject but has the poten-
tial to contribute to mathematics itself. Creativity can come in all forms. The following
quote is from the well-known writer J. K. Rowling (author of the Harry Potter novels).

Sometimes ideas just come to me. Other times I have to sweat and almost bleed
to make ideas come. It’s a mysterious process, but I hope I never find out exactly
how it works.

In her book Defying Gravity: The Creative Career of Stephen Schwartz from God-
spell to Wicked, Carol de Giere writes a biography of Stephen Schwartz, one of the most



0.2 What Others Have Said About Writing 3

successful composer-lyricists, in which she discusses not only creativity in music but
how an idea can lead to something special and interesting and how creative people may
have to deal with disappointment. Indeed, de Giere dedicates her book to the creative
spirit within each of us. While Schwartz wrote the music for such famous shows as God-
spell and Wicked, he discusses creativity head-on in the song “The Spark of Creation,”
which he wrote for the musical Children of Eden. In her book, de Giere writes:

In many ways, this song expresses the theme of Stephen Schwartz’s life — the
naturalness and importance of the creative urge within us. At the same time he
created an anthem for artists.

In mathematics our goal is to seek the truth. Finding answers to mathematical ques-
tions is important, but we cannot be satisfied with this alone. We must be certain that
we are right and that our explanation for why we believe we are correct is convincing
to others. The reasoning we use as we proceed from what we know to what we wish to
show must be logical. It must make sense to others, not just to ourselves.

There is joint responsibility here. As writers, it is our responsibility to give an accu-
rate, clear argument with enough details provided to allow the reader to understand what
we have written and to be convinced. It is the reader’s responsibility to know the basics
of logic and to study the concepts involved so that a well-presented argument will be
understood. Consequently, in mathematics writing is important, very important. Is it re-
ally important to write mathematics well? After all, isn’t mathematics mainly equations
and symbols? Not at all. It is not only important to write mathematics well, it is impor-
tant to write well. You will be writing the rest of your life, at least reports, letters and
email. Many people who never meet you will know you only by what you write and how
you write.

Mathematics is a sufficiently complicated subject that we don’t need vague, hazy
and boring writing to add to it. A teacher has a very positive impression of a student
who hands in well-written and well-organized assignments and examinations. You want
people to enjoy reading what you’ve written. It is important to have a good reputation
as a writer. It’s part of being an educated person. Especially with the large number of
email letters that so many of us write, it has become commonplace for writing to be more
casual. Although all people would probably subscribe to this (since it is more efficient),
we should know how to write well, formally and professionally, when the situation
requires it.

You might think that considering how long you’ve been writing and that you’re set
in your ways, it will be very difficult to improve your writing. Not really. If you want to
improve, you can and will. Even if you are a good writer, your writing can always be
improved. Ordinarily, people don’t think much about their writing. Often just thinking
about your writing is the first step to writing better.

0.2 WHAT OTHERS HAVE SAID ABOUT WRITING

Many people who are well known in their areas of expertise have expressed their thoughts
about writing. Here are quotes by some of these individuals.
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Anything that helps communication is good. Anything that hurts it is bad.

I like words more than numbers, and I always did—conceptual more than
computational.

Paul Halmos, mathematician
Writing is easy. All you have to do is cross out all the wrong words.
Mark Twain, author (The Adventures of Hucklebery Finn)

You don’t write because you want to say something; you write because you've
got something to say.

F. Scott Fitzgerald, author (The Great Gatsby)
Writing comes more easily if you have something to say.
Scholem Asch, author
Either write something worth reading or do something worth writing.
Benjamin Franklin, statesman, writer, inventor
What is written without effort is in general read without pleasure.
Samuel Johnson, writer
Easy reading is damned hard writing.
Nathaniel Hawthorne, novelist (The Scarlet Letter)
Everything that is written merely to please the author is worthless.
The last thing one knows when writing a book is what to put first.
I have made this letter longer because I lack the time to make it short.
Blaise Pascal, mathematician and physicist
The best way to become acquainted with a subject is to write a book about it.
Benjamin Disraeli, prime minister of England

In a very real sense, the writer writes in order to teach himself, to understand
himself, to satisfy himself; the publishing of his ideas, though it brings gratifica-
tion, is a curious anticlimax.

Alfred Kazin, literary critic
The skill of writing is to create a context in which other people can think.
Edwin Schlossberg, exhibit designer

A writer needs three things, experience, observation, and imagination, any two
of which, at times any one of which, can supply the lack of the other:

William Faulkner, writer (The Sound and the Fury)

If confusion runs rampant in the passage just read,
It may very well be that too much has been said.

So that’s what he meant! Then why didn’t he say so?
Frank Harary, mathematician

A mathematical theory is not to be considered complete until you have made it
so clear that you can explain it to the first man whom you meet on the street.

David Hilbert, mathematician
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Everything should be made as simple as possible, but not simpler.
Albert Einstein, physicist

Never let anything you write be published without having had others critique
it.

Donald E. Knuth, computer scientist and writer

Some books are to be tasted, others to be swallowed, and some few to be chewed
and digested.

Reading maketh a full man, conference a ready man, and writing an exact man.
Francis Bacon, writer and philosopher

Judge an article not by the quality of what is framed and hanging on the wall,
but by the quality of what’s in the wastebasket.

Anonymous (Quote by Leslie Lamport)
We are all apprentices in a craft where no-one ever becomes a master.
Ernest Hemingway, author (For Whom the Bell Tolls)

There are three rules for writing a novel. Unfortunately, no one knows what they
are.

W. Somerset Maugham, author (Of Human Bondage)

0.3 MATHEMATICAL WRITING

Most of the quotes given above pertain to writing in general, not to mathematical writing
in particular. However, these suggestions for writing apply as well to writing mathemat-
ics. For us, mathematical writing means writing assignments for a mathematics course
(particularly a course with proofs). Such an assignment might consist of writing a single
proof, writing solutions to a number of problems, or perhaps writing a term paper which,
more than likely, includes definitions, examples, background and proofs. We’ll refer to
any of these as an “assignment.” Your goal should be to write correctly, clearly and in
an interesting manner.

Before you even begin to write, you should have already thought about a number
of things. First, you should know what examples and proofs you plan to include if this
is appropriate for your assignment. You should not be overly concerned about writing
good proofs on your first attempt — but be certain that you do have proofs.

As you’re writing your assignment, you must be aware of your audience. What is
the target group for your assignment? Of course, it should be written for your instructor.
But it should be written so that a classmate would understand it. As you grow mathe-
matically, your audience will grow with you and you will adapt your writing to this new
audience.

Give yourself enough time to write your assignment. Don’t try to put it together
just a few minutes before it’s due. The disappointing result will be obvious to your
instructor. And to you! Find a place to write that is comfortable for you: your room,
an office, a study room, the library and sitting at a desk, at a table, in a chair. Do what
works best for you. Perhaps you write best when it’s quiet or when there is background
music.
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Now that you’re comfortably settled and have allowed enough time to do a good
job, let’s put a plan together. If the assignment is fairly lengthy, you may need an outline,
which, most likely, will include one or more of the following:
background and motivation
definitions to be presented and possibly notation to be used

examples to include

Wb

results to be presented (whose proofs have already been written, probably in
rough form)

5. references to other results you intend to use
6. the order of everything mentioned above.

If the assignment is a term paper, it may include extensive background material
and may need to be carefully motivated. The subject of the paper should be placed in
perspective. Where does it fit in with what we already know?

Many writers write in “spirals.” Even though you have a plan for your assignment
that includes an ordered list of things you want to say, it is likely that you will reach some
point (perhaps sooner than you think) when you realize that you should have included
something earlier — perhaps a definition, a theorem, an example, some notation. (This
happened to us many times while writing this textbook.) Insert the missing material,
start over again and write until once again you realize that something is missing. It is
important, as you reread, that you start at the beginning each time. Then repeat the steps
listed above.

We are about to give you some advice, some “pointers,” about writing mathematics.
Such advice is necessarily subjective. Not everyone subscribes to these suggestions on
writing. Indeed, writing “experts” don’t agree on all issues. For the present, your instruc-
tor will be your best guide. But writing does not follow a list of rules. As you mature
mathematically, perhaps the best advice about your writing is the same advice given by
Jiminy Cricket to Disney’s Pinocchio: Always let your conscience be your guide. You
must be yourself. And one additional piece of advice: Be careful about accepting advice
on writing. Originality and creativity don’t follow rules. Until you reach the stage of
being comfortable and confident with your own writing, however, we believe that it is
useful to consider a few writing tips.

Since a number of these writing tips may not make sense (since, after all, we don’t
even have anything to write yet), it will probably be most useful to return to this chapter
periodically as you proceed through the chapters that follow.

0.4 USING SYMBOLS

Since mathematics is a symbol-oriented subject, mathematical writing involves a mix-
ture of words and symbols. Here are several guidelines to which a number of mathemati-
cians subscribe.

1. Never start a sentence with a symbol.
Writing mathematics follows the same practice as writing all sentences,
namely that the first word should be capitalized. This is confusing if the
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sentence were to begin with a symbol since the sentence appears to be
incomplete. Also, in general, a sentence sounds better if it starts with a word.
Instead of writing:

x? — 6x + 8 = 0 has two distinct roots.
write:
The equation x> — 6x + 8 = 0 has two distinct roots.

Separate symbols not in a list by words if possible.
Separating symbols by words makes the sentence easier to read and therefore
easier to understand. The sentence:

With the exception of a, b is the only root of (x — a)(x — b) = 0.
would be clearer if it were written as:
With the exception of a, the number b is the only root of (x — a)(x — b) = 0.

Except when discussing logic, avoid writing the following symbols in your
assignment:

=, V, 3, 3, etc.

9 ¢

The first four symbols stand for “implies,” “for every,” “there exists” and
“such that,” respectively. You may have already seen these symbols and
know what they mean. If so, this is good. It is useful when taking notes or
writing early drafts of an assignment to use shorthand symbols but many
mathematicians avoid such symbols in their professional writing. (We will
visit these symbols later.)

Be careful about using i.e. and e.g.
These stand for that is and for example, respectively. There are situations
when writing the words is preferable to writing the abbreviations as there

may be confusion with nearby symbols. For example, /—1 and

n
lim (1 + —> are not rational numbers, that is, i and e are not rational
n— 00 n

numbers.

Write out integers as words when they are used as adjectives and when the
numbers are relatively small or are easy to describe in words. Write out
numbers numerically when they specify the value of something.

There are exactly two groups of order 4.
Fifty million Frenchmen can’t be wrong.
There are one million positive integers less than 1,000,001.

Don’t mix words and symbols improperly.
Avoid writing:

Every integer > 2 is a prime or is composite.
It is preferable to write:

Every integer exceeding 1 is prime or composite.
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or
If n > 2 is an integer, then n is prime or composite.
Although
Since (x — 2)(x — 3) = 0, it follows that x = 2 or 3.
sounds correct, it is not written correctly. It should be:
Since (x — 2)(x — 3) = 0, it follows that x = 2 or x = 3.

7. Avoid using a symbol in the statement of a theorem when it’s not needed.
Don’t write:

Theorem Every bijective function f has an inverse.

Delete “f.” It serves no useful purpose. The theorem does not depend on
what the function is called. A symbol should not be used in the statement of
a theorem (or in its proof) exactly once. If it is useful to have a name for an
arbitrary bijective function in the proof (as it probably will be), then “f”* can
be introduced there.

8. Explain the meaning of every symbol that you introduce.
Although what you intended may seem clear, don’t assume this. For
example, if you write n = 2k + 1 and & has never appeared before, then say
that k is an integer (if indeed k is an integer).

9. Use “frozen symbols” properly.
If m and n are typically used for integers (as they probably are), then don’t
use them for real numbers. If A and B are used for sets, then don’t use these
as typical elements of a set. If f is used for a function, then don’t use this as
an integer. Write symbols that the reader would expect. To do otherwise
could very well confuse the reader.

10. Use consistent symbols.
Unless there is some special reason to the contrary, use symbols that “fit”
together. Otherwise, it is distracting to the reader.
Instead of writing:

If x and y are even integers, then x = 2a and y = 2r for some integers a and r.

replace 2r by 2b (where then, of course, we write “for some integers a
and b”). On the other hand, you might prefer to write x = 2r and y = 2s.

0.5 WRITING MATHEMATICAL EXPRESSIONS

There will be numerous occasions when you will want to write mathematical expressions
in your assignment, such as algebraic equations, inequalities and formulas. If these ex-
pressions are relatively short, then they should probably be written within the text of
the proof or discussion. (We’ll explain this in a moment.) If the expressions are rather
lengthy, then it is probably preferred for these expressions to be written as “displays.”
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For example, suppose that we are discussing the Binomial Theorem. (It’s not im-
portant if you don’t recall what this theorem is.) It’s possible that what we are writing
includes the following passage:

For example, if we expand (a + b)*, then we obtain (a + b)* = a* + 4a°b +
6a’b* + 4ab’® + b*.
It would probably be better to write the expansion of (a + b)* as a display, where

the mathematical expression is placed on a line or lines by itself and is centered. This is
illustrated below.

For example, if we expand (a + b)*, then we obtain
(a+ b)* = a* + 4d’°b + 6a*b* + 4ab’ + b*.

If there are several mathematical expressions that are linked by equal signs and
inequality symbols, then we would almost certainly write this as a display. For example,
suppose that we wanted to write n° + 3n> — n + 4 in terms of k, where n =2k + 1. A
possible display is given next:

Since n = 2k + 1, it follows that

w3t —n4+4=0Qk+17 +3Qk+1)> —2k+1)+4
= (8K + 12k> + 6k + 1)+ 3(4k> + 4k + 1) — 2k — 1 + 4
= 8k + 24k> + 16k 4+ 7 = 8k + 24k*> + 16k + 6 + 1
= 2(4Kk> + 12k* + 8k + 3) + 1.

Notice how the equal signs are lined up. (We wrote two equal signs on one line since
that line would have contained very little material otherwise, as well as to balance the
lengths of the lines better.)

Let’s return to the expression (a + b)* = a* 4 4a’b + 6a*b> + 4ab® + b* for a mo-
ment. If we were to write this expression in the text of a paragraph (as we are doing) and
if we find it necessary to write portions of this expression on two separate lines, then this
expression should be broken so that the first line ends with an operation or comparative
symbol such as +, —, <, > or =. In other words, the second line should not begin with
one of these symbols. The reason for doing this is that ending the line with one of these
symbols alerts the reader that more will follow; otherwise, the reader might conclude
(incorrectly) that the portion of the expression appearing on the first line is the entire
expression. Consequently, write

For example, if we expand (a + b)*, then we obtain (a + b)* = a* + 4a’b +
6a’b? + dab® + b,

and not

For example, if we expand (a + b)*, then we obtain (a + b)* = a* + 4a’b

+ 6a’b* + 4ab® + b*.

If there is an occasion to refer to an expression that has already appeared, then this
expression should have been written as a display and labeled as below:

(a+b)* = a* + 4a’°b + 6a*b* + 4ab® + b*. 1)

Then we can simply refer to expression (1) rather then writing it out each time.
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0.6 COMMON WORDS AND PHRASES IN MATHEMATICS

There are some words and phrases that appear so often in mathematical writing that it is
useful to discuss them.

1.

I We One Lets

I will now show that 7 is even.
We will now show that n is even.
One now shows that 7 is even.
Let’s now show that n is even.

These are four ways that we might write a sentence in a proof. Which of
these sounds the best to you? It is not considered good practice to use “T”
unless you are writing a personal account of something. Otherwise, “I”” sounds
egotistical and can be annoying. Using “one” is often awkward. Using “we” is
standard practice in mathematics. This word also brings the reader into the
discussion with the author and gives the impression of a team effort. The word
“let’s” accomplishes this as well but is much less formal. There is a danger of
being foo casual, however. In general, your writing should be balanced,
maintaining a professional style. Of course, there is the possibility of avoiding
all of these words:

The integer n is now shown to be even.

Clearly Obviously Of course Certainly

These and similar words can turn a reader off if what’s written is not clear
to the reader. It can give the impression that the author is putting the reader
down. These words should be used sparingly and with caution. If they are
used, then at least be certain that what you say is true. There is also the
possibility that the writer (a student?) has a lack of understanding of the
mathematics or is not being careful and is using these words as a cover-up.
This gives us even more reasons to avoid these words.

Any Each Every
This statement is true for any integer n.

Does this mean that the statement is true for some integer n or all
integers n? Since the word “any” can be vague, perhaps it is best to avoid it. If
by “any,” we mean “each” or “every,” then use one of these two words instead.
When the word “any” is encountered, most of the time the author means
“each” or “every.”

Since ---, then ---

A number of people connect these two words. You should use either
“If - - -, then - - -” (should this be the intended meaning) or “Since - - -, it
follows that - - - or, possibly, “Since - - -, we have - - -”. For example, it is
correct to write

If n? is even, then n is even.
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or
Since n? is even, it follows that 7 is even.
or perhaps
Since n? is even, n is even.
but avoid
Since n? is even, then n is even.

In this context, the word “since” can be replaced by “because.”

S. Therefore Thus Hence Consequently So It follows that This implies
that
This is tricky. Mathematicians cannot survive without these words. Often
within a proof, we proceed from something we’ve just learned to something
else that can be concluded from it. There are many (many!) openings to
sentences that attempt to say this. Although each of the words or phrases

Therefore Thus Hence Consequently So It follows that This implies that

is suitable, it is good to introduce some variety into your writing and not use
the same words or phrases any more often than necessary.

6. That Which
These words are often confused with each other. Sometimes they are
interchangeable; more often they are not.

The solution to the equation is the number less than 5 that is positive. 2)

The solution to the equation is the number less than 5 which is positive. A3

Which of these two sentences is correct? The simple answer is: Both are correct —
or, at least, both might be correct.

For example, sentence (2) could be the response to the question: Which of the num-
bers -2, 3 and 5 is the solution of the equation? Sentence (3) could be the response to the
question: Which of the numbers 4.9 and 5.0 is the solution of the equation?

The word “that” introduces a restrictive clause and, as such, the clause is essential
to the meaning of the sentence. That is, if sentence (2) were written only as “The solution
to the equation is the number less than 5.” then the entire meaning is changed. Indeed,
we no longer know what the solution of the equation is.

On the other hand, the word “which” does not introduce a restrictive clause. It in-
troduces a nonrestrictive (or parenthetical) clause. A nonrestrictive clause only provides
additional information that is not essential to the meaning of the sentence. In sentence
(3) the phrase “which is positive” simply provides more information about the solution.
This clause may have been added because the solution to an earlier equation is negative.
In fact, it would be more appropriate to add a comma:

The solution to the equation is the number less than 5, which is positive.
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For another illustration, consider the following two statements:

I always keep the math text that I like with me. ()]

I always keep the math text which I like with me. Q)

What is the difference between these two sentences? In (4), the writer of the sentence
clearly has more than one math text and is referring to the one that he/she likes. In (5),
the writer has only one math text and is providing the added information that he/she likes
it. The nonrestrictive clause in (5) should be set off by commas:

I always keep the math text, which I like, with me.

A possible guideline to follow as you seek to determine whether “that” or “which”
is the proper word to use is to ask yourself: Does it sound right if it reads “which, by the
way”’? In general, “that” is normally used considerably more often than “which.” Hence,
the advice here is: Beware of wicked which’s!

While we are discussing the word “that,” we mention that the words “assume” and
“suppose” often precede restrictive clauses and, as such, the word “that” should immedi-
ately follow one of these words. Omitting “that” leaves us with an implied “that.” Many
mathematicians prefer to include it rather than omit it.

In other words, instead of writing:

Assume N is a normal subgroup.
many would write

Assume that N is a normal subgroup.

0.7 SOME CLOSING COMMENTS ABOUT WRITING

1. Use good English. Write in complete sentences, ending each sentence with a
period (or a question mark when appropriate) and capitalize the first word of
each sentence. (Remember: No sentence begins with a symbol!)

2. Capitalize theorem and lemma as in Theorem 1.15 and Lemma 4.11. (For
example, write: In order to verify the truth of Result 3.14, we first prove the
following lemma.)

3. Many mathematicians do not hyphenate words containing the prefix “non,”
such as

nonempty, nonnegative, nondecreasing, nonzero.

4. Many words that occur often in mathematical writing are commonly
misspelled. Among these are:

commutative (independent of order)
complement (supplement, balance, remainder)
consistent (conforming, agreeing)

feasible (suitable, attainable)
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its (possessive, not “it is”)
occurrence (incident)

parallel (non-intersecting)
preceding (foregoing, former)
principle (postulate, regulation, rule)
proceed (continue, move on)

and, of course,
corollary, lemma, theorem.

5. There are many pairs of words that fit together in mathematics (while
interchanging words among the pairs do not). For example,

We ask questions.
We pose problems.
We present solutions.
We prove theorems.
We solve problems.
and
We conclude this chapter.

D The Chapter Presentation for Chapter 0 can be found at goo.gl/pc77jw
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Sets

n this initial chapter, you will be introduced to, or more than likely be reminded of, a

fundamental idea that occurs throughout mathematics: sets. Indeed, a set is an object
from which every mathematical structure is constructed (as we will often see in the
succeeding chapters). Although there is a formal subject called set theory in which the
properties of sets follow from a number of axioms, this is neither our interest nor our
need. It is our desire to keep the discussion of sets informal without sacrificing clarity.
It is almost a certainty that portions of this chapter will be familiar to you. Nevertheless,
it is important that we understand what is meant by a set, how mathematicians describe
sets, the notation used with sets and several concepts that involve sets.

You’ve been experiencing sets all your life. In fact, all of the following are examples
of sets: the students in a particular class who have a smartphone, the items on a shopping
list, the integers. As a small child, you learned to say the alphabet. When you did this,
you were actually listing the letters that make up the set we call the alphabet. A set
is a collection of objects. The objects that make up a set are called its elements (or
members). The elements of a softball team are the players, while the elements of the
alphabet are letters.

It is customary to use capital (upper case) letters (such as A, B, C, S, X, Y) to des-
ignate sets and lower case letters (for example, a, b, c, s, x, y) to represent elements of
sets. If a is an element of the set A, then we write a € A; if a does not belong to A, then
we write a ¢ A.

1.1 DESCRIBING A SET

14

There will be many occasions when we (or you) will need to describe a set. The most
important requirement when describing a set is to make it clear precisely which elements
belong to the set.

If a set consists of a small number of elements, then this set can be described by
explicitly listing its elements between braces (curly brackets) where the elements are
separated by commas. Thus S = {1, 2, 3} is a set, consisting of the numbers 1, 2 and 3.
The order in which the elements are listed doesn’t matter. Thus the set S just mentioned
could be written as § = {3, 2, 1} or § = {2, 1, 3}, for example. They describe the same
set. If aset T consists of the first five letters of the alphabet, then it is not essential that we
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write T = {a, b, c, d, e}, that is, the elements of T need not be listed in alphabetical order.
On the other hand, listing the elements of T in any other order may create unnecessary
confusion.

The set A of all people who signed the Declaration of Independence and later
became president of the United States is A = {John Adams, Thomas Jefferson} and
the set B of all positive even integers less than 20 is B = {2, 4, 6, 8, 10, 12, 14, 16, 18}.
Some sets contain too many elements to be listed this way. Perhaps even the set B just
given contains too many elements to describe in this manner. In such cases, the ellipsis
or “three dot notation” is often helpful. For example, X = {1, 3, 5, ..., 49} is the set of
all positive odd integers less than 50; while Y = {2,4, 6, ...} is the set of all positive
even integers. The three dots mean “and so on” for Y and “and so on up to” for X.

A set need not contain any elements. Although it may seem peculiar to consider sets
without elements, these kinds of sets occur surprisingly often and in a variety of settings.
For example, if S is the set of real number solutions of the equation x*> 4+ 1 = 0, then §
contains no elements. There is only one set that contains no elements and it is called the
empty set (or sometimes the null set or void set). The empty set is denoted by . We
also write # = { }. In addition to the example given above, the set of all real numbers x
such that x> < 0 is also empty.

The elements of a set may in fact be sets themselves. The symbol ¢ below indicates
the conclusion of an example.

The set S = {1, 2, {1, 2}, ¥} consists of four elements, two of which are sets, namely,
{1, 2} and @. If we write C = {1, 2}, then we can also write § = {1, 2, C, #}.

ThesetT = {0, {1, 2, 3}, 4, 5} also has four elements, namely, the three integers 0, 4
and 5 and the set {1, 2, 3}. Even though 2 € {1, 2, 3}, the number 2 is not an element of
T;thatis,2 ¢ T. ¢

Often sets consist of those elements satisfying some condition or possessing some
specified property. In this case, we can define such a set as S = {x : p(x)}, where, by
this, we mean that S consists of all those elements x satisfying some condition p(x)
concerning x. Some mathematicians write S = {x | p(x)}; that is, some prefer to write
a vertical line rather than a colon (which, by itself here, is understood to mean ‘““such
that”). For example, if we are studying real number solutions of equations, then

S=x: x—Dx+2)x+3)=0}
is the set of all real numbers x such that (x — 1)(x 4+ 2)(x + 3) = 0, that is, S is the solu-
tion set of the equation (x — 1)(x + 2)(x 4+ 3) = 0. We could have written S = {1, —2,
—3}; however, even though this way of expressing S is apparently simpler, it does not

tell us that we are interested in the solutions of a particular equation. The absolute value
|x| of a real number x is x if x > 0; while |x| = —x if x < 0. Therefore,

T ={x: |x] =2}

is the set of all real numbers having absolute value 2, that is, 7 = {2, —2}. In the sets
S and T that we have just described, we understand that “x” refers to a real number x. If
there is a possibility that this wouldn’t be clear to the reader, then we should specifically
say that x is a real number. We’ll say more about this soon. The set

P = {x: x has been a president of the United States}
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describes, rather obviously, all those individuals who have been president of the United
States. So, Abraham Lincoln belongs to P but Benjamin Franklin does not.

LetA = {3,4,5,...,20}. If B denotes the set consisting of those elements of A that are
less than 8, then we can write

B={xeA: x<8 =(3,4,56,7). ¢

Some sets are encountered so often that they are given special notation. We use N to de-
note the set of all positive integers (or natural numbers); thatis, N = {1, 2, 3, ...}. The
set of all integers (positive, negative and zero) is denoted by Z.SoZ = {..., -2, —1,0,
1,2, ...}. With the aid of the notation we’ve just introduced, we can now describe the
setE={...,—4,-2,0,2,4,...} of even integers by

E = {y: yisaneveninteger} or E = {2x : xis an integer}, or as
E={y: y=2xforsomexe€Z} or E={2x: xe€Z}.
Also,
S ={x*: xisaninteger} = (x> : x€ Z} ={0,1,4,9,...}

describes the set of squares of integers.

The set of real numbers is denoted by R and the set of positive real numbers is
denoted by R*. A real number that can be expressed in the form %, where m,n € Z
and n # 0, is called a rational number. For example, %, I—f, 17 = ¥ and % are rational

4 _ 2

numbers. Of course, =3 The set of all rational numbers is denoted by Q. A real

number that is not rational is called irrational. The real numbers \/Z «/§, Q/Q m and e
are known to be irrational; that is, none of these numbers can be expressed as the ratio of
two integers. It is also known that the real numbers with (infinite) nonrepeating decimal
expansions are precisely the irrational numbers. There is no common symbol to denote
the set of irrational numbers. We will often use I for the set of all irrational numbers,
however. Thus, V2 € Rand V2 ¢ Q; so V2 el

For a set S, we write |S| to denote the number of elements in S. The number |S|
is also referred to as the cardinal number or cardinality of S. If A = {1, 2} and B =
{1,2,{1,2}, @}, then |A| = 2 and |B| = 4. Also, |#| = 0. Although the notation is identi-
cal for the cardinality of a set and the absolute value of a real number, we should have no
trouble distinguishing between the two. A set S is finite if |S| = n for some nonnegative
integer n. A set S is infinite if it is not finite. For the present, we will use the notation |S|
only for finite sets S. In Chapter 11, we will discuss the cardinality of infinite sets.

Let’s now consider a few examples of sets that are defined in terms of the special
sets we have just described.

LetD={neN: n<9LE={xeQ: x<9,H={xeR: x> —2=0}and
J={xeQ: x¥*-2=0.
(a) Describe the set D by listing its elements.
(b) Give an example of three elements that belong to £ but do not belong to D.
(c) Describe the set H by listing its elements.
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(d) Describe the set J in another manner.

(e) Determine the cardinality of each set D, H and J.

(@ D=1{1,2,3,4,5,6,7,8,9}.

() 1,0,-3.

(© H={v2,-V2}.

d J=2.

(&) |D|=9,|H|=2and|J| =0. ¢

In which of the following sets is the integer —2 an element?
Sy ={-1,-2,{—1}, {2}, {—1,-2}}, S ={x e N: —x e N},
Ss={xeZ:x*=2Ss={xeZ:|x| =—x},
Ss = {—1, -2}, {=2, -3}, {-1, -3}}.

The integer —2 is an element of the sets S} and S4. For Sy, | — 2| = 2 = —(—2). The set
S, = . Since (=2)?> = 4 and 272 = 1/4, it follows that —2 ¢ S3. Because each element
of S5 is a set, it contains no integers. ¢

A complex number is a number of the form a + bi, where a, b € Rand i = /—1.
A complex number a + bi, where b = 0, can be expressed as a + 0i or, more simply, as a.
Hence a + 0i = a is a real number. Thus every real number is a complex number. Let C
denote the set of complex numbers. If K = {x € C : x* + 1 = 0}, then K = {i, —i}. Of
course, if L = {x e R: x> + 1 = 0}, then L = . You might have seen that the sum of
two complex numbers a + bi and ¢ + di is (a + ¢) + (b + d)i, while their product is

(a + bi) - (c + di) = ac + adi + bci + bdi® = (ac — bd) + (ad + bc)i.

The special sets that we’ve just described are now summarized below:

symbol for the set of
N natural numbers (positive integers)
Z integers
Q rational numbers
I irrational numbers
R real numbers
C complex numbers

Real numbers and complex numbers are described in more detail in the online
Chapter 18.

SECTION 1.1 EXERCISES

1.1. Which of the following are sets?
(@ 1,2,3 (b) {1,2},3 (c) {{1},2},3

(d {1, {2}, 3}

(e) {1,2,a,b}.
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1.2.

1.3.

1.4.

1.5.

1.6.

1.7.

1.8.

1.9.

1.2

Chapter 1 Sets

LetS = {—2, -1, 0, 1, 2, 3}. Describe each of the following sets as {x € S : p(x)}, where p(x) is some
condition on x.
(@ A={1,2,3} (b) B={0,1,2,3}
() C={-2,-1} () D={-22,3}
Determine the cardinality of each of the following sets:
(a) A=1{1,2,3,4,5} (b) B=1{0,2,4,...,20}
(¢) C=1{25,26,27,...,75} (d) D={{1,2},{1,2,3,4}}
() E=1{0} () F=1{2,{2,3,4}}.
Write each of the following sets by listing its elements within braces.
@ A={neZ: -4<n<4} (b)B={neZ: n*<5)
) C={neN: <100} d D={xeR: x>*—x=0}
) E={xeR: x*+1=0}.
Write each of the following sets in the form {x € Z : p(x)}, where p(x) is a property concerning x.
(@ A={-1,-2,-3,...} (b) B={-3,-2,...,3}
() C={-2,-1,1,2}
The set E = {2x : x € Z} can be described by listing its elements, namely £ = {..., —4, —2,0,2,4,...}.
List the elements of the following sets in a similar manner.
@A={2x+1:x€Z} (b)B={4n: nelZl}
() C={3qg+1: geZ}.
Theset E ={..., —4,—-2,0,2,4, ...} of even integers can be described by means of a defining condition
by E ={y=2x: x € Z} = {2x : x € Z}. Describe the following sets in a similar manner.
@ A={..,—4,-1,2,58,...}
(b) B={...,—10,-5,0,5,10,...}
(c) C={1,8,27,64,125,...}.
LetA={neZ:2<|n<4},B={xeQ:2<x=<4}
C={xeR: 2—Q24+vV2x+2/2=0andD={x € Q: x> — 2+ V2)x+2+/2 =0}.
(a) Describe the set A by listing its elements.
(b) Give an example of three elements that belong to B but do not belong to A.
(c) Describe the set C by listing its elements.
(d) Describe the set D in another manner.
(e) Determine the cardinality of each of the sets A, C and D.
ForA ={2,3,5,7,8, 10, 13}, let
B={xeA: x=y+z wherey,z€AlandC ={re B: r+ s € Bforsome s € B}.
Determine C.
SUBSETS

A set A is called a subset of a set B if every element of A also belongs to B. If A is a
subset of B, then we write A C B. If A, B and C are sets such that A € Band B C C,
then A € C. To see why this is so, suppose that some element x belongs to A. Because
A C B, it follows that x € B. But B € C, which implies that x € C. Therefore, every
element that belongs to A also belongs to C and so A € C. This property of subsets might
remind you of the property of real numbers where if a, b, ¢ € R such that if @ < b and
b < c, then a < c. For the sets X = {1,3,6} and Y = {1, 2,3, 5,6}, we have X C Y.
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Also, N € Z and Q C R. In addition, R C C. Since Q C R and R C C, it therefore
follows that Q € C. Moreover, every set is a subset of itself.

Find two sets A and B such that A is both an element of and a subset of B.

Suppose that we seek two sets A and B such that A € B and A C B. Let’s start with a
simple example for A, say A = {1}. Since we want A € B, the set B must contain the set
{1} as one of its elements. On the other hand, we also require that A C B, so every element
of A must belong to B. Since 1 is the only element of A, it follows that B must also contain
the number 1. A possible choice for B is then B = {I1, {1}}, although B = {1, 2, {1}}
would also satisfy the conditions. ¢

In the following example, we will see how we arrive at the answer to a question
asked there. This is a prelude to logic, which will be discussed in Chapter 2.

Two sets A and B have the property that each is a subset of {1, 2, 3,4,5} and |A| =
|B| = 3. Furthermore,

(a) 1 belongs to A but not to B.
(b) 2 belongs to B but not to A.
(c) 3 belongs to exactly one of A and B.
(d) 4 belongs to exactly one of A and B.
(e) 5 belongs to at least one of A and B.

What are the possibilities for the set A?

By (a)and (b),l e Aand 1 ¢ B, while 2 € Band 2 ¢ A. By (c), 3 belongs to A or B but
not both. By (d), 4 belongs to A or B but not both. If 3 and 4 belong to the same set, then
either 3 and 4 both belong to A or 3 and 4 both belong to B. Should it occur that 3 € A
and4 € A, then 1 ¢ B, 3 ¢ B and 4 ¢ B. This means that |B| ## 3. On the other hand, if
3eBand 4 € B, then 3 ¢ A and 4 ¢ A. Therefore, A contains none of 2, 3 and 4 and
so |A| # 3. We can therefore conclude that 3 and 4 belong to different sets. The only
way that |[A| = |B| = 3 is for 5 to belong to both A and B and so either A = {1, 3, 5} or
A=1{1,4,5}. ¢

If a set C is not a subset of a set D, then we write C € D. In this case, there must
be some element of C that is not an element of D. One consequence of this is that the
empty set ¥ is a subset of every set. If this were not the case, then there must be some
set A such that @ Z A. But this would mean there is some element, say x, in @ that is not
in A. However, ¢ contains no elements. So  C A for every set A.

Let S = {1, {2}, {1, 2}}.

(a) Determine which of the following are elements of S:
L{1}, 2, {2}, {1, 2}, {{1, 2}}.
(b) Determine which of the following are subsets of S:

{1, 25, {1, 2, ({1}, 23 {1 21, {1, 23, {1, 23
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Solution

(a) The following are elements of S: 1, {2}, {1, 2}.
(b) The following are subsets of S: {1}, {1, {2}}, {{1, 2}}. ¢

In a typical discussion of sets, we are ordinarily concerned with subsets of some
specified set U, called the universal set. For example, we may be dealing only with in-
tegers, in which case the universal set is Z, or we may be dealing only with real numbers,
in which case the universal set is R. On the other hand, the universal set being considered
may be neither Z nor R. Indeed, U may not even be a set of numbers.

Some frequently encountered subsets of R are the so-called “intervals,” which you
have no doubt encountered often. For a, b € R and a < b, the open interval (a, b) is the
set

(a,b)={xeR: a<x<b}.

Therefore, all of the real numbers %, V5 ,e,3,m,4.99 belong to (2, 5), but none of the

real numbers /2, 1.99, 2, 5 belong to (2, 5).
For a, b € R and a < b, the closed interval [a, b] is the set

l[a,b] ={x e R: a <x <b}.

While 2,5 ¢ (2,5),wedohave 2, 5 € [2, 5]. The “interval” [a, a] is therefore {a}. Thus,
for a < b, we have (a, b) C [a, b]. Fora, b € R and a < b, the half-open or half-closed
intervals [a, b) and (a, b] are defined as expected:

[a,b)={x e R: a<x<b}and (a,b] ={x e R: a <x < b}.

For a € R, the infinite intervals (—o0, a), (—00, a], (a, o0) and [a, c0) are defined
as

(—0,a)={xeR: x<a}, (—o0,al={xeR: x=<a},
(a,00)={xeR: x> a}, [a,0)={xe R: x> a}.

The interval (—o0, 00) is the set R. Note that the infinity symbols co and —oo are not
real numbers; they are only used to help describe certain intervals. Therefore, [1, o],
for example, has no meaning.

Two sets A and B are equal, indicated by writing A = B, if they have exactly the
same elements. Another way of saying A = B is that every element of A is in B and every
element of B is in A, that is, A € B and B C A. In particular, whenever some element
x belongs to A, then x € B because A C B. Also, if y is an element of B, then because
B C A, it follows that y € A. That is, whenever an element belongs to one of these sets,
it must belong to the other and so A = B. This fact will be very useful to us in Chapter 4.
If A # B, then there must be some element belonging to one of A and B that does not
belong to the other.

It is often convenient to represent sets by diagrams called Venn diagrams. For ex-
ample, Figure 1.1 shows Venn diagrams for two sets A and B. The diagram on the left
represents two sets A and B that have no elements in common, while the diagram on the
right is more general. The element x belongs to A but not to B, the element y belongs
to B but not to A, the element z belongs to both A and B, while w belongs to neither A
nor B. In general, the elements of a set are understood to be those displayed within the
region that describes the set. A rectangle in a Venn diagram represents the universal set
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in this case. Since every element under consideration belongs to the universal set, each
element in a Venn diagram lies within the rectangle.

e AN

A B

Figure 1.1  Venn diagrams for two sets A and B

A set A is a proper subset of a set Bif A C B but A £ B. If A is a proper subset
of B, then we write A C B. For example, if S = {4,5,7} and T = {3, 4,5, 6, 7}, then
S C T. (Although we write A C B to indicate that A is a proper subset of B, it should
be mentioned that some prefer to write A C B to indicate that A is a proper subset of B.
Indeed, there are some who write A C B, rather than A C B, to indicate that A is a subset
of B. We will follow the notation introduced above, however.)

The set consisting of all subsets of a given set A is called the power set of A and is
denoted by P(A).

For each set A below, determine PP(A). In each case, determine |A| and |P(A)|.

(@ A=4¢, (b) A={a, b}, () A={1,2,3}

(@) P(A) = {#}. In this case, |[A| = 0 and |[P(A)| = 1.
(b) P(A) = {9, {a}, {b}, {a, b}}. In this case, |[A| = 2 and |P(A)| = 4.
() P@A)=1{¥ {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}.
In this case, |A| = 3 and |P(A)| = 8. ¢
Notice that for each set A in Example 1.8, we have |P(A)| = 24!, In fact, if A is any
finite set, with n elements say, then P(A) has 2" elements; that is,

[P =2"

for every finite set A. (Later we will explain why this is true.)

If C = {9, {#}}, then
PC) = {9, {0}, ({91}, {9, {9}}}.

It is important to note that no two of the sets @, {J} and {{#J}} are equal. (An empty box
and a box containing an empty box are not the same.) For the set C above, it is therefore
correct to write

pcCvcCbeC PycC {PycCC {B)eC,

as well as

{vy < C {0}} ¢ C, {{9}} € PO). ¢
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SECTION 1.2 EXERCISES

1.10.

1.12.

1.13.

1.15.
1.16.
1.17.
1.18.
1.19.

1.20.

1.21.

Give examples of three sets A, B and C such that
(@) ACBCC

(b) AeB,BeCandA ¢C

(c) AeBandA C C.

. Let (a, b) be an open interval of real numbers and let ¢ € (a, b). Describe an open interval I centered at ¢

such that I C (a, b).

Which of the following sets are equal?
A={neZ: |nl <2} D={neZ: n*<1)}
B={neZ: n’=n} E={-1,0,1}.
C={neZ: n*<n}

For a universal set U = {1,2, ..., 8} and two sets A = {1, 3,4, 7} and B = {4, 5, 8}, draw a Venn diagram
that represents these sets.

. Find P(A) and |P(A)| for

(a) A={1,2} (b) A={0,1,{a}}.

Find P(A) for A = {0, {0}}.

Find P(P({1})) and its cardinality.

Find P(A) and |P(A)| for A = {0, @, {#}}.

For A = {x: x = 0orx € P({0})}, determine P(A).

Give an example of a set S such that

(@ SSPN) (b SePNN)

© SCPWN)and S| =5 (d)SePN)and |S| =5.

Determine whether the following statements are true or false.

(a) If {1} € P(A),then 1 € A but {1} ¢ A.

(b) If A, B and C are sets such that A C P(B) C C and |A| = 2, then |C| can be 5 but |C| cannot be 4.

(c) If a set B has one more element than a set A, then P(B) has at least two more elements than P(A).

(d) If four sets A, BC and D are subsets of {1, 2, 3} such that |A| = |B| = |C| = |D| = 2, then at least two
of these sets are equal.

Three subsets A, B and C of {1, 2, 3, 4, 5} have the same cardinality. Furthermore,

(a) 1 belongs to A and B but not to C.

(b) 2 belongs to A and C but not to B.

(c) 3 belongs to A and exactly one of B and C.

(d) 4 belongs to an even number of A, B and C.

(e) 5 belongs to an odd number of A, B and C.

(f) The sums of the elements in two of the sets A, B and C differ by 1.

‘What is B?
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1.3 SET OPERATIONS

Example 1.10

Just as there are several ways of combining two integers to produce another integer
(addition, subtraction, multiplication and sometimes division), there are several ways to
combine two sets to produce another set. The union of two sets A and B, denoted by
A U B, is the set of all elements belonging to A or B, that is,

AUB={x: xeAorxe B}.

The use of the word “or” here, and in mathematics in general, allows an element of A U B
to belong to both A and B. That is, x is in A U B if x is in A, or x is in B, or x is in both
A and B. A Venn diagram for A U B is shown in Figure 1.2. The shaded region indicates
the set A U B.

Figure 1.2 A Venn diagram for AU B

For the sets A; = {2, 5,7, 8}, A» = {1, 3, 5} and A5 = {2, 4, 6, 8}, we have

A1UA, ={1,2,3,5,7,8},
A1UA3; =1{2,4,5,6,7,8]},
AyUA3 ={1,2,3,4,5,6,8}.
Also,NUZ =Zand QUI =R. ¢
The intersection of two sets A and B is the set of all elements belonging to both A
and B. The intersection of A and B is denoted by A N B. In symbols,
ANB={x: xe Aandx € B}.

A Venn diagram for A N B is shown in Figure 1.3, again indicated by the shaded region.

Figure 1.3 A Venn diagram for AN B
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Example 1.11

Example 1.12

Example 1.13

Solution

For the sets A, A, and Az described in Example 1.10,
A1NAy; ={5},A1NA;={2,8}and A, NA3 = .
Also,NNZ=NandQNR = Q. ¢

For every two sets A and B, it follows that
ANBCAUB.

To see why this is true, suppose that x is an element belonging to A N B. Then x belongs
to both A and B. Since x € A, for example,x e AUBandsoANB C AUB.

If two sets A and B have no elements in common, then AN B = and A and B
are said to be disjoint. Consequently, the sets A, and A3 described in Example 1.10 are
disjoint; however, A; and A3 are not disjoint since 2 and 8 belong to both sets. Also, Q
and I are disjoint.

The difference A — B of two sets A and B (also written as A \ B by some mathe-
maticians) is defined as

A—B={x: xeAandx ¢ B}.

A Venn diagram for A — B is shown in Figure 1.4.

Figure 1.4 A Venn diagram for A — B

For the sets A} = {2,5,7, 8} and A, = {1, 3,5} in Examples 1.10 and 1.11,A; — A, =
{2,7,8}and A, — A = {1, 3}. Furthermore, R — Q = L ¢
LetA={xeR: |x]|<3},B={xeR: x| >2}andC={xeR: |x— 1] <4}.

(a) Express A, B and C using interval notation.
(b) DetermineANB,A—B,BNC,BUC,B—CandC — B.

(a) A=[-3,3],B=(—00,—2)U(2,00)and C =[-3, 5].
b) ANB=[-3,-2)U2,3,A-B=[-2,2],BNC=[-3,-2)U(2,5],
BUC = (—00,00),B—C = (—00,-3)U(5,00)andC —B=[-2,2]. ¢

Suppose that we are considering a certain universal set U, that is, all sets being
discussed are subsets of U. For a set A, its complement is

A=U—-A={x: xeUandx¢A}.
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I_f U=17, then N = {0, —1,=2,...}; whileif U = R, thena = I. A Venn diagram for
A is shown in Figure 1.5.

7
o

Figure 1.5 A Venn diagram for A

o

N

The set difference A — B is sometimes called the relative complement of B in A.
Indeed, from the definition, A — B ={x : x € A and x ¢ B}. The set A — B can also
be expressed in terms of complements, namely, A — B = A N B. This fact will be estab-
lished later.

Example 1.14 LetU = {1, 2,..., 10} be the universal set,A = {2, 3,5, 7} and B = {2, 4, 6, 8, 10}. De-
termine each of the following:

(a)

Solution (a)
(b)
©
(d)

B, (b)A—B, () ANB, () B.

B=1{1,3,5,7,9).

A—B=13,5,7)

ANB={3,57)=A—B.

B=B={24,68,10). IS

Example 1.15 LetA = {0, {0}, {0, {0}}}.

(a)
(b)
©

(d)
(e)
)
(2
(h)
©)

Determine which of the following are elements of A: 0, {0}, {{0}}.
Determine |A].

Determine which of the following are subsets of A: 0, {0}, {{0}}.
For (d)—(i), determine the indicated sets.

{0}NA
{{oyjnA
{topynA
{OJUA
{{opUA
{{{0}}} UA.
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Solution (a) While 0 and {0} are elements of A, {{0}} is not an element of A.
(b) The set A has three elements: 0, {0}, {0, {0} }. Therefore, |A| = 3.

(c) The integer O is not a set and so cannot be a subset of A (or a subset of any
other set). Since 0 € A and {0} € A, it follows that {0} C A and {{0}} C A.

(d) Since 0 is the only element that belongs to both {0} and A, it follows that
{0} NA = {0}.

(e) Since {0} is the only element that belongs to both {{0}} and A, it follows that
{{0}} NA = {{0}}.

() Since {{0}} is not an element of A, it follows that {{{0}}} and A are disjoint
sets and so {{{0}}} NA = @.

(g) Since 0 € A, it follows that {0} UA = A.
(h) Since {0} € A, it follows that {{0}} UA = A.
(i) Since {{0}} ¢ A, it follows that {{{0}}} UA = {0, {0}, {{0}}, {0, {0}}}.

SECTION 1.3 EXERCISES

1.22.

1.23.

1.24.
1.25.

1.26.

1.27.

1.28.

1.29.

LetU ={1,3, ..., 15} be the universal set, A = {1, 5,9, 13} and B = {3, 9, 15}. Determine the following:
(a) AUB ())ANB (c)A—B (d)B—A (e)A HANB.

Give examples of two sets A and B such that |A — B| = |A N B| = |B — A| = 3. Draw the accompanying
Venn diagram.

Give examples of three sets A, Band C such that B # Cbut B— A = C — A.

Give examples of three sets A, B and C such that

(@ AeB_ACCandBZC

(b) BeA,BCCandANC#Y

(c) Ae B,BC CandA ZC.

Let U be a universal set and let A and B be two subsets of U. Draw a Venn diagram for each of the
following sets.

(@ AUB (b) ANB (c) ANB (d) AUB.

What can you say about parts (a) and (b)? parts (c) and (d)?

Give an example of a universal set U, two sets A and B and accompanying Venn diagram such that
JANB|=|A—B|=|B—A|=]AUB| =2.

Let A, B and C be nonempty subsets of a universal set U. Draw a Venn diagram for each of the following set
operations.

(@ (C—B)UA (b) CN(A—B).

Let A = {0, {4}, {{7}}}.

(a) Determine which of the following are elements of A: @, {#}, {0}, {#}}.

(b) Determine |A].

(c) Determine which of the following are subsets of A: @, {#}, {d, {#}}.

For (d)—(i), determine the indicated sets.

(A PNA () PINA () (9. {7} NA
(® PUA () (FIUA () {4, (B} VA,
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1.32.

1.33.

1.34.
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LetA={xeR: x—1|<2,B={xeR: [x|>1}andC={xeR: |[x+2| <3}

(a) Express A, B and C using interval notation.
(b) Determine each of the following sets using interval notation:
AUB,ANB,BNC,B—C.

Give an example of four different sets A, B, C and D such that (1) AUB = {1,2}and C N D = {2, 3} and
(2) if B and C are interchanged and U and N are interchanged, then we get the same result.

Give an example of four different subsets A, B, C and D of {1, 2, 3, 4} such that all intersections of two
subsets are different.

Give an example of two nonempty sets A and B such that {A UB, AN B, A — B, B — A} is the power set of
some set.

Giveiani example 0£ two subsets A and B of {1, g, 3} such that all of the following sets are different: A U B,
AUB,AUB,AUB,ANB,ANB,ANB,ANB.

Give examples of a universal set U and sets A, B and C such that each of the following sets contains exactly
one element: ANBNC,(ANB)—C,(ANC)—B,(BNC)—A,A—(BUC),B—(AUC),C—-(AUB),
A UBUC. Draw the accompanying Venn diagram.

INDEXED COLLECTIONS OF SETS

We will often encounter situations where more than two sets are combined using the
set operations described earlier. In the case of three sets A, B and C, the standard Venn
diagram is shown in Figure 1.6.

C

Figure 1.6 A Venn diagram for three sets

The union A U B U C is defined as
AUBUC={x: x€A, orxeB, orx e C}.

Thus, in order for an element to belong to A U B U C, the element must belong to at least
one of the sets A, B and C. Because it is often useful to consider the union of several sets,
additional notation is needed. The union of the n > 2 sets A, A, ..., A, is denoted by
Ay UAU---UA, or | J._, A; and is defined as

UA,-:{x: x € A;forsome i, 1 <i<n}.

i=1
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Thus, for an element a to belong to | J_; A;, it is necessary that a belongs to at least one
of the sets Ay, Az, ..., A,.

Example 1.16 Let B; = {1,2}, B, ={2,3}, ..., Bjp = {10, 11}; that is, B;={i,i+ 1} for i =1,
2, ..., 10. Determine each of the following:

5 10 7 k
@ JB. ® [ JB. © (B (@ [ JBiwherel <j<k=<10.
i=1 i=1 =3

i=j

10

5
@ (JB=1{1.2.....6}. ) | B =1{1.2.....11}

i=1 i=1

Solution

7 k
© UB=03.4.....8. @ | JBi={.j+1.....k+1} ¢

i=3 i=j

We are often interested in the intersection of several sets as well. The intersection
of the n > 2 sets Ay, Az, ..., A, is expressed as Aj NA, N---NA, or [|_, A; and is
defined by

ﬂAi ={x: xeA;foreveryi,1 <i<nj.
i=1
The next example concerns the sets mentioned in Example 1.16.

Example 1.17 LetB; ={i,i+ 1} fori=1,2,..., 10. Determine the following:
10 Jj+1
(a) ﬂBi. (b) B;NBiy1. (c) ﬂB,-, where 1 < j < 10.
i=1 i=j
k
(d) [)Biwherel < j <k < 10.

i=j

Solution 10 Jt1
@ (Bi=0. (b) BiNBiyy={i+1). © [)Bi={i+1)
i=1 i=j
k k
) (\Bi={j+1}ifk=j+1;while( B =@ifk>j+1. ¢

i=j i=j

There are instances when the union or intersection of a collection of sets cannot be
described conveniently (or perhaps at all) in the manner mentioned above. For this rea-
son, we introduce a (nonempty) set /, called an index set, which is used as a mechanism
for selecting those sets we want to consider. For example, for an index set I, suppose
that there is a set S, for each o € I. We write {S, }4¢; to describe the collection of all sets
So Where o € I. Such a collection is called an indexed collection of sets. We define the
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Example 1.19

Example 1.20

Example 1.21
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union of the sets in {Sy}yes by

US ={x: xe§, for some « € I},

ael

and the intersection of these sets by

mS ={x: xeS§, foralla € I}.

ael

Hence, an element a belongs to | J, ., S« if a belongs to at least one of the sets in the
collection {S, }y<s; While a belongs to ﬂa <1 S« 1f a belongs to every set in the collection
{Sa}aer. We refer to | ,; Sy as the union of the collection {Sg}es and (1), ; So as the
intersection of the collection {S,},<;. Just as there is nothing special about our choice
of i in | J_, A; (that is, we could just as well describe this set by U?:1 Aj, say), there
is nothing special about « in | J,; S¢. We could also describe this set by |, Sx. The
variables i and « above are “dummy variables” and any appropriate symbol could be
used. Indeed, we could write J or some other symbol for an index set.

For n € N, define S, = {n, 2n}. For example, S| = {1, 2}, S, = {2, 4} and S, = {4, 8}.
Then S; U S, U Sy = {1, 2, 4, 8}. We can also describe this set by means of an index set.
If weletl = {1, 2, 4}, then

Usazsluszu&. 'y

ael

For each n € N, define A,, to be the closed interval [—%, %] of real numbers; that is,

rems —=xsg]
A, ={xeR: ——<x<-}.
n n

SoA| =[-1,1],A, = [—%, %],A3 = [—%, %] and so on. We have now defined the sets
Ay, Ay, Az, .. .. The union of these sets can be written as A{ UA, UA3 U ---or Uloil A;.
Using N as an index set, we can also write this union as UneN A,. Since A, CA| =
[—1, 1] for every n € N, it follows that |, .y A, = [—1, 1]. Certainly, 0 € A, for every
n € N; in fact, (),.nAn = {0}. ¢

Let A denote the set of the letters of the alphabet, thatis, A = {a, b, ..., z}. For o € A,
let A, consist of o and the two letters that follow «. So A, = {a, b, ¢} and A, = {b, ¢, d}.
By A,, we will mean the set {y, z, a} and A, = {z, a, b}. Hence |A,| = 3 for every o € A.
Therefore, | J,., Ae = A. Indeed, if

a€A
B=l{a,d, g jm,p,s, vy},

then | J,.; A« = A as well. On the other hand, if I = {p, ¢, r}, then U, Ae = {p. q. 1,
s, t} while (), Aa = {r}. ¢

LetS = {1,2,...,10}. Each of the sets

Si={1,2,3,4}, 5, = {4,5,6,7,8} and S5 = {7, 8,9, 10}
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isasubsetof S. Also, S; U S, U S3 = S. This union can be described in a number of ways.
Define I = {1, 2, 3} and J = {S, >, S3}. Then the union of the three sets belonging to
J is precisely S} U S, U S3, which can also be written as

S=SUSUS; = US_US =Jx ¢

ael XeJ

SECTION 1.4 EXERCISES

1.36.

1.37.
1.38.

1.39.

1.40.

1.41.

1.42.

1.43.
1.44.

1.45.

For a real number r, define S, to be the interval [r — 1, r + 2]. Let A = {1, 3, 4}. Determine UaeA Sy and
ﬂaeA SO!'
LetA ={1,2,5},B=1{0,2,4},C =1{2,3,4} and S = {A, B, C}. Determine | J, s X and (y s X.

For a real number r, define A, = {r?}, B, as the closed interval [r — 1, 7 + 1] and C, as the interval (r, c0).
For § = {1, 2, 4}, determine

(a) UaeS AU! and ﬂaeS AO!
(b) UaeS BD! and ﬂaeS B“
(C) UaeS CO! and ﬂaeS Ca'
LetA = {a, b, ..., z} be the set consisting of the letters of the alphabet. For « € A, let A, consist of o and

the two letters that follow it, where A, = {y, z, a} and A; = {z, a, b}. Find a set S C A of smallest cardinality
such that | .y Ax = A. Explain why your set S has the required properties.

For i e Z, letA; = {z —1,i+ 1} Determme the following:

(a) UAZ, (b) U(A NAig1)  (©) U(Azl 1N Asigr).

i=1 i=1 i=1
For each of the following, find an indexed collection {A,},cn of distinct sets (that is, no two sets are equal)
satisfying the given conditions.
(a) m;.,il An = {O} and U;.,il An = [0, 1]
(b) ﬂf;l A, ={-1,0,1}and Uff:, A, =1.
For each of the following collections of sets, define a set A,, for each n € N such that the indexed collection
{A,}nen 1s precisely the given collection of sets. Then find both the union and intersection of the indexed
collection of sets.
(@ {[1,2+1),[1,241/2),[1,24+1/3),...}
() {(-1,2),(=3/2,4), (=5/3,6),(=7/4,8),...}.
For r € R",letA, = {x € R: |x| < r}. Determine | J, g+ Ar and (),cg+ Ar
Each of the following sets is a subset of A = {1, 2, ..., 10}:
A =1{1,5,7,9,10}, A> = {1,2,3,8,9}, A3 = {2,4,6,8,9},
Ay =1{2,4,8},As ={3,6,7},A¢ = {3,8, 10}, A7 = {4,5,7,9},

= {4a 5, 10}’ A9 = {47 65 8}7A10 = {53 67 10},
A =1{5,8,9}, A1 =1{6,7,10}, A13 = {6, 8,9}.

Find aset/ C {1, 2, ..., 13} such that for every two distinct elements j, k € I, A; N Ay = ¢ and |U
maximum.

Forn e N, letA, = (—%, 2 — ) Determine | J, .y An and [

aes

Ai| is

iel

neN



1.5 Partitions of Sets 31

1.46. Determine the following:

*© 1 1 g 11
® U(“’ w0 (= )

(b) U[

n—l—l 2Tn—1 n+1
d ,
S [

1.47. Determme the following:

(a) U [sm

3

+ cos 771} and m{sm 7—{-005 771}

(b) U{sm——}—cos—] and ﬁ[sm——i—cos—}
n=1

1.5 PARTITIONS OF SETS

Example 1.22

Solution

Recall that two sets are disjoint if their intersection is the empty set. A collection &
of subsets of a set A is called pairwise disjoint if every two distinct subsets that be-
long to S are disjoint. For example, let A = {1,2,...,7}, B={1,6},C={2,5},D =
{4,7} and S = {B, C, D}. Then S is a pairwise disjoint collection of subsets of A since
BNC=BND=CND =. On the other hand, let A’ = {1,2,3}, B ={1,2}, C' =
{1,3}, D' ={2,3}and S’ = {B’, C’, D'}. Although §' is a collection of subsets of A" and
B'NC'ND =@, thesetS isnot a pairwise disjoint collection of sets since B’ N C' # @,
for example. Indeed, B' N D’ and C' N D' are also nonempty.

We will often have the occasion (especially in Chapter 9) to encounter, for a nonempty
set A, a collection S of pairwise disjoint nonempty subsets of A with the added property
that every element of A belongs to some subset in S. Such a collection is called a parti-
tion of A. A partition of A can also be defined as a collection S of nonempty subsets of A
such that every element of A belongs to exactly one subset in S. Furthermore, a partition
of A can be defined as a collection S of subsets of A satisfying the three properties:

(1) X #@foreverysetX € S;
(2) foreverytwosets X,Y € S,eitherX =Y orXNY = (;
3) UyesX =4

Consider the following collections of subsets of the set A = {1, 2, 3,4, 5, 6}:
S1={{1,3,6},{2,4}, {5}};
Sy ={{1,2,3}, {4}, 4, {5, 6}};
S3 = {{1,2},{3,4,5}, {5, 6}};
S4 = {{1’ 4}7 {37 5}5 {2}}

Determine which of these sets are partitions of A.

The set S; is a partition of A. The set S, is not a partition of A since @ is one of the
elements of S,. The set S3 is not a partition of A either since the element 5 belongs to
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two distinct subsets in S3, namely, {3, 4, 5} and {5, 6}. Finally, S, is also not a partition
of A because the element 6 belongs to no subset in S. ¢

As the word “partition” probably suggests, a partition of a nonempty set A is a
division of A into nonempty subsets. The partition S; of the set A in Example 1.22 is
illustrated in the diagram shown in Figure 1.7.

Figure 1.7 A partition of a set

For example, the set Z of integers can be partitioned into the set of even integers
and the set of odd integers. The set R of real numbers can be partitioned into the set R*
of positive real numbers, the set of negative real numbers and the set {0} consisting of
the number 0. In addition, R can be partitioned into the set Q of rational numbers and
the set I of irrational numbers.

Example 1.23 LetA ={1,2,...,12}.

(a)
(b)
()

Solution (a)

(b)

Give an example of a partition S of A such that |S| = 5.
Give an example of a subset T of the partition S in (a) such that || = 3.
List all those elements B in the partition S in (a) such that |B| = 2.

We are seeking a partition S of A consisting of five subsets. One such
example is
S ={{1,2},{3,4},{5,6}, {7, 8,9}, {10, 11, 12}}.

We are seeking a subset T of S (given in (a)) consisting of three elements.
One such example is

T ={{1,2},{3,4},{7,8,9}}.

(c) We have been asked to list all those elements of S (given in (a)) consisting of
two elements of A. These elements are {1, 2}, {3, 4}, {5, 6}. ¢
SECTION 1.5 EXERCISES

1.48. Which of the following are partitions of A = {a, b, ¢, d, e, f, g}? For each collection of subsets that is not a
partition of A, explain your answer.

(@) S1={{a,c.e. g} {b. f1.{d}} () $2={{a,b,c.d} {e, f}}

(© S3={A} (@ Ss=

{{a}. 8. {b. c. d}. {e. [, g}

() S5 = {{a,c.d}, (b, g}, {e}. (b, f}}.



1.49.

1.50.
1.51.
1.52.
1.53.
1.54.

1.55.
1.56.

1.57.

1.58.
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Which of the following sets are partitions of A = {1, 2, 3, 4, 5}?

(@ S ={{1,3},{2,5}} (b) $>={{1,2},{3,4,5}}

(©) S3={{1,2},{2,3},{3,4}, {4, 5}} (d S =A

LetA = {1, 2,3, 4,5, 6}. Give an example of a partition S of A such that |S| = 3.

Give an example of a set A with |A| = 4 and two disjoint partitions S; and S, of A with |S;| = |S,| = 3.
Give an example of a partition of N into three subsets.

Give an example of a partition of Q into three subsets.

Give an example of three sets A, S| and S, such that S is a partition of A, S is a partition of S} and

1S2] < 1811 < |Al

Give an example of a partition of Z into four subsets.

LetA ={1,2,..., 12}. Give an example of a partition S of A satisfying the following requirements: (i)
|S| = 5, (ii) there is a subset T of S such that |T| = 4 and | Uxer X| = 10 and (iii) there is no element B € §
such that |B| = 3.

A set S is partitioned into two subsets S; and S;. This produces a partition P; of § where P; = {S;, S»} and
so |P;| = 2. One of the sets in P is then partitioned into two subsets, producing a partition P, of S with
|P,| = 3. A total of |P;]| sets in P, are partitioned into two subsets each, producing a partition P; of S.
Next, a total of |P,| sets in Pj5 are partitioned into two subsets each, producing a partition Py of S. This is
continued until a partition Pg of S is produced. What is |Pg|?

It was mentioned that there are three ways that a collection S of subsets of a nonempty set A is defined to be
a partition of A.

Definition 1 The collection S consists of pairwise disjoint nonempty subsets of A and every element of A
belongs to a subset in S.

Definition 2 The collection S consists of nonempty subsets of A and every element of A belongs to exactly
one subset in S.

Definition 3 The collection S consists of subsets of A satisfying the three properties (1) every subset in S is
nonempty, (2) every two subsets of A are equal or disjoint and (3) the union of all subsets in S is A.

(a) Show that any collection S of subsets of A satisfying Definition 1 satisfies Definition 2.
(b) Show that any collection S of subsets of A satisfying Definition 2 satisfies Definition 3.
(c) Show that any collection S of subsets of A satisfying Definition 3 satisfies Definition 1.

1.6 CARTESIAN PRODUCTS OF SETS

We’ve already mentioned that when a set A is described by listing its elements, the order
in which the elements of A are listed doesn’t matter. That is, if the set A consists of two
elements x and y, then A = {x, y} = {y, x}. When we speak of the ordered pair (x, y),
however, this is another story. The ordered pair (x, y) is a single element consisting of a
pair of elements in which x is the first element (or first coordinate) of the ordered pair
(x,y) and y is the second element (or second coordinate). Moreover, for two ordered
pairs (x, y) and (w, z) to be equal, that is, (x, y) = (w, z), we musthavex = wandy = z.
So, if x # y, then (x, y) # (v, x).

The Cartesian product (or simply the product) A x B of two sets A and B is the
set consisting of all ordered pairs whose first coordinate belongs to A and whose second
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coordinate belongs to B. In other words,

AxB={(a,b): aeAand b € B}.

Example 1.24 IfA = {x, y} and B = {l, 2, 3}, then

AxB={(x1),(x2),x3), 1, ®2),1 3)}
while

BxA={(,x),(,y),(2,x), (2,3 x), 3y}

Since, for example, (x, 1) € A x Band (x, 1) ¢ B x A, these two sets do not contain the
same elements; so A X B # B x A. Also,

AxA={(x0x),xy), 1 x),
and
BxB=1{(1,1),(1,2),(1,3),(2,1),(2,2), (2,3), (3, 1), (3,2), (3,3)}. ¢

We also note that if A = #or B =@, then A x B = .
The Cartesian product R x R is the set of all points in the Euclidean plane. For
example, the graph of the straight line y = 2x + 3 is the set

{(x,y) e RxR: y=2x+3}.

For the sets A = {x, y} and B = {1, 2, 3} given in Example 1.24, |A| = 2 and |B| =
3; while |A x B| = 6. Indeed, for all finite sets A and B,

|A x B| = |A[ - |B|.

Cartesian products will be explored in more detail in Chapters 4 and 9.

SECTION 1.6 EXERCISES

1.59.
1.60.
1.61.
1.62.
1.63.
1.64.
1.65.

1.66.
1.67.

1.68.

LetA = {x,y, z} and B = {x, y}. Determine A x B.

LetA = {1, {1}, {{1}}}. Determine A x A.

For A = {a, b}, determine A x P(A).

For A = {@, {#}}, determine A x P(A).

For A = {1, 2} and B = {{J}, determine A x B and P(A) x P(B).

Describe the graph of the circle whose equation is x> + y*> = 4 as a subset of R x R.

List the elements of the set S = {(x,y) € Z x Z : |x| + |y| = 3}. Plot the corresponding points in the
Euclidean x-y plane.

For A = {1, 2} and B = {1}, determine P(A x B).

ForA={xeR: |[x—1|<2}and B={y € R: |y — 4| <2}, give a geometric description of the points in
the xy-plane belonging to A x B.

ForA={aeR: |a| <1}and B= {b e R: |b| = 1}, give a geometric description of the points in the
xy-plane belonging to (A x B) U (B x A).
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1.69. Let A = {1, 2,3} and B = {2, 3, 4}. Determine the following:
(@ AxB)N(BxA) () ANB)x (BNA)

1.70. LetR = {(1, 1), (2, 1), (3, 2), (3, 3), (4, 2), (4, 3)} be a collection of ordered pairs. Find subsets A, B, C, D
of the set {1, 2, 3,4} such that R = ((A x B) U (C x D)) — (D x D).
1.71. Fori=1,2,3,letA; = {i,i + 1}. Determine |U;_, (A; x A;)|

1.72. For A = {1, 2} and B = {3, 4}, it follows that P = {A, B} is a partition of the set S = {1, 2, 3, 4}. Describe a
partition of S x S in terms of Cartesian products of the sets A and B.

Chapter 1 Supplemental Exercises

:D The Chapter

Presentation for
Chapter 1 can be
found at
goo.gl/jxCZz4

1.73.

1.74.

1.75.

1.76.

1.77.
1.78.

1.79.

1.80.
1.81.
1.82.

Theset T = {2k + 1 : k € Z} can be describedas T ={..., -3, —1,1,3,...}.
Describe the following sets in a similar manner.

(@ A={4k+3:keZ) (b)B={5k—1:keZ).

Let S = {—10, -9, ..., 9, 10}. Describe each of the following sets as {x € S : p(x)},
where p(x) is some condition on x.

(a A={-10,-9,...,—-1,1,...,9,10} (b) B={-10,-9,...,—1,0}

() C={-5,-4,...,0,1,...,7} (d) D={-10,-9,...,4,6,7,...,10}.
Describe each of the following sets by listing its elements within braces.

@ (xeZ:x*—4x=0} ) {xeR: |x|=-1}

c) meN:2<m<5} (d) {neN:0<n<3}

e (keQ: k*—4=0 () {keZ: 9%*—-3=0)

(@) (keZ: 1<k <10}

Determine the cardinality of each of the following sets.

(@ A=1{1,2,3,{1,2,3},4,{4}} (b) B={xeR: x| =-1}
c)C={meN:2<m<5} d D={neN:n<0}

e E={keN:1<k><100} (f) F={keZ: 1<k><100}.

For A = {—1,0, 1} and B = {x, y}, determine A x B.

Let U = {1, 2, 3} be the universal set and let A = {1, 2}, B = {2,3} and C = {1, 3}.
Determine the following.

(@ AUB)—(BNC) (M)A () BUC () AxB.

LetA = {1, 2, ..., 10}. Give an example of two sets S and B such that S € P(A),
S| =4,B € Sand |B| =2.

For A = {1} and C = {1, 2}, give an example of a set B such that P(A) C B C P(C).
Give examples of two sets A and B such that A N P(A) € Band P(A) C AUB.

Which of the following sets are equal?

A={neZ: —4<n<4} D={xeZ: x*=4x}
B={xeN: 2x+2=0} E=1{-2,0,2}.
C={xeZ: 3x-2=0}
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1.83.

1.84.

1.85.

1.86.

1.87.

1.88.

1.89.

1.90.

1.91.

1.92.

1.93.

Let A and B be subsets of some unknown universal set U. Suppose that A= {3,8, 9},
A—B={1,2},B—A={8}and AN B = {5,7}. Determine U, A and B.

Let I denote the interval [0, oo). For each r € I, define

Ar={(X,y)ERxR; x2+y2=r2}
Br:{(x,Y)ERXR; x2+y2§r2}
Cr={(X,y)€R><R; X2+y2>r2},

(a) Determine | J,.; Ar and (),¢; A

(b) Determine | J,; Br and [, B,

(c) Determine | J,., G- and [,; C.

Give an example of four sets Ay, Ay, A3, A4 such that [A; N A;| = |i — j| for every
two integers i and j with 1 <i < j <4.

rel
rel

rel

(a) Give an example of two problems suggested by Exercise 1.85 (above).

(b) Solve one of the problems in (a).

LetA=1{1,2,3},B=1{1,2,3,4}and C = {1, 2, 3, 4, 5}. For the sets Sand T

described below, explain whether |S| < |T|, |S| > |T| or |S| = |T|.

(a) Let B be the universal set and let S be the set of all subsets X of B for which
|X| # |X|. Let T be the set of 2-element subsets of C.

(b) Let S be the set of all partitions of the set A and let T be the set of 4-element
subsets of C.

(¢) LetS={(b,a):be B,aec A,a+ bisodd}and let T be the set of all nonempty
proper subsets of A.

Give an example of aset A = {1, 2, ..., k} for a smallest k € N containing subsets

Ay, A, Az such that |A; — Aj| = |A; — A;| = |i — j| for every two integers i and j

withl <i< j<3.

(a) ForA ={-3,-2,...,4}and B= {1, 2, ..., 6}, determine
S=1{(a,b) €A xB: a*>+Db*=25).

(b) ForC={aeB: (a,b)eS}andD={be A: (a,b) € S}, where A, B, § are the
sets in (a), determine C x D.

For A = {1, 2, 3}, let B be the set of 2-element sets belonging to P(A) and let C be

the set consisting of the sets that are the intersections of two distinct elements of B.
Determine D = P(C).

For areal number r,letA, = {r,r + 1}. Let S={x e R: x> +2x — 1 = 0}.

(a) Determine B = A; x A, for the distinct elements s, ¢ € S, where s < 1.
(b) LetC = {ab: (a, b) € B}. Determine the sum of the elements of C.

(a) For a set A with |A| = 2, what is the largest possible value of |A NP(A)|?
(b) What is the largest possible value of |[A N P(A)| if |A| = 3?

(c) This should suggest another question to you. What is the answer to your
question?

1 o0
ForneN,letS, = {x—}—y: x,yeR,—2 §x2—|—y2 < 1}.DetermineUS,,
n

n=1
00
and ﬂ S,
n=1
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1.94. Forthe set S = {1, 2, ..., 7}, consider the five subsets

1.95.

A ={1,2},A, ={3,4,5}, A5 = {2,5,6}, A4 = {2,7},As = {1, 2}.

(a) Is the collection P; = {A;, Ay, Az, A4, As} a partition of S?7

(b) LetB; =A; —Ajy fori=1,2,3,4.1Is P, = {By, By, B3, B4} a partition of S?
(c) LetC; =A¢—; —As_;fori=1,2,3,4.1s P; = {C, G5, C5, C4} a partition of S§?

Let S = {1, 2, 3}. Find a condition under which nonempty subsets A, B, C of S have
the property that |A x (BUC)| = |A x B| + |A x C]|.



Logic

n mathematics our goal is to seek the truth. Are there connections between two given

mathematical concepts? If so, what are they? Under what conditions does an object
possess a particular property? Finding answers to questions such as these is important,
but we cannot be satisfied only with this. We must be certain that we are right and that
our explanation for why we believe we are correct is convincing to others. The reasoning
we use as we proceed from what we know to what we wish to show must be logical. It
must make sense to others, not just to ourselves.

There is joint responsibility here, however. It is the writer’s responsibility to use the
rules of logic to give a valid and clear argument with enough details provided to allow
the reader to understand what we have written and to be convinced. It is the reader’s
responsibility to know the basics of logic and to study the concepts involved sufficiently
well so that he or she will not only be able to understand a well-presented argument
but can decide as well whether it is valid. Consequently, both writer and reader must be
familiar with logic.

Although it is possible to spend a great deal of time studying logic, we will present
only what we actually need and will instead use the majority of our time putting what
we learn into practice.

2.1 STATEMENTS

38

In mathematics we are constantly dealing with statements. By a statement we mean a
declarative sentence or assertion that is true or false (but not both). Statements therefore
declare or assert the truth of something. Of course, the statements in which we will be
primarily interested deal with mathematics. For example, the sentences

The integer 3 is odd.
The integer 57 is prime.
are statements (only the first of which is true).
Every statement has a truth value, namely true (denoted by T') or false (denoted

by F). We often use P, Q and R to denote statements, or perhaps Py, P», ..., P, if there
are several statements involved. We have seen that

P; : The integer 3 is odd.
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and
P, : The integer 57 is prime.

are statements, where P; has truth value 7 and P has truth value F'.
Sentences that are imperative (commands) such as

Substitute the number 2 for x.
Find the derivative of f(x) = e™* cos 2x.

or are interrogative (questions) such as

Are these sets disjoint?
What is the derivative of f(x) = e™* cos 2x?

or are exclamatory such as

What an interesting question!
How difficult this problem is!

are not statements since these sentences are not declarative.

It may not be immediately clear whether a statement is true or false. For example, the
sentence ‘“The 100th digit in the decimal expansion of 7 is 7.” is a statement, but it may
be necessary to find this information in a website on the Internet to determine whether
this statement is true. Indeed, for a sentence to be a statement, it is not a requirement
that we know or are able to determine its truth value.

The sentence “The real number r is rational.” is a statement provided we know what
real number r is being referred to. Without this additional information, however, it is im-
possible to assign a truth value to it. This is an example of what is often referred to as an
open sentence. In general, an open sentence is a declarative sentence that contains one
or more variables, each variable representing a value in some prescribed set, called the
domain of the variable, and which becomes a statement when values from their respec-
tive domains are substituted for these variables. For example, the open sentence “3x =
12 where the domain of x is the set of integers is a true statement only when x = 4.

An open sentence that contains a variable x is typically represented by P(x), Q(x) or
R(x). If P(x) is an open sentence, where the domain of x is S, then we say P(x) is an open
sentence over the domain S. Also, P(x) is a statement for each x € S. For example, the
open sentence

P(x): (x—3)7* <1

over the domain Z is a true statement when x € {2, 3,4} and is a false statement
otherwise.

For the open sentence
Px,y): x+ 11+ 1yl =1

in two variables, suppose that the domain of the variable x is S = {—2, —1, 0} and the
domain of the variable yis T = {—1, 0, 1}. Then

P=L 1 [(=D+1+[1] =1
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is a true statement, while
P(l,—=1): [I+1]4+|-1]=1
is a false statement. In fact, P(x, y) is a true statement when

(x9 y) € {(_21 0)9 (_11 _1)3 (_17 l)s (09 O)}s
while P(x, y) is a false statement for all other elements (x,y) € S x T. ¢

The possible truth values of a statement are often listed in a table, called a truth
table. The truth tables for two statements P and Q are given in Figure 2.1. Since there
are two possible truth values for each of P and Q, there are four possible combinations of
truth values for P and Q. The truth table showing all these combinations is also given in
Figure 2.1. If a third statement R is involved, then there are eight possible combinations
of truth values for P, Q and R. This is displayed in Figure 2.1 as well. In general, a
truth table involving n statements Pj, P», - - -, P, contains 2" possible combinations of
truth values for these statements and a truth table showing these combinations would
have n columns and 2" rows. Much of the time, we will be dealing with two statements,
usually denoted by P and Q; so the associated truth table will have four rows with the
first two columns headed by P and Q. In this case, it is customary to consider the four
combinations of the truth values in the order TT, TF, FT, FF from top to bottom.

P 0 P 0O P O R
T T T|T

F F

es Bl e TR I N |

oo e e s

bl |mlm|a|8|=] =

s s e B e T e s B e s R
o3 |3 || |™

Figure 2.1  Truth tables for one, two and three statements

SECTION 2.1 EXERCISES

2.1. Which of the following sentences are statements? For those that are, indicate the truth value.
(a) The integer 123 is prime. (b) The integer O is even.
(©) Is5x2=10? (d) x> —4=0.
(e) Multiply 5x+2by3. (f) 5x+ 3isan odd integer.
(g) What an impossible question!
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2.3.

24.

2.5.

2.6.

2.7.

2.8.

2.9.

2.10.

2.2 Negations M1

Consider the sets A, B, C and D below. Which of the following statements are true? Give an explanation for
each false statement.

A={1,4,7,10,13,16,...} C={xe€Z: xisprime and x # 2}
B={xeZ: xisodd} D=1{1,2,3,5,8,13,21,34,55,...}

@25€A ()33eD (c)22¢AUD (@CCB (e)PeBND (f)53¢C.
Which of the following statements are true? Give an explanation for each false statement.
(@ Ped (b)) Pe{d} (© {1,3}={3,1}

(@ 2={9 () 0cC{y @ 1<{l}

Consider the open sentence P(x) : x(x — 1) = 6 over the domain R.

(a) For what values of x is P(x) a true statement?

(b) For what values of x is P(x) a false statement?

For the open sentence P(x) : 3x — 2 > 4 over the domain Z, determine:

(a) the values of x for which P(x) is true.

(b) the values of x for which P(x) is false.

For the open sentence Q(A) : A C {1, 2, 3} over the domain § = P ({1, 2, 4}), determine:
(a) all A € S for which Q(A) is true.

(b) all A € S for which Q(A) is false.

(c) allA € S for whichAN{1,2,3} =0.

Let P(n): n and n + 2 are primes. be an open sentence over the domain N. Find six positive integers n for
which P(n) is true. If n € N such that P(n) is true, then the two integers n, n + 2 are called twin primes. It
has been conjectured that there are infinitely many twin primes.

Let P(n) : % is even.
(a) Find a set S, of three integers such that P(n) is an open sentence over the domain S and P(n) is true for
eachn € §;.

(b) Find a set S, of three integers such that P(n) is an open sentence over the domain S, and P(n) is false
foreach n € S,.

Find an open sentence P(n) over the domain S = {3, 5, 7, 9} such that P(n) is true for half of the integers in
S and false for the other half.

Find two open sentences P(n) and Q(n), both over the domain S = {2, 4, 6, 8}, such that P(2) and Q(2) are
both true, P(4) and Q(4) are both false, P(6) is true and Q(6) is false, while P(8) is false and Q(8) is true.

2.2 NEGATIONS

Much of the interest in integers and other familiar sets of numbers comes not only from
the numbers themselves but from properties of the numbers that result by performing
operations on them (such as taking their negatives, adding or multiplying them, or com-
binations of these). Similarly, much of our interest in statements comes from investi-
gating the truth or falseness of new statements that can be produced from one or more
given statements by performing certain operations on them. Our first example concerns
producing a new statement from a single given statement.
The negation of a statement P is the statement

not P
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and is denoted by ~ P. (The negation of a statement P is expressed as —P by some, but
we will denote the negation of P by ~ P.)

Although ~ P could always be expressed as “It is not the case that P,” there are better
ways to express the statement ~ P in words. Consequently, we follow the practice of not
expressing negation in this manner.

Example 2.2  For the statement
P, : The integer 3 is odd.
described above, we have
~ Py : The integer 3 is not odd.

or better yet to write

~ Py : The integer 3 is even.
Similarly, the negation of the statement

P>: The integer 57 is prime.
considered above is

~ P, : The integer 57 is not prime.

Note that ~ P, is false, while ~ P, is true. ¢

Indeed, the negation of a true statement is always false and the negation of a false
statement is always true; that is, the truth value of ~ P is opposite to that of P. This is
summarized in Figure 2.2, which gives the truth table for ~ P (in terms of the possible
truth values of P).

~P

F T

Figure 2.2  The truth table for negation

SECTION 2.2 EXERCISES

2.11. State the negation of each of the following statements.
(a) +/2is arational number.
(b) 0is not a negative integer.
(c) 111 is a prime number.



2.3 Disjunctions and Conjunctions

2.12. Complete the truth table in Figure 2.3.

2.13.

2.14.

P
T
T
F
F

e R RN )

Figure 2.3  The truth table for Exercise 2.12.

State the negation of each of the following statements.

(a) The real number r is at most /2.

(b) The absolute value of the real number a is less than 3.
(c) Two angles of the triangle are 45°.

(d) The area of the circle is at least 97r.

(e) Two sides of the triangle have the same length.

(f) The point P in the plane lies outside of the circle C.

State the negation of each of the following statements.

(a) Atleast two of my library books are overdue.

(b) One of my two friends misplaced his homework assignment.
(c) No one expected that to happen.

(d) It’s not often that my instructor teaches that course.

(e) It’s surprising that two students received the same exam score.

2.3 DISJUNCTIONS AND CONJUNCTIONS

43

For two given statements P and Q, a common way to produce a new statement from
them is by inserting the word “or” or “and” between P and Q. The disjunction of the

statements P and Q is the statement

Por Q

and is denoted by P Vv Q. The disjunction P Vv Q is true if at least one of P and Q is true;
otherwise, P Vv Q is false. Therefore, P Vv Q is true if exactly one of P and Q is true or if

both P and Q are true.

Example 2.3  For the statements

P : The integer 3 is odd. and P, : The integer 57 is prime.
described earlier, the disjunction is the new statement

P, Vv P: Either 3 is odd or 57 is prime.
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which is true since at least one of P; and P; is true (namely, P, is true). Of course, in this
case exactly one of P| and P, is true. ¢

For two statements P and Q, the truth table for P v Q is shown in Figure 2.4. This
truth table then describes precisely when P Vv Q is true (and when it is false).

P Q PVQ
T|T| T
T|F| T
F|T| T
F|F| F

Figure 2.4  The truth table for disjunction

The conjunction of the statements P and Q is the statement
P and Q

and is denoted by P A Q. The conjunction P A Q is true only when both P and Q are
true; otherwise, P A Q is false.

Example 2.4 For P, : The integer 3 is odd. and P, : The integer 57 is prime., the statement
P AP, : 3is odd and 57 is prime.
is false since P, is false and so not both P; and P, are true. ¢

The truth table for the conjunction of two statements is shown in Figure 2.5.

P QO PAQ
T|T T
T| F F
F|T F
F| F F

Figure 2.5 The truth table for conjunction

Since the statement P5 : 59 is prime. is true, it follows that the conjunction

Py A P52 3is odd and 59 is prime.

18 a true statement.
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SECTION 2.3 EXERCISES

2.15.

2.16.

2.17.

2.18.

2.4

Complete the truth table in Figure 2.6.
~0 PA(~0Q)

mlm |8
m = R

Figure 2.6  The truth table for Exercise 2.15.

ForthesetsA = {1,2,---,10} and B = {2, 4, 6,9, 12, 25}, consider the statements
P. ACB. Q:|A—B|=6.

Determine which of the following statements are true.

(@ PvQ () PV(~Q) (¢) PAQ
d (PN (&) (~P)V(~QO).

Let P: 15 is odd. and Q : 21 is prime. State each of the following in words and determine whether it is true
or false.

@ PvQ b)) PAQ (© (~P)VvQ (d) PA(~QO).
LetS={1,2,...,6} and let

P(A:AN{2,4,6) =@. and Q(A): A # 0.
be open sentences over the domain P(S).

(a) Determine all A € P(S) for which P(A) A Q(A) is true.
(b) Determine all A € P(S) for which P(A) v (~ Q(A)) is true.
(¢c) Determine all A € P(S) for which (~ P(A)) A (~ Q(A)) is true.

IMPLICATIONS

A statement formed from two given statements in which we will be most interested is
the implication (also called the conditional). For statements P and Q, the implication
(or conditional) is the statement

If P, then Q.

and is denoted by P = Q. In addition to the wording “If P, then Q.”, we also express
P = Q in words as
P implies Q.

The truth table for P = Q is given in Figure 2.7.
Notice that P = Q is false only when P is true and Q is false (P = Q is true
otherwise).
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P Q P=Q
T| T T
T| F F
F|T T
F| F T

Figure 2.7  The truth table for implication

Example 2.5 For P, : The integer 3 is odd. and P, : The integer 57 is prime., the implication

Example 2.6

Analysis

P = P, : If 3 is an odd integer, then 57 is prime.
is a false statement. The implication
P, = Py : If 57 is prime, then 3 is odd.
is true, however. ¢

While the truth tables for the negation ~ P, the disjunction P v Q and the conjunc-
tion P A Q are probably what one would expect, this may not be so for the implication
P = Q. There is ample justification, however, for the truth values in the truth table of
P = Q. We illustrate this with an example.

A student is taking a math class (let’s say this one) and is currently receiving a B+. He
visits his instructor a few days before the final examination and asks her, “Is there any
chance that I can get an A in this course?” His instructor looks through her grade book
and says, “If you earn an A on the final exam, then you will receive an A for your final
grade.” We now check the truth or falseness of this implication based on the various
combinations of truth values of the statements

P: You earn an A on the final exam.

and

0 : You receive an A for your final grade.

which make up the implication.

Suppose first that P and Q are both true. That is, the student receives an A on his final
exam and later learns that he got an A for his final grade in the course. Did his instructor
tell the truth? I think we would all agree that she did. So if P and Q are both true, then
so too is P = Q, which agrees with the first row of the truth table of Figure 2.7.

Second, suppose that P is true and Q is false. So the student got an A on his final exam
but did not receive an A as a final grade (say he received a B). Certainly, his instructor
did not do as she promised (as she will soon be reminded by her student). What she said
was false, which agrees with the second row of the table in Figure 2.7.
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Third, suppose that P is false and Q is true. In this case, the student did not get an A
on his final exam (say he earned a B), but when he received his final grades, he learned
(and was pleasantly surprised) that his final grade was an A. How could this happen?
Perhaps his instructor was lenient. Perhaps the final exam was unusually difficult and
a grade of B on it indicated an exceptionally good performance. Perhaps the instructor
made a mistake. In any case, the instructor did not lie; so she told the truth. Indeed, she
never promised anything if the student did not get an A on his final exam. This agrees
with the third row of the table in Figure 2.7.

Finally, suppose that P and Q are both false. That is, suppose the student did not
get an A on his final exam and he also did not get an A for a final grade. The instructor
did not lie here either. She only promised the student an A if he got an A on the final
exam. Once again, she did not promise anything if the student did not get an A on the
final exam. So the instructor told the truth and this agrees with the fourth and final row
of the table. ¢

In summary then, the only situation for which P = Q is false is when P is true and
Q is false (so ~ Q is true). That is, the truth tables for

~(P= Q) and PA(~ Q)

are the same. We’ll revisit this observation again soon.

We have already mentioned that the implication P = Q can be expressed as both
“If P, then Q” and “P implies Q.” In fact, there are several ways of expressing P = Q
in words, namely:

If P, then Q.
QifP.
P implies Q.
P only if Q.
P is sufficient for Q.
Q is necessary for P.

Itis probably not surprising that the first three of these say the same thing but perhaps
not at all obvious that the last three say the same thing as the first three. Consider the
statement “P only if Q.” This says that P is true only under the condition that Q is true;
in other words, it cannot be the case that P is true and Q is false. Thus, it says that if P is
true, then necessarily Q must be true. We can also see from this that the statement “Q is
necessary for P” has the same meaning as “P only if Q.” The statement “P is sufficient
for Q” states that the truth of P is sufficient for the truth of Q. In other words, the truth
of P implies the truth of Q; that is, “P implies Q.”

SECTION 2.4 EXERCISES

2.19. Consider the statements P: 17 is even. and Q: 19 is prime. Write each of the following statements in words
and indicate whether it is true or false.

(@ ~P

b)) PVvQ () PAQ @ P=0.

2.20. For statements P and Q, construct a truth table for (P = Q) = (~ P).
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2.21.

2.22.

2.23.

2.24.

2.25.

2.26.
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Consider the statements P : +/2 is rational. and Q : 22/7 is rational. Write each of the following statements
in words and indicate whether it is true or false.

@P=0 b QO=P © ~P=0 @ ~Q=(CD"P.

Consider the statements:

P: /2 isrational. Q: % isrational.  R: /3 is rational.

Write each of the following statements in words and indicate whether the statement is true or false.
(@ PANQ)=R (b) (PAQ)= (~R)

© (~P)ANQ)=R (d) (PVO)= (~R).

Suppose that {S, S»} is a partition of a set S and x € S. Which of the following are true?

(a) If we know that x ¢ Sy, then x must belong to S,.
(b) It’s possible that x ¢ S; and x ¢ S,.

(c) Eitherx ¢ S; orx ¢ S».

(d) Eitherx e S; orx € S».

(e) It’s possible that x € S| and x € S,.

Two sets A and B are nonempty disjoint subsets of a set S. If x € S, then which of the following are true?

(a) It’s possible thatx € A N B.

(b) If x is an element of A, then x can’t be an element of B.

(c) If xis not an element of A, then x must be an element of B.
(d) It’s possible that x ¢ A and x ¢ B.

(e) For each nonempty set C, eitherx e ANCorx e BNC.
(f) For some nonempty set C, bothx e AUC and x € BUC.

A college student makes the following statement:

If I receive an A in both Calculus I and Discrete Mathematics this semester, then I'll take either
Calculus Il or Computer Programming this summer.

For each of the following, determine whether the statement above is true or false.

(a) The student doesn’t get an A in Calculus I but decides to take Calculus II this summer anyway.

(b) The student gets an A in both Calculus I and Discrete Mathematics but decides not to take any class this
summer.

(c) The student does not get an A in Calculus I and decides not to take Calculus II but takes Computer
Programming this summer.

(d) The student gets an A in both Calculus I and Discrete Mathematics and decides to take both Calculus II
and Computer Programming this summer.

(e) The student gets an A in neither Calculus I nor Discrete Mathematics and takes neither Calculus II nor
Computer Programming this summer.

A college student makes the following statement:
If I don’t see my advisor today, then I'll see her tomorrow.
For each of the following, determine whether the statement above is true or false.

(a) The student doesn’t see his advisor either day.

(b) The student sees his advisor both days.

(c) The student sees his advisor on one of the two days.

(d) The student doesn’t see his advisor today and waits until next week to see her.
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2.27. The instructor of a computer science class announces to her class that there will be a well-known speaker
on campus later that day. Four students in the class are Alice, Ben, Cindy and Don. Ben says that he’ll
attend the lecture if Alice does. Cindy says that she’ll attend the talk if Ben does. Don says that he will go to
the lecture if Cindy does. That afternoon exactly two of the four students attend the talk. Which two
students went to the lecture?

2.28. Consider the statement (implication):
If Bill takes Sam to the concert, then Sam will take Bill to dinner.
Which of the following implies that this statement is true?

(a) Sam takes Bill to dinner only if Bill takes Sam to the concert.

(b) Either Bill doesn’t take Sam to the concert or Sam takes Bill to dinner.
(c) Bill takes Sam to the concert.

(d) Bill takes Sam to the concert and Sam takes Bill to dinner.

(e) Bill takes Sam to the concert and Sam doesn’t take Bill to dinner.

(f) The concert is canceled.

(g) Sam doesn’t attend the concert.

2.29. Let P and Q be statements. Which of the following implies that P Vv Q is false?
(@) (~P)V (~Q)isfalse. (b) (~ P)V Qis true.
©) (~P)A(~Q)istrue. (d) Q= Pistrue. (e) P A Qs false.

2.5 MORE ON IMPLICATIONS

Example 2.7

We have just discussed four ways to create new statements from one or two given state-
ments. In mathematics, however, we are often interested in declarative sentences con-
taining variables and whose truth or falseness is only known once we have assigned
values to the variables. The values assigned to the variables come from their respective
domains. These sentences are, of course, precisely the sentences we have referred to as
open sentences. Just as new statements can be formed from statements P and Q by nega-
tion, disjunction, conjunction or implication, new open sentences can be constructed
from open sentences in the same manner.

Consider the open sentences
Pi(x):x=-3. and P,(x): |x|] = 3.

where x € R, that is, where the domain of x is R in each case. We can then form the
following open sentences:

~Pi(x): x# =3.
Pi(x)vP(x): x=-=3or|x| =3.
Pi(x) APy(x): x=—3and |x| =3.
P (x) = Py(x): If x = -3, then |x| = 3.

For a specific real number x, the truth value of each resulting statement can be de-
termined. For example, ~ P;(—3) : —3 # —3 is a false statement; while each of the
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Example 2.8

remaining sentences above results in a true statement when x = —3. Both P (2) v P»(2)
and P;(2) A P>(2) are false statements. On the other hand, both ~ P;(2) and P,(2) =
P>(2) are true statements. In fact, for each real number x # —3, the implication P, (x) =
P>(x) is a true statement since P;(x) : x = —3 is a false statement. Thus, P;(x) = P>(x)
is true for all x € R. We will see that open sentences that result in true statements for all
values of the domain will be especially interesting to us.

Listed below are various ways of wording the implication P (x) = P>(x) :

If x = -3, then |x| = 3.
|x| =3 ifx = =3.
x = —3 implies that |x| = 3.
x = —3 only if |x| = 3.
x = —3 is sufficient for x| = 3.
|x| = 3 is necessary for x = —3. ¢

We now consider another example, this time from geometry. You may recall that a
triangle is called equilateral if the lengths of its three sides are the same, while a triangle
is isosceles if the lengths of any two of its three sides are the same. Figure 2.8 shows an
isosceles triangle 7} and an equilateral triangle 7,. Actually, since the lengths of any two
of the three sides of 7, are the same, 7 is isosceles as well. Indeed, this is precisely the
fact we wish to discuss.

For a triangle 7, let
P(T) : T isequilateral. and  Q(T) : T is isosceles.

Thus, P(T) and Q(T) are open sentences over the domain § of all triangles. Consider
the implication P(T) = Q(T), where the domain then of the variable T is the set S.
For an equilateral triangle 77, both P(T;) and Q(T}) are true statements and so P(T}) =
Q(Ty) is a true statement as well. If 7, is not an equilateral triangle, then P(73) is a
false statement and so P(T3) = Q(T>) is true regardless of the truth of P(73). Therefore,
P(T) = Q(T)is a true statement for all T € S. We now state P(T) = Q(T) in a variety
of ways:

If T is an equilateral triangle, then T is isosceles.

A triangle T is isosceles if T is equilateral.

A triangle T being equilateral implies that 7T is isosceles.

A triangle T is equilateral only if 7 is isosceles.

For a triangle T to be isosceles, it is sufficient that 7' be equilateral.

For a triangle T to be equilateral, it is necessary that T be isosceles. 4

Notice that at times we change the wording to make the statement or open sentence
sound better. In general, the statement or open sentence P in the implication P = Q is
commonly referred to as the hypothesis or premise of P = Q, while Q is called the
conclusion of P = Q.

It is often easier to deal with an implication when expressed in an “if, then” form.
This allows us to identify the hypothesis and conclusion more easily. Indeed, since
implications can be stated in a wide variety of ways (even in addition to those men-
tioned above), being able to reword an implication as “if, then” is especially useful. For
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Example 2.10

Solution
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Figure 2.8 Isosceles and equilateral triangles

example, the implication P(T) = Q(T) described in Example 2.8 can be encountered
in many ways, including the following:

Let T be an equilateral triangle. Then 7 is isosceles.
Suppose that T is an equilateral triangle. Then T is isosceles.
Every equilateral triangle is isosceles.

Whenever a triangle is equilateral, it is isosceles.

We now investigate the truth or falseness of implications involving open sentences
for values of their variables.

Let S = {2, 3,5} and let
P(n): n”* —n+1is prime. and Q(n): n—n+1is prime.

be open sentences over the domain S. Determine the truth or falseness of the implication
P(n) = Q(n) foreachn € S.
In this case, we have the following:

P(2): 3isprime. P(3): 7isprime. P(5): 21 is prime.;
02): Tisprime. Q(3): 25isprime. Q(5): 121 is prime.

Consequently, P(2) = Q(2) and P(5) = Q(5) are true, while P(3) = Q(3) is false. ¢
LetS={1,2}andlet T = {—1, 4}. Also, let
P(x,y): x4yl —lx =yl =2 and Q(x,y): ¥ =y*

be open sentences, where the domain of the variable x is S and the domain of y
is T. Determine the truth or falseness of the implication P(x,y) = Q(x,y) for all
(x,y) e SxT.
For (x,y) = (1, —1), we have

P(1,-1)= QO(1,—1): If2=2,then 1 = —1.
which is false. For (x, y) = (1, 4), we have

P(1,4) = Q(1,4): If2=2,then 1 =4.

which is also false. For (x, y) = (2, —1), we have

P2, —1)= 02, —1): f2=2,then 1 = 1.
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which is true; while for (x, y) = (2, 4), we have
P(2,4) = Q0(2,4): If 2 =4, then 32 = 16.

which is true. ¢

SECTION 2.5 EXERCISES

2.30.

2.31.

2.32.

2.33.

2.34.

Consider the open sentences P(n) : 5n + 3 is prime. and Q(n) : 7n + 1 is prime., both over the domain N.

(a) State P(n) = Q(n) in words.
(b) State P(2) = Q(2) in words. Is this statement true or false?
(c) State P(6) = Q(6) in words. Is this statement true or false?

In each of the following, two open sentences P(x) and Q(x) over a domain § are given. Determine the truth
value of P(x) = Q(x) for each x € S.

(@ Px):|xl=4; OQx):x=4; S=1{—-4,-3,1,4,5}.
(b) Px):x>=16; Q(x): |x| =4; S={—6,—4,0,3,4,8}.
) Px):x>3;, Ox):4x—1>12; §={0,2,3,4,6}.

In each of the following, two open sentences P(x) and Q(x) over a domain § are given. Determine all x € S
for which P(x) = Q(x) is a true statement.

() P(x):x—3=4; Qx):x>8; S=R.

) Px):x¥*>1; O(x):x>1; S=R.

(c) P(X):x*>1; O(x):x>1; S=N.

d) Px):xe[-1,2]; Q(x):x* <2; S=[-1,1].

In each of the following, two open sentences P(x, y) and Q(x, y) are given, where the domain of both x and y
is Z. Determine the truth value of P(x, y) = Q(x, y) for the given values of x and y.

(@) P(x,y): x> —y*> =0.and Q(x, y): x = y.
(x,y) e {(1,-1),(3,4),(5,5)}
(b) P(x,y): |x| = |yl and O(x, y): x = y.
(x,y) € {(1,2), (2, =2), (6, 6)}.
(c) P(x,y): x2 —|—y2 =1l.and Q(x,y): x+y=1.
(x,y) € {(1, =1),(=3,4), (0, —1), (1, 0)}.
Each of the following describes an implication. Write the implication in the form “if, then.”

(a) Any point on the straight line with equation 2y + x — 3 = 0 whose x-coordinate is an integer also has
an integer for its y-coordinate.

(b) The square of every odd integer is odd.

(c) Letn € Z. Whenever 3n + 7 is even, n is odd.

(d) The derivative of the function f(x) = cosxis f'(x) = —sinx.

(e) Let C be a circle of circumference 4. Then the area of C is also 4.
(f) The integer n® is even only if # is even.
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2.6 BICONDITIONALS

Example 2.11

For statements (or open sentences) P and (, the implication Q = P is called the
converse of P = Q. The converse of an implication will often be of interest to us, either
by itself or in conjunction with the original implication.

For the statements

Pi: 3isan odd integer. P, : 57 is prime.

the converse of the implication

P, = P,: If 3 is an odd integer, then 57 is prime.

is the implication
P, = Py: If 57 is prime, then 3 is an odd integer. ¢

For statements (or open sentences) P and Q, the conjunction
P=>0ANQ@=P)

of the implication P = Q and its converse is called the biconditional of P and Q and
is denoted by P < Q. For statements P and Q, the truth table for P < Q can therefore
be determined. This is given in Figure 2.9. From this table, we see that P < Q is true
whenever the statements P and Q are both true or are both false, while P < Q is false
otherwise. That is, P < Q is true precisely when P and Q have the same truth values.

P Q P30 Q=P P=20r0@=P)
T|T T T
T|F F T F
F|T T F F
FIF| T T T

P Q0 P& Q0
T| T T
T|F F
F| T F
F| F T

Figure 2.9  The truth table for a biconditional
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Example 2.12

Example 2.13

The biconditional P < Q is often stated as
P is equivalent to Q.
or
P if and only if Q.
or as
P is necessary and sufficient for Q.

For statements P and Q, it then follows that the biconditional “P if and only if Q" is true
only when P and Q have the same truth values.

The biconditional
3 is an odd integer if and only if 57 is prime.
is false; while the biconditional
100 is even if and only if 101 is prime.
is true. Furthermore, the biconditional
5 is even if and only if 4 is odd.

is also true. ¢

The phrase “if and only if”” occurs often in mathematics and we shall discuss this
at greater length later. For the present, we consider two examples involving statements
containing the phrase “if and only if.”
We noted in Example 2.7 that for the open sentences

Pi(x): x=—-3.and P,(x) : |x|] = 3.
over the domain R, the implication
Pi(x) = Py(x) : If x = =3, then |x| = 3.

is a true statement for each x € R. However, the converse

Pr(x) = Pi(x) : If |x] = 3, then x = —3.

is a false statement when x = 3 since P»(3) is true and P;(3) is false. For all other real
numbers x, the implication P»(x) = P;(x) is true. Therefore, the biconditional

Pi(x) & P,(x): x = —3if and only if |x| = 3.

is false when x = 3 and is true for all other real numbers x. ¢
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Example 2.14 For the open sentences

Example 2.15

Solution

Analysis

P(T) : T is equilateral. and Q(T) : T is isosceles.
over the domain S of all triangles, the converse of the implication
P(T) = Q(T) : If T is equilateral, then T is isosceles.
is the implication
O(T) = P(T) : If T is isosceles, then T is equilateral.

We noted that P(T') = Q(T) is a true statement for all triangles 7', while Q(T) = P(T)
is a false statement when 7 is an isosceles triangle that is not equilateral. On the other
hand, the second implication becomes a true statement for all other triangles 7'. There-
fore, the biconditional

P(T) < Q(T) : T is equilateral if and only if 7 is isosceles.

is false for all triangles that are isosceles and not equilateral, while it is true for all other
triangles 7. ¢

We now investigate the truth or falseness of biconditionals obtained by assigning to
a variable each value in its domain.

Let S = {0, 1, 4}. Consider the following open sentences over the domain S:
. n(+D@2ntl) -«
P(n): =——=—is odd.
on): (n+1Y> =n®+1.

Determine three distinct elements a,b,c in S such that P(a) = Q(a) is false,
Q(b) = P(b) is false and P(c) < Q(c) is true.

Observe that
P0): Oisodd. P(1): 1isodd. P(4): 30is odd.
000): 1=1. Q0): 8=2. Q@4): 125 =65.

Thus, P(0) and P(4) are false, while P(1) is true. Also, Q(1) and Q(4) are false, while
Q(0) is true. Thus, P(1) = Q(1) and Q(0) = P(0) are false, while P(4) < Q(4) is true.
Hence, we may takea = 1, b =0and ¢ = 4. ¢

Notice in Example 2.15 that both P(0) < Q(0) and P(1) < Q(1) are false bicondition-
als. Hence, the value 4 in S is the only choice for c. ¢
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SECTION 2.6 EXERCISES

2.35.
2.36.

2.37.

2.38.

2.39.

2.40.

2.41.

2.42.

2.43.

2.44.

Let P: 18 is odd. and Q : 25 is even. State P < Q in words. Is P < Q true or false?

Let P(x) : x is odd. and Q(x) : x? is odd. be open sentences over the domain Z. State P(x) < Q(x) in two
ways: (1) using “if and only if”” and (2) using “necessary and sufficient.”

For the open sentences P(x) : |[x — 3| < 1. and Q(x) : x € (2, 4). over the domain R, state the biconditional
P(x) < Q(x) in two different ways.

Consider the open sentences:
P(x) :x=—2.and Q(x) : x> = 4.

over the domain S = {—2, 0, 2}. State each of the following in words and determine all values of x € § for
which the resulting statements are true.

(@) ~Px) (b) P(x)VvOXx) () P)AQK) (d) Px)= Qx)
(e) Q) = P(x) (B P(x) & Q).

For the following open sentences P(x) and Q(x) over a domain S, determine all values of x € S for which
the biconditional P(x) < Q(x) is true.

(@ P@):|x|=4; O(x):x=4; §={—4,-3,1,4,5}.
(b) P(x):x>3; Ox):4x—1>12; $=1{0,2,3,4,6).
(©) P(x):x*=16; Q(x):x* —4x=0; S={—6,—-4,0,3,4,8}.

In each of the following, two open sentences P(x, y) and Q(x, y) are given, where the domain of both x and
y is Z. Determine the truth value of P(x, y) < QO(x, y) for the given values of x and y.

(@) P(x,y): x> —y*=0.and Q(x,y): x = y.
(x,y) € {(1,-1),(3,4), (5,5}

(b) P(x,y): |x| = |yl. and O(x, y): x = y.
(x,y) € {(1,2), (2, =2), (6, 6)}.

(©) P(x,y):x*+y*=1.and Q(x,y): x+y = 1.
(x, ) € {(1, =1), (=3,4), (0, =1), (1, 0)}.

Determine all values of n in the domain S = {1, 2, 3} for which the following is a true statement:
A necessary and sufficient condition for ”3% to be even is that "2% is odd.

Determine all values of n in the domain S = {2, 3, 4} for which the following is a true statement:

. - . . <6 n(ntl
The integer % is odd if and only if %

Let S = {1, 2, 3}. Consider the following open sentences over the domain S:

is even.

P(n): ) 5 odd.
Q(I’l) 2]1—2+3i1—2+6n—2 > (25)n—1

Determine three distinct elements a, b, ¢ in S such that P(a) = Q(a) is false, Q(b) = P(b) is false and
P(c) & Q(c) is true.

Let S = {1, 2, 3, 4}. Consider the following open sentences over the domain S:

P(n): @ is even.
Q(n): 2% — (=2)"%is even.
R(n): 5"~! 4 2" is prime.



2.7 Tautologies and Contradictions 57

Determine four distinct elements a, b, ¢, d in S such that

(1) P(a) = Q(a)isfalse; (i) Q(b) = P(b) is true;
(iii) P(c) & R(c)istrue; (iv) Q(d) < R(d) is false.

2.45. Let P(n): 2" — 1 is a prime. and Q(n): n is a prime. be open sentences over the domain
S =1{2,3,4,5,6, 11}. Determine all values of n € S for which P(n) < Q(n) is a true statement.

2.7 TAUTOLOGIES AND CONTRADICTIONS

Example 2.16

The symbols ~, Vv, A, = and < are sometimes referred to as logical connectives. From
given statements, we can use these logical connectives to form more intricate statements.
For example, the statement (P Vv Q) A (P V R) is a statement formed from the given
statements P, Q and R and the logical connectives v and A. Wecall (PV Q) A (PV R)a
compound statement. More generally, a compound statement is a statement composed
of one or more given statements (called component statements in this context) and
at least one logical connective. For example, for a given component statement P, its
negation ~ P is a compound statement.

The compound statement P Vv (~ P), whose truth table is given in Figure 2.10, has
the feature that it is true regardless of the truth value of P.

P ~P Pv(~P)
T| F T
F| T T

Figure 2.10  An example of a tautology
A compound statement S is called a tautology if it is true for all possible combina-

tions of truth values of the component statements that comprise S. Hence, P \V (~ P) is
a tautology.

For statements P and Q, the compound statement (~ Q) V (P = Q) is a tautology, as is

verified in the truth table shown in Figure 2.11. ¢
P QO ~0 P=0 (~QvP=0)
T| T| F T T
TIF| T F T
F|T| F T T
F|F| T T T

Figure 2.11  Verifying that (~ Q) Vv (P = Q) is a tautology

Letting

Py:3isodd. and P, : 57 is prime.
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we see that not only is
57 is not prime, or 57 is prime if 3 is odd.

a true statement, but (~ P,) vV (P} = P,) is true regardless of which statements P; and
P, are being considered.

On the other hand, a compound statement S is called a contradiction if it is false for
all possible combinations of truth values of the component statements that are used to
form S. The statement P A (~ P) is a contradiction, as is shown in Figure 2.12. Hence,
the statement

3 is odd and 3 is not odd.
is false.
P ~P PA(~P)
F
F

Figure 2.12  An example of a contradiction

Example 2.17 For statements P and Q, the compound statement

Example 2.18

Solution

PAQN(Q=(~P)

is a contradiction, which is verified in the truth table shown in Figure 2.13. ¢

P Q ~P PAQ QO=~P (PANOAN@=~P)
T T F

o8|
S | 3|4 |
S |33

F F F
T F F
F F F

Figure 2.13  Verifying that (P A Q) A (Q = (~ P)) is a contradiction

Indeed, if a compound statement S is a tautology, then its negation ~ S is a
contradiction.

For statements P and Q, determine whether the compound statement
PAD)= (PVO)
is a tautology, a contradiction or neither.

The truth table in Figure 2.14 shows that the compound statement (P A Q) = (P V Q)
is a tautology. ¢
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PIO[PAQ[PVO]| (PAQ) = (PVO)
T|T| T T T
T|F| F T T
F|T| F T T
F|F| F F T

Figure 2.14  Verifying that (P A Q) = (P Vv Q) is a tautology

Example 2.19 For statements P and Q, determine whether the compound statement

PA(~Q))e P=0)
is a tautology, a contradiction or neither.

Solution The truth table in Figure 2.15 shows that the compound statement (P A (~ Q)) <
(P = Q) is a contradiction. ¢

PlOQ|~Q|PANC~Q) | P=0 | PA(~QD) & P=0)
T|T| F F T F
T/ F| T T F F
F|T| F F T F
FIF|[ T F T F

Figure 2.15  Verifying that (P A (~ Q)) < (P = Q) is a contradiction

SECTION 2.7 EXERCISES

2.46.
247.
2.48.

2.49.

2.50.

2.51.

2.52.

For statements P and Q, show that P = (P Vv Q) is a tautology.
For statements P and Q, show that (P A (~ Q)) A (P A Q) and (P =~ Q) A (P A Q) are contradictions.

For statements P and Q, show that (P A (P = Q)) = Q is a tautology. Then state (P A (P = Q)) = Qin
words. (This is an important logical argument form, called modus ponens.)

For statements P, Q and R, show that (P = Q) A (Q = R)) = (P = R) is a tautology. Then state this
compound statement in words. (This is another important logical argument form, called syllogism.)

Let R and S be compound statements involving the same component statements. If R is a tautology and S is
a contradiction, then what can be said of the following?

(@ RvS ®GBYRAS ()R=S W S=R

For statements P and Q, determine whether the compound statement
(PV Q)V (Q = P)is atautology, a contradiction or neither.

For statements P and Q, determine whether the compound statement
((P= Q)= P)= (P = (Q = P))is a tautology, a contradiction or neither.
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2.8 LOGICAL EQUIVALENCE

Figure 2.16 shows a truth table for the two statements P = Q and (~ P) Vv Q. The cor-
responding columns of these compound statements are identical; in other words, these
two compound statements have exactly the same truth value for every combination of
truth values of the statements P and Q. Let R and S be two compound statements involv-
ing the same component statements. Then R and S are called logically equivalent if R
and S have the same truth values for all combinations of truth values of their component
statements. If R and S are logically equivalent, then this is denoted by R = S. Hence,
P = Qand (~ P) Vv Q are logically equivalentand so P = Q = (~ P) v Q.

P Q ~P P=Q (~P)vQ
T|T| F T T
T|F| F F F
F|T| T T T
F|F| T T T

Figure 2.16  Verificationof P = Q= (~P) Vv Q

Another, even simpler example of logical equivalence concerns P A Q and Q A P.
That P A Q = Q A P is verified in the truth table shown in Figure 2.17.

P QO PAQ ONP
T|T T

T|F F F
F| T F F
F| F F F

Figure 2.17  Verificationof PAQ=Q AP

What is the practical significance of logical equivalence? Suppose that R and S are
logically equivalent compound statements. Then we know that R and S have the same
truth values for all possible combinations of truth values of their component statements.
But this means that the biconditional R < S is true for all possible combinations of
truth values of their component statements and hence R < S is a tautology. Conversely,
if R & S is a tautology, then R and S are logically equivalent.

Let R be a mathematical statement that we would like to show is true and suppose
that R and some statement S are logically equivalent. If we can show that S is true, then
R is true as well. For example, suppose that we want to verify the truth of an implica-
tion P = Q. If we can establish the truth of the statement (~ P) Vv Q, then the logical
equivalence of P = Q and (~ P) Vv Q guarantees that P = Q is true as well.
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Theorem 2.21
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Let’s return to Example 2.6 and whether a certain mathematics instructor kept her promise
that

If you earn an A on the final exam, then you will receive an A for the final grade.

We need only know that the student did not receive an A on the final exam or the student
received an A as a final grade to see that the instructor kept her promise. ¢

Since the logical equivalence of P = Q and (~ P) Vv Q, verified in Figure 2.16, is
especially important and we will have occasion to use this fact often, we state it as a
theorem.

Let P and Q be two statements. Then
P=Qand(~P)VvQ

are logically equivalent.

Let’s return to the truth table in Figure 2.17, where we showed that P A Qand Q A P
are logically equivalent for any two statements P and Q. In particular, this says that

P=0ANQ@=Pand(Q=P)N(P=0Q)

are logically equivalent. Of course, (P = Q) A (Q = P) is precisely what is called the
biconditional of P and Q. Since (P = Q) A (Q = P)and (Q = P) A (P = Q) are log-
ically equivalent, (Q = P) A (P = Q) represents the biconditional of P and Q as well.
Since Q = P can be written as “P if Q” and P = Q can be expressed as “P only if Q,”
their conjunction can be written as “P if Q and P only if Q" or, more simply, as

P if and only if Q.

Consequently, expressing P < Q as “P if and only if Q” is justified. Furthermore, since
Q = P can be phrased as “P is necessary for O and P = Q can be expressed as “P
is sufficient for Q,” writing P < Q as “P is necessary and sufficient for Q” is likewise
justified.

SECTION 2.8 EXERCISES

2.53. For statements P and Q, the implication (~ P) = (~ Q) is called the inverse of the implication of P = Q.

(a) Use a truth table to show that these implications are not logically equivalent.

(b) Find another implication that is logically equivalent to (~ P) = (~ Q) and verify your answer.
2.54. Let P and Q be statements.

(a) Is~ (PV Q) logically equivalent to (~ P) Vv (~ Q)? Explain.

(b) What can you say about the biconditional ~ (P Vv Q) < ((~ P) vV (~ Q))?

2.55. For statements P, Q and R, use a truth table to show that each of the following pairs of statements are
logically equivalent.
(@ PANQ)& PandP = 0.
b) P=(Q@VR)and (~ Q)= ((~P)VR).
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2.56. For statements P and Q, show that (~ Q) = (P A (~ P)) and Q are logically equivalent.
2.57. For statements P, Q and R, show that (P vV Q) = R and (P = R) A (Q = R) are logically equivalent.

2.58. Two compound statements S and T are comprised of the same component statements P, Q and R. If Sand T
are not logically equivalent, then what can we conclude from this?

2.59. Five compound statements S, Sz, S3, S4 and S5 are all comprised of the same component statements P and
QO whose truth tables have identical first and fourth rows. Show that at least two of these five statements are
logically equivalent.

2.9 SOME FUNDAMENTAL PROPERTIES
OF LOGICAL EQUIVALENCE

It probably comes as no surprise that the statements P and ~ (~ P) are logically equiv-
alent. This fact is verified in Figure 2.18.

P ~P ~ (~ P)
T| F T

F T F

Figure 2.18  Verification of P = ~ (~ P)

We mentioned in Figure 2.17 that, for two statements P and Q, the statements P A Q
and Q A P are logically equivalent. There are other fundamental logical equivalences that
we often encounter as well.

Theorem 2.22  For statements P, Q and R,

1. Commutative Laws
(a) PvQ=QVP
b) PAQ=QAP.
2. Associative Laws
(@) PVv(OVR)=(PVQO) VR
b) PAN(OAR)=(PAQ)AR
3. Distributive Laws
(@) PV(OAR)=(PVQO)A(PVR).
b) PN(OVR) =P AQ)V (PAR).
4. De Morgan’s Laws
(@ ~PVO)=(~P)A(~0O).
b)) ~PAQ)=(~P)V(~0O).

Each part of Theorem 2.22 can be verified by means of a truth table. We have al-
ready established the commutative law for conjunction (namely P A Q = Q A P) in Fig-
ure 2.17. In Figure 2.19 P v (Q AR) = (P Vv Q) A (P V R) is verified by observing that
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Example 2.24

2.9  Some Fundamental Properties of Logical Equivalence 63

the columns corresponding to the statements PV (Q AR) and (P V Q) A (P V R) are
identical.

P 0 R QAR PvQ PVR PV(QAR) @PVOAPVRER)

T T|T| T T T T T
TIT|F| F T T T T
T|F|T| F T T T T
TIF|F| F T T T T
FIT|T| T T T T T
FIT|F| F T F F F
F|F|T| F F T F F
FI|F|F| F F F F F

Figure 2.19  Verification of the distributive law PV (QAR)= (PV Q) A (P V R)

The laws given in Theorem 2.22 together with other known logical equivalences
can be used to good advantage at times to prove other logical equivalences (without
introducing a truth table).

Suppose that we are asked to verify

~P=>Q=PA(~0Q)

for every two statements P and Q. Using the logical equivalence of P = Q and
(~ P) v Q from Theorem 2.21 and Theorem 2.22(4a), we see that

~P=0=~((~P)VO) = (~(“POAN(~ Q) =PA(~0), 2.1
implying that the statements ~ (P = Q) and P A (~ Q) are logically equivalent, which
we alluded to earlier. ¢

It is important to keep in mind what we have said about logical equivalence. For
example, the logical equivalence of P A Q and Q A P allows us to replace a statement
of the type P A Q by O A P without changing its truth value. As an additional example,
according to De Morgan’s Laws in Theorem 2.22, if it is not the case that an integer a is
even or an integer b is even, then it follows that a and b are both odd.

Using the second of De Morgan’s Laws and (2.1), we can establish a useful logically
equivalent form of the negation of P <> O by the following string of logical equivalences:

~P&Q=~((P=>QAQ=P)
=(~P=>Q)V(~(Q=P)
=(PA(~Q)VQA(~P). &
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What we have observed about the negation of an implication and a biconditional is

repeated in the following theorem.

Theorem 2.25 For statements P and Q,

Example 2.26

(a) ~P=Q)=PA(~0Q).
(b) ~ (P Q) =PA(~Q)VQA(~P)).

If you earn an A on the final exam, then you will receive an A for your final grade.

If this instructor was not truthful, then it follows by Theorem 2.25(a) that

You earned an A on the final exam and did not receive A as your final grade.

Suppose, on the other hand, that the mathematics instructor had said:

If you earn an A on the final exam, then you will receive an A for the final grade

— and that’s the only way that you will get an A for a final grade.

If this instructor was not truthful, then it follows by Theorem 2.25(b) that

Either you earned an A on the final exam and didn’t receive A as your final grade
or you received an A for your final grade and you didn’t get an A on the final

exam.

SECTION 2.9 EXERCISES

2.60

2.61.

2.62.

2.63.

2.64.

Verify the following laws stated in Theorem 2.22:
(a) Let P, Q and R be statements. Then

PV (QAR)and (PV Q) A (P V R) are logically equivalent.
(b) Let P and Q be statements. Then

~ (P v Q)and (~ P) A (~ Q) are logically equivalent.

Write negations of the following open sentences:
(a) Eitherx =0o0ry=0.
(b) The integers a and b are both even.
Consider the implication: If x and y are even, then xy is even.

(a) State the implication using “only if.”

(b) State the converse of the implication.

(c) State the implication as a disjunction (see Theorem 2.21).

(d) State the negation of the implication as a conjunction (see Theorem 2.25(a)).

For a real number x, let P(x) : x2 = 2. and Q(x) : x = +/2. State the negation of the biconditional P < Q in

words (see Theorem 2.25(b)).
Let P and Q be statements. Show that [(P vV Q)A ~ (P A Q)] =~ (P & Q).

Once again, let’s return to what the mathematics instructor in Example 2.6 said:
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2.65. Let n € Z. For which implication is its negation the following?
The integer 3n + 4 is odd and 57 — 6 is even.

2.66. For which biconditional is its negation the following?

n3 and 7n + 2 are odd or #? and 7n + 2 are even.

2.10 QUANTIFIED STATEMENTS

Example 2.27

We have mentioned that if P(x) is an open sentence over a domain S, then P(x) is a
statement for each x € S. We illustrate this again.

IfS=1{1,2,---,7}, then

202+ 54 (—1)"
P(n) : n—i—f—i—() is prime.

is a statement for each n € S. Therefore,

P(1): 3is prime.
P(2): 7 is prime.
P(3): 11 is prime.
P(4): 19 is prime.

are true statements; while

P(5): 27 is prime.
P(6): 39 is prime.
P(7): 51 is prime.

are false statements. ¢

There are other ways that an open sentence can be converted into a statement,
namely by a method called quantification. Let P(x) be an open sentence over a domain
S. Adding the phrase “For every x € §” to P(x) produces a statement called a quanti-
fied statement. The phrase “for every” is referred to as the universal quantifier and is
denoted by the symbol V. Other ways to express the universal quantifier are “for each”
and “for all.” This quantified statement is expressed in symbols by

Vx € S, P(x) 2.2)
and is expressed in words by
For every x € S, P(x). 2.3)

The quantified statement (2.2) (or (2.3)) is true if P(x) is true for every x € S; while the

quantified statement (2.2) is false if P(x) is false for at least one element x € S.
Another way to convert an open sentence P(x) over a domain S into a statement

through quantification is by the introduction of a quantifier called an existential quanti-

EEIRT3

fier. Each of the phrases “there exists,” “there is,” “for some,” and “for at least one” is
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Example 2.28

referred to as an existential quantifier and is denoted by the symbol 3. The quantified
statement

dx € S, P(x) 2.4)
can be expressed in words by
There exists x € S such that P(x). (2.5)

The quantified statement (2.4) (or (2.5)) is true if P(x) is true for at least one element
x € §; while the quantified statement (2.4) is false if P(x) is false for all x € S.

‘We now consider two quantified statements constructed from the open sentence we
saw in Example 2.27.

For the open sentence

202 + 54+ (—1)"
Pn): Hf—i_() is prime.

over the domain S = {1, 2, - - -, 7}, the quantified statement

2t + 54 (1)

Vn € S, P(n): Foreveryn € S, >

is prime.

is false since P(5) is false, for example; while the quantified statement

202 + 54+ (—1)"
dn € S, P(n): There exists n € S such that Hf—i_() is prime.

is true since P(1) is true, for example. ¢

The quantified statement Vx € S, P(x) can also be expressed as
If x € S, then P(x).
Consider the open sentence P(x) : x% > 0. over the set R of real numbers. Then
Vx € R, P(x)
or, equivalently,
VxeR,x2>0
can be expressed as
For every real number x, x> > 0.
or
If x is a real number, then x2 > 0.
as well as

The square of every real number is nonnegative.
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In general, the universal quantifier is used to claim that the statement resulting from
a given open sentence is true when each value of the domain of the variable is assigned
to the variable. Consequently, the statement Vx € R, x2 > 0 is true since x2 > 0 is true
for every real number x.

Suppose now that we were to consider the open sentence Q(x) : x> < 0. The state-
ment Vx € R, Q(x) (that is, for every real number x, we have x% < 0) is false since, for
example, Q(1) is false. Of course, this means that its negation is true. If it were not
the case that for every real number x, we have x2 < 0, then there must exist some real
number x such that x> > 0. This negation

There exists a real number x such that x*> > 0.

can be written in symbols as

IxeR,x*>0 or Ix e R, ~ Q(x).
More generally, if we are considering an open sentence P(x) over a domain S, then

~ VxeS§ Px)=3xe S, ~ PXx).
Suppose that we are considering the set A = {1, 2, 3} and its power set P(A), the set of
all subsets of A. Then the quantified statement

For every set B € P(A),A — B # (. (2.6)

is false since for the subset B=A = {1, 2, 3}, we have A — B = (J. The negation of the
statement (2.6) is

There exists B € P(A) such that A — B = {J. 2.7)

The statement (2.7) is therefore true since for B=A € P(A), we have A — B = (J. The
statement (2.6) can also be written as

IfBC A, thenA —B # 0. 2.8)

Consequently, the negation of (2.8) can be expressed as
There exists some subset B of A suchthat A — B = (. ¢

The existential quantifier is used to claim that at least one statement resulting from
a given open sentence is true when the values of a variable are assigned from its domain.
We know that for an open sentence P(x) over adomain S, the quantified statement 3x € S,
P(x) is true provided P(x) is a true statement for at least one element x € S. Thus, the
statement 3x € R, x> > 0 is true since, for example, x> > 0 is true for x = 1.

The quantified statement

dxeR, 3x=12

is therefore true since there is some real number x for which 3x = 12, namely x = 4 has
this property. (Indeed, x = 4 is the only real number for which 3x = 12.) On the other
hand, the quantified statement

dneZ 4n—1=0
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Example 2.30

Example 2.31

is false as there is no integer n for which 4n — 1 = 0. (Of course, 4n — 1 = 0 when
n = 1/4, but 1/4 is not an integer.)

Suppose that Q(x) is an open sentence over a domain S. If the statement 3x € S, Q(x)
is not true, then it must be the case that for every x € S, Q(x) is false. That is,

~@Axe S 0x)=VVxeSs, ~ Q0x)

is true. We illustrate this with a specific example.

The following statement contains the existential quantifier.
There exists a real number x such that x> = 3. (2.9)

If we let P(x) : x> = 3, then (2.9) can be rewritten as 3x € R, P(x). The statement (2.9)
is true since P(x) is true when x = V3 (or when x = —\/§). Hence, the negation of (2.9)
is:

For every real number x, x> # 3. (2.10)

The statement (2.10) is therefore false. ¢

Let P(x, y) be an open sentence, where the domain of the variable x is S and the
domain of the variable y is 7. Then the quantified statement

Forallx e Sandy € T, P(x, y).
can be expressed symbolically as
Vxe S, VyeT, P(x,y). (2.11)
The negation of the statement (2.11) is

~NVxeSVyeT, Px,y))=3xeS, ~VyeT, P(x,Yy))
=3dxeS,IyeT, ~Px,y). (2.12)

We now consider examples of quantified statements involving two variables.

Consider the statement
For every two real numbers x and y, x> + y> > 0. 2.13)
If we let

P(x,y): xz—i—yzzO

where the domain of both x and y is R, then statement (2.13) can be expressed as
Vx e R,Vy e R, P(x,y) 2.14)

or as

Vy e R,Vx e R, P(x,y)
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or as
Vx,y € R, P(x,y)orVy,x € R, P(x,y)

since quantifiers of the same type commute. Since x> > 0 and y? > 0 for all real numbers
x and y, it follows that x4 y2 > 0 and so P(x, y) is true for all real numbers x and y.
Thus, the quantified statement (2.14) is true.

The negation of statement (2.14) is therefore

~WxeR,VyeR, Px,y))=Ixe R,Iy e R, ~ P(x,y)

=3dx,ye R, ~ P(x,y), 2.15)

which, in words, is
There exist real numbers x and y such that x> 4+ y> < 0. (2.16)
The statement (2.16) is therefore false. ¢

For an open sentence containing two variables, the domains of the variables need
not be the same.
Consider the statement
Forevery s € Sandt € T, st 4+ 2 is a prime. 2.17)
where the domain of the variable s is S = {1, 3, 5} and the domain of the variable ¢ is
T = {3, 9}. If we let
O(s,t): st +21is aprime.

then the statement (2.17) can be expressed as
Vse S, Vt €T, Q(s,1). (2.18)
Since all of the statements
0(,3): 1-34+2isaprime. Q(3,3): 3-3+2isaprime.
0(5,3): 5-34 2is aprime.
0(1,9): 1-942isaprime. @(3,9): 3-9+2isaprime.
0(05,9): 5-9+ 2isaprime.
are true, the quantified statement (2.18) is true.
As we saw in (2.12), the negation of the quantified statement (2.18) is
~WVseSVteT, Q(s,t))=3se€ S, eT, ~O(,t)
and so the negation of (2.17) is
There exist s € S and ¢ € T such that st 4 2 is not a prime. (2.19)

The statement (2.19) is therefore false. ¢
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Example 2.34

Again, let P(x, y) be an open sentence, where the domain of the variable x is S and
the domain of the variable y is 7. The quantified statement

There exist x € S and y € T such that P(x, y).

can be expressed in symbols as

dxe S, IyeT, Px,y) or yeT,Ix e S, P(x,y) (2.20)
or as

IxeS,yeT, Plx,y) or dyeT,xeS, P(x,y).
The negation of the statement (2.20) is then

~@3xeS,yeT, Px,y)=VxeS, ~@3yeT, P(x,y))
=VxeS VyeT, ~Px,y). (2.21)

We now illustrate this situation.
Consider the open sentence
R(s,t): |s—=1]+t =2 <2

where the domain of the variable s is the set S of even integers and the domain of the
variable ¢ is the set 7 of odd integers. Then the quantified statement

ds e S,3r e T,R(s, 1) 2.22)
can be expressed in words as

There exist an even integer s and an odd integer ¢ such that |s — 1| + |t — 2| < 2.

Since R(2, 3): 1+ 1 < 2is true, the quantified statement (2.23) is true. 229
The negation of (2.22) is therefore
~@3seS,HeT, R(s,t))=VseS,VteT, ~R(s,t) 2.24)
and so the negation of (2.22), in words, is
For every even integer s and every odd integer ¢, |s — 1| + |t — 2| > 2. (2.25)
The quantified statement (2.25) is therefore false. ¢

In the next two examples of negations of quantified statements, De Morgan’s laws
are also used.

The negation of
For all integers a and b, if ab is even, then a is even and b is even.
is

There exist integers a and b such that ab is even and a or b is odd. ¢
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LetA = {+/2, 7} and B = {—/2, /3, ¢}. The negation of
There exists a rational number r such that r € A or r € B.
is
For every rational number r,both r ¢ Aand r ¢ B. ¢

Quantified statements may contain both universal and existential quantifiers. While
we present examples of these now, we will discuss these in more detail in Section 8.2.
Consider the open sentence
P(a,b): ab=1.

where the domain of both a and b is the set Q* of positive rational numbers. Then the
quantified statement

VYa € Q",3b € QF, P(a, b). (2.26)

can be expressed in words as

For every positive rational number a, there exists
a positive rational number b such that ab = 1.

It turns out that the quantified statement (2.26) is true. If we replace Q* by R, then we
have

Va € R,3b € R, P(a, D). 2.27)
The negation of this statement is

~((aeR,3beR,Pa, b)) =3acR, ~ @beR,Pa,b))
=3a e R, Vb e R, ~ P(a,b),

which, in words, says that
There exists a real number a such that for every real number b, ab # 1.

This negation is true since for a = 0 and every real number b, ab = 0 # 1. Thus, the
quantified statement (2.27) is false. ¢

Consider the open sentence
O(a, b): abis odd.

where the domain of both a and b is the set N of positive integers. Then the quantified
statement

da e N,Vb e N, O(a, b), (2.28)
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expressed in words, is
There exists a positive integer a such that for every positive integer b, ab is odd.

The statement (2.28) turns out to be false. The negation of (2.28), in symbols, is

~ (da € N,VYb € N, QO(a,b)) =Va € N,~ (Vb € N, O(a, b))
=VYaeN,3b e N, ~ O(a,b).

In words, this says
For every positive integer a, there exists a positive integer b such that ab is even.
This statement, therefore, is true. ¢

Suppose that P(x, y) is an open sentence, where the domain of x is § and the domain
of y is T'. Then the quantified statement

VxeS§,dyeT, Px,y)

is true if 3y € T, P(x, y) is true for each x € S. This means that for every x € S, there is
some y € T for which P(x, y) is true.

Consider the open sentence
P(x,y): x -+ yis prime,

where the domain of x is S = {2, 3} and the domain of y is 7 = {3, 4}. The quantified
statement

Vx € S, Ely € T,P(X,y)v

expressed in words, is
For every x € S, there exists y € T such that x 4 y is prime.
This statement is true. For x = 2, P(2, 3) is true and for x = 3, P(3, 4) is true. ¢

While two quantifiers of the same type commute, this is not the case for quantifiers
of a different type.

Once again, consider the open sentence
P(x,y): x -+ yis prime,

where the domain of x is S = {2, 3} and the domain of y is T = {3, 4}. Here, we consider
the quantified statement

dyeT,Vx e, P(x,y), (2.29)
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which, expressed in words, is
There exists some y € T such that x + y is prime for every x € S.

The statement is false, however, for if y = 3, then for x = 3, x + y = 6 is not prime.
Also, for y = 4, it follows for x = 2 that x + y = 6 is not prime. Hence, the quantified
statement (2.29) is false. ¢

Suppose that Q(x, y) is an open sentence, where S is the domain of x and T is the
domain of y. The quantified statement
Ixe S, VyeT,Qx,y)
is true if Yy € T, Q(x, y) is true for some x € S. This means that for some element x in
S, the open sentence Q(x, y) istrue forally € T.
Example 2.40 Consider the open sentence
O(x,y): x+ yis prime,
where the domain of x is S = {3, 5, 7} and the domain of y is T = {2, 6, 8, 12}. The
quantified statement
Ax e S, Vy eT, O, y), (2.30)

expressed in words, is
There exists some x € S such that for every y € T, x + y is prime.

For x = 5, all of the numbers 5 + 2,5 + 6,5 + 8 and 5 4 12 are prime. Consequently,
the quantified statement (2.30) is true. ¢

Let’s review symbols that we have introduced in this chapter:

negation (not)

disjunction (or)

conjunction (and)

implication

biconditional

universal quantifier (for every)
existential quantifier (there exists)

w<g | ><2

SECTION 2.10 EXERCISES

2.67. Let S denote the set of odd integers and let
P(x): x>+ liseven. and Q(x): x* is even.
be open sentences over the domain S. State Vx € S, P(x) and 3x € S, Q(x) in words.

2.68. Define an open sentence R(x) over some domain S and then state Vx € S, R(x) and 3x € S, R(x) in words.
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2.69. State the negations of the following quantified statements, where all sets are subsets of some universal
set U:
(a) ForeverysetA,ANA = 0.
(b) There exists a set A such that A C A.

2.70. State the negations of the following quantified statements:

(a) For every rational number r, the number 1/r is rational.
(b) There exists a rational number r such that 72 = 2.

2.71. Let P(n): (5n — 6)/3 is an integer. be an open sentence over the domain Z. Determine, with explanations,
whether the following statements are true:

(@) YneZ,P(n). (b) IneZ, P(n).
2.72. Determine the truth value of each of the following statements.
@IxeRx¥>—x=0. OB)VneNn+1=>2.
©VreR Va2=x. (d)IreQ,3x*—-27=0.
eIxeR, IyeRx+y+3=8 @HVx,yeR x+y+3=8.
(@I, yeR ¥+’ =9. (WVxeR VyeR ¥4y =09.
2.73. The statement
For every integer m, either m < 1 or m*> > 4.
can be expressed using a quantifier as:
VmeZ,m<1orm>>4.
Do this for the following two statements.

(a) There exist integers a and b such that bothab < 0 anda + b > 0.
(b) For all real numbers x and y, x # y implies that x> 4+ y> > 0.
(c) Express in words the negations of the statements in (a) and (b).
(d) Using quantifiers, express in symbols the negations of the statements in both (a) and (b).
2.74. Let P(x) and Q(x) be open sentences where the domain of the variable x is S. Which of the following
implies that (~ P(x)) = Q(x) is false for some x € S?
(a) P(x) A Q(x) is false for all x € S.
(b) P(x)is true for all x € S.
(c) Q(x)istrue forallx € S.
(d) P(x)V Q(x) is false for some x € S.
(e) P(x) A (~ Q(x)) is false for all x € S.
2.75. Let P(x) and Q(x) be open sentences where the domain of the variable x is 7. Which of the following
implies that P(x) = Q(x) is true for all x € T?
(@) P(x) A Q(x)is false forallx € T.
(b) Q(x)istrueforallx € T.
(c) P(x)isfalse forallx € T.
(d) P(x) A (~ (Q(x)) is true for some x € T.
(e) P(x)istrueforallx e T.
) (~ Px)) A (~ Qx))is false forallx € T.

2.76. Consider the open sentence

P(x,y,2): (x— 124+ —224(z—2)*>0.



2.77.

2.78.

2.79.

2.80.

2.81.
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where the domain of each of the variables x, y and z is R.

(a) Express the quantified statement Vx € R, Vy € R, Vz € R, P(x, y, z) in words.
(b) Is the quantified statement in (a) true or false? Explain.

(c) Express the negation of the quantified statement in (a) in symbols.

(d) Express the negation of the quantified statement in (a) in words.

(e) Is the negation of the quantified statement in (a) true or false? Explain.

Consider the quantified statement
Forevery s € Sandt € S, st — 2 is prime.

where the domain of the variables s and 7 is § = {3, 5, 11}.

(a) Express this quantified statement in symbols.

(b) Is the quantified statement in (a) true or false? Explain.

(c) Express the negation of the quantified statement in (a) in symbols.

(d) Express the negation of the quantified statement in (a) in words.

(e) Is the negation of the quantified statement in (a) true or false? Explain.

75

Let A be the set of circles in the plane with center (0, 0) and let B be the set of circles in the plane with

center (1, 1). Furthermore, let
P(Cy, Gy): C; and G, have exactly two points in common.

be an open sentence where the domain of C; is A and the domain of C; is B.
(a) Express the following quantified statement in words:
VC, € A,3C, € B, P(Cy, ().

(b) Express the negation of the quantified statement in (2.31) in symbols.
(c) Express the negation of the quantified statement in (2.31) in words.

(2.31)

For a triangle T, let r(T") denote the ratio of the length of the longest side of T to the length of the smallest

side of T. Let A denote the set of all triangles and let
P(N, T): r(T12) = r(Th).
be an open sentence where the domain of both 7; and 75 is A.
(a) Express the following quantified statement in words:
ATy € A,VT, € A, P(Th, T).

(b) Express the negation of the quantified statement in (2.32) in symbols.
(c) Express the negation of the quantified statement in (2.32) in words.

(2.32)

Consider the open sentence P(a, b): a/b < 1. where the domain of a is A = {2, 3, 5} and the domain of

bis B = (2,4, 6).

(a) State the quantified statement Ya € A, 3b € B, P(a, b) in words.
(b) Show the quantified statement in (a) is true.

Consider the open sentence Q(a, b): a — b < 0. where the domain of a is A = {3, 5, 8} and the domain of

bis B = 3,6, 10}.

(a) State the quantified statement 3b € B, Va € A, Q(a, b) in words.
(b) Show the quantified statement in (a) is true.
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2.11 CHARACTERIZATIONS

Example 2.41

Let’s return to the biconditional P < Q. Recall that P < Q represents the compound
statement (P = Q) A (Q = P). Earlier, we described how this compound statement can
be expressed as

P if and only if Q.

Many mathematicians abbreviate the phrase “if and only if”” by writing “iff.” Although
“iff” is informal and, of course, is not a word, its use is common and you should be
familiar with it.

Recall that whenever you see

P if and only if Q.
or
P is necessary and sufficient for Q.
this means
If P then Q and if Q then P.
Suppose that

P(x):x=-3and Q(x) : [x]| =3,
where x € R. Then the biconditional P(x) < Q(x) can be expressed as
x = —3 if and only if |x| = 3.
or
x = —3 is necessary and sufficient for |x| = 3.
or, perhaps better, as
x = —3 is a necessary and sufficient condition for |x| = 3.

Let’s now consider the quantified statement Vx € R, P(x) < Q(x). This statement
is false because P(3) < Q(3) is false. ¢

Suppose that some concept (or object) is expressed in an open sentence P(x) over
a domain S and Q(x) is another open sentence over the domain S concerning this con-
cept. We say that this concept is characterized by Q(x) if Vx € S, P(x) < Q(x)is a true
statement. The statement Vx € S, P(x) < Q(x) is then called a characterization of this
concept. For example, irrational numbers are defined as real numbers that are not ratio-
nal and are characterized as real numbers whose decimal expansions are nonrepeating.
This provides a characterization of irrational numbers:

A real number r is irrational if and only if r has a nonrepeating decimal expansion.
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We saw that equilateral triangles are defined as triangles whose sides are equal. They
are characterized, however, as triangles whose angles are equal. Therefore, we have the
characterization:

A triangle T is equilateral if and only if T has three equal angles.

You might think that equilateral triangles are also characterized as those triangles having
three equal sides but the associated biconditional:

A triangle T is equilateral if and only if 7" has three equal sides.

is not a characterization of equilateral triangles. Indeed, this is the definition we gave of
equilateral triangles. A characterization of a concept then gives an alternative, but equiv-
alent, way of looking at this concept. Characterizations are often valuable in studying
concepts or in proving other results. We will see examples of this in future chapters.

We mentioned that the following biconditional, though true, is not a characteriza-
tion: A triangle 7 is equilateral if and only if 7" has three equal sides. Although this is the
definition of equilateral triangles, mathematicians rarely use the phrase “if and only if”
in a definition since this is what is meant in a definition. That is, a triangle is defined to
be equilateral if it has three equal sides. Consequently, a triangle with three equal sides
is equilateral but a triangle that does not have three equal sides is not equilateral.

SECTION 2.11 EXERCISES

2.82. Give a definition of each of the following and then state a characterization of each.

2.83.
2.84.

2.85.

(a) Two lines in the plane are perpendicular.

(b) A rational number.

Define an integer n to be odd if n is not even. State a characterization of odd integers.

Define a triangle to be isosceles if it has two equal sides. Which of the following statements are
characterizations of isosceles triangles? If a statement is not a characterization of isosceles triangles, then

explain why.

(a) If a triangle is equilateral, then it is isosceles.

(b) A triangle T is isosceles if and only if 7" has two equal sides.
(c) If atriangle has two equal sides, then it is isosceles.

(d) A triangle T is isosceles if and only if T is equilateral.

(e) If a triangle has two equal angles, then it is isosceles.

(f) A triangle T is isosceles if and only if 7" has two equal angles.

By definition, a right triangle is a triangle one of whose angles is a right angle. Also, two angles in a
triangle are complementary if the sum of their degrees is 90°. Which of the following statements are
characterizations of a right triangle? If a statement is not a characterization of a right triangle, then explain

why.

(a) A triangle is a right triangle if and only if two of its sides are perpendicular.

(b) A triangle is a right triangle if and only if it has two complementary angles.
(c) A triangle is a right triangle if and only if its area is half of the product of the lengths of some pair of its

sides.
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(d) A triangle is a right triangle if and only if the square of the length of its longest side equals the sum of
the squares of the lengths of the two smallest sides.

(e) A triangle is a right triangle if and only if twice of the area of the triangle equals the area of some
rectangle.

2.86. Two distinct lines in the plane are defined to be parallel if they don’t intersect. Which of the following is a
characterization of parallel lines?

(a) Two distinct lines £; and ¢, are parallel if and only if any line ¢5 that is perpendicular to ¢; is also
perpendicular to £;.

(b) Two distinct lines £; and ¢, are parallel if and only if any line distinct from £; and £, that doesn’t
intersect £; also doesn’t intersect £5.

(c) Two distinct lines £; and £, are parallel if and only if whenever a line ¢ intersects £; in an acute angle
o, then £ also intersects ¢; in an acute angle «.

(d) Two distinct lines £; and ¢, are parallel if and only if whenever a point P is not on £, the point P is not
on {,.

Chapter 2 Supplemental Exercises

EE The Chapter 2.87. Construct a truth table for P A (Q = (~ P)).

Presentation for 2.88. Given that the implication (Q V R) = (~ P) is false and Q is false, determine the

Chapter 2 can be truth values of R and P.
found at

goo.gl/F7ZM53 2.89. Find a compound statement involving the component statements P and Q that has
the truth table given in Figure 2.20.

P QO ~0Q
T|IT| F | T
TIF| T | T
F|T| F | F
FI|F| T | T

Figure 2.20  Truth table for Exercise 2.89.

2.90. Determine the truth value of each of the following quantified statements:
(@ IxeR,¥+2=0. (b) VaeN,2>3—n.
©) VxeR, jx]=x. (d) IxeQ,x*—4=0.
() I, yeRx+y=m. (f Vx,yeR,x+y:\/m.

2.91. Rewrite each of the implications below using (1) only if and (2) sufficient.
(a) If a function f is differentiable, then f is continuous.
(b) Ifx = —5, then x*> = 25.

2.92. Let P(n): n> — n + 5 is a prime. be an open sentence over a domain S.

(a) Determine the truth values of the quantified statements Vn € S, P(n) and
dneS,~ Pn)forS=1{1,2,3,4}.



2.93.

2.94.

2.95.

2.96.

2.97.

2.98.

2.99.

2.100.

2.101.
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(b) Determine the truth values of the quantified statements Vn € S, P(n) and
dne S, ~ Pn) forS=1{1,2,3,4,5}.
(¢) How are the statements in (a) and (b) related?

(a) For statements P, Q and R, show that
(PAND)=R)=((PA(~R) = (~ Q).

(b) For statements P, Q and R, show that
(PAQ)=R)=(QA(~R)= (~P)).

For a fixed integer n, use Exercise 2.93 to restate the following implication in two
different ways:

If nis a prime and n > 2, then n is odd.

For fixed integers m and n, use Exercise 2.93 to restate the following implication in
two different ways:

If m is even and n is odd, then m + n is odd.

For a real-valued function f and a real number x, use Exercise 2.93 to restate the
following implication in two different ways:

If f/(x) = 3x> — 2x and f(0) = 4, then f(x) = x> — x> + 4.

For the set S = {1, 2, 3}, give an example of three open sentences P(n), Q(n) and
R(n), each over the domain S, such that (1) each of P(n), Q(n) and R(n) is a true
statement for exactly two elements of S, (2) all of the implications P(1) = Q(1),
0(2) = R(2) and R(3) = P(3) are true, and (3) the converse of each implication in
(2) is false.

Do there exist a set S of cardinality 2 and a set {P(n), Q(n), R(n)} of three open
sentences over the domain S such that the implications P(a) = Q(a), Q(b) = R(b)
and R(c) = P(c) are true, where a, b, ¢ € S and (2) the converses of the implications
in (1) are false? Necessarily, at least two of these elements a, b and ¢ of S are equal.
LetA=1{1,2,...,6}and B=1{1,2,...,7}. Forx € A, let P(x) : 7x + 4 is odd. For
ye B, let Q(y) : Sy + 9is odd. Let

S={(Px),0(y)):xe€ A,y € B, P(x) = Q(y) is false}.
What is |S|?
Let P(x, y, z) be an open sentence, where the domains of x, y and z are A, B and C,
respectively.
(a) State the quantified statement Vx € A, Vy € B, 3z € C, P(x, y, z) in words.
(b) State the quantified statement Vx € A, Vy € B, 3z € C, P(x, y, z) in words for
P(x,y,2): x=yz.
(c) Determine whether the quantified statement in (b) is true when A = {4, 8},
B={2,4and C ={1,2,4}.
Let P(x, y, z) be an open sentence, where the domains of x, y and z are A, B and C,
respectively.
(a) Express the negation of Vx € A, Vy € B, 3z € C, P(x, y, z) in symbols.
(b) Express ~ (Vx € A,Vy € B,3z € C, P(x, y, 2)) in words.
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2.102.

2.103.

2.104.

2.105.

2.106.

2.107.

(c) Determine whether ~ (Vx € A, Vy € B, 3z € C, P(x, y, 7)) is true when
Px,y,2): x+z=y.forA={1,3},B={3,5,7}and C = {0, 2, 4, 6}.

Write each of the following using “if, then.”

(a) A sufficient condition for a triangle to be isosceles is that it has two equal angles.
(b) Let C be a circle of diameter /2/m. Then the area of C is 1/2.
(c) The 4th power of every odd integer is odd.

(d) Suppose that the slope of a line £ is 2. Then the equation of ¢ is y = 2x + b for
some real number b.

(e) Whenever a and b are nonzero rational numbers, a/b is a nonzero rational
number.

(f) For every three integers, there exist two of them whose sum is even.
(g) A triangle is a right triangle if the sum of two of its angles is 90°.

(h) The number +/3 is irrational.

State the negation of each of the following statements.

(a) The real number r has the property that 3 < r < 7.

(b) The real number r has the property that |r — n| > % for every integer n.
(c) The real number r has the property that rs = s for every real number s.
Let {S, T} be a partition of the set N of positive integers and let U be a nonempty
subset of N. State the negation of each of the following statements.

(a) Every element of U can be expressed as x +y, wherex € Sandy € T.
(b) Foreveryx e Sandy e T,xy € S.

(c) For every element x € S, there is an element y € T such thaty > x.

Let P(n) be an open sentence over the domain N of positive integers. State the
negation of each of the following statements.

(a) If P(n) is true for infinitely many n € N, then P(n) cannot be false for infinitely
many n € N.

(b) There is no element n € N such that P(n) and P(n + 1) are both true.

(c) If P(n) is false for some positive integer n, then there is a smallest positive
integer m such that P(m) is false.

Each of the following describes an implication. Write the implication in the form
“if, then.”

(a) For every odd integer n > 3, the integer n + m is prime for some even integer m.
(b) Letn € N. The integer 2" is even.

(c) We only need to know that n is odd to show that 3n + 4 is odd.

(d) Once we know that # is an even integer, we can conclude that n* is even.

(e) The only possibility for the integer n — 3 to be even is for n to be odd.

Let P(n) : 2" + 1 is even. and Q(n) : 3" 4 2 is odd. be open sentences over the
domain § = {0, 1, 2}. For which n € S'is P(n) = Q(n) true?



Direct Proof and Proof
by Contrapositive

We are now prepared to begin discussing our main topic: mathematical proofs. Ini-
tially, we will be primarily concerned with one question: For a given true mathe-
matical statement, how can we show that it is true? In this chapter you will be introduced
to two important proof techniques.

A true mathematical statement whose truth is accepted without proof is referred to
as an axiom. For example, an axiom of Euclid in geometry states that for every line ¢ and
point P not on £, there is a unique line containing P that is parallel to £. A true mathe-
matical statement whose truth can be verified is often referred to as a theorem, although
many mathematicians reserve the word “theorem” for such statements that are especially
significant or interesting. For example, the mathematical statement “2 4+ 3 = 5 is true
but few, if any, would consider this to be a theorem under this latter interpretation. In
addition to the word “theorem,” other common terms for such statements include propo-
sition, result, observation and fact, the choice often depending on the significance of the
statement or the degree of difficulty of its proof. We will use the word “theorem” spar-
ingly, however, primarily reserving it for true mathematical statements that will be used
to verify other mathematical statements that we will encounter later. Otherwise, we will
simply use the word “result.” For the most part then, our results are examples used to
illustrate proof techniques and our goal is to prove these results.

A corollary is a mathematical result that can be deduced from, and is thereby a
consequence of, some earlier result. A lemma is a mathematical result that is useful
in establishing the truth of some other result. Some people like to think of a lemma
as a “helping result.” Indeed, the German word for lemma is “hilfsatz,” whose English
translation is “helping theorem.” Ordinarily then, a lemma is not of primary importance
itself. Indeed, its very existence is due only to its usefulness in proving another (more
interesting) result.

Most theorems (or results) are stated as implications. We now begin our study of
proofs of such mathematical statements.

81
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3.1 TRIVIAL AND VACUOUS PROOFS

In nearly all of the implications P = Q that we will encounter, P and Q are open sen-
tences; that is, we will actually be considering P(x) = Q(x) or P(n) = Q(n) or some
related implication, depending on which variable is being used. The variables x or n (or
some other symbols) are used to represent elements of some set S being discussed, that
is, S is the domain of the variable. As we have seen, for each value of a variable from
its domain, a statement results. (It is possible, of course, that P and Q are expressed in
terms of two or more variables.) Whether P(x) (or Q(x)) is true ordinarily depends on
which element x € § we are considering; that is, it is rarely the case that P(x) is true for
all x € S (or that P(x) is false for all x € S). For example, for

P(n) : 3n* —4n + 1 is even

where n € Z, P(1) is a true statement while P(2) is a false statement. Likewise, it is
seldom the case that Q(x) is true for all x € S or that Q(x) is false for all x € S.

When the quantified statement Vx € S, P(x) = Q(x) is expressed as a result or
theorem, we often write such a statement as

For x € S, if P(x) then Q(x).
or as
Letx € S. If P(x), then Q(x). 3.1)

Thus, (3.1) is true if P(x) = Q(x) is a true statement for each x € §; while (3.1) is false
if P(x) = Q(x) is false for at least one element x € S.

For a given elementx € S, let’s recall (see the truth table in Figure 3.1) the conditions
under which P(x) = Q(x) has a particular truth value.

P(x) Q@) Px)= Q(x)
T T

S IGIEIE

T F
F T
F F

Figure 3.1 The truth table for the implication

P(x) = Q(x) for an element x in its domain

Accordingly, if Q(x) is true for all x € S or P(x) is false for all x € S, then determin-
ing the truth or falseness of (3.1) becomes considerably easier. Indeed, if it can be shown
that Q(x) is true for all x € S (regardless of the truth value of P(x)), then, according to
the truth table for the implication (shown in Figure 3.1), (3.1) is true. This constitutes a
proof of (3.1) and is called a trivial proof. Accordingly, the statement

Letn € Z. If n® > 0, then 3 is odd.
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Proof

Result 3.2

3.1 Trivial and Vacuous Proofs 33

is true and a (trivial) proof consists only of observing that 3 is an odd integer. The fol-
lowing provides a more interesting example of a trivial proof.

Letx e R. Ifx < 0, then x> + 1 > 0.

Since x2 > 0 for each real number x, it follows that
241> 5 > 0.

Hence, x> + 1 > 0. [

Consider
P(x):x<0and Q(x): x*+1>0

where x € R. Then Result 3.1 asserts the truth of: For all x € R, P(x) = Q(x). Since
we verified that Q(x) is true for every x € R, it follows that P(x) = Q(x) is true for all
x € Rand so Result 3.1 is true. In this case, when considered over the domain R, Q(x) is
actually a true statement. It is this fact that allowed us to give a trivial proof of Result 3.1.

The proof of Result 3.1 does not depend on x < 0. Indeed, provided that x € R, we
could have replaced “x < 0” by any hypothesis (including the more satisfying “x € R”)
and the result would still be true. In fact, this new result has the same proof. To be sure,
it is rare indeed when a trivial proof is used to verify an implication; nevertheless, this
is an important reminder of the truth table in Figure 3.1.

The symbol m that occurs at the end of the proof of Result 3.1 indicates that the
proof is complete. There are definite advantages to using m (or some other symbol) to
indicate the conclusion of a proof. First, as you start reading a proof, you can look ahead
for this symbol to determine the length of the proof. Also, without this symbol, you may
continue to read past the end of the proof, still thinking that you’re reading a proof of
the result. When you reach this symbol, you are supposed to be convinced that the result
is true. If you are, this is good! Everything happened as planned. On the other hand, if
you’re not convinced, then, to you, the writer hasn’t presented a proof. This may not be
the writer’s fault, however.

In the past, the most common way to indicate that a proof has concluded was to write
Q.E.D., which stands for the Latin phrase “quod erat demonstrandum,” whose English
translation is “which was to be demonstrated.” Some still use it.

Let P(x) and Q(x) be open sentences over a domain S. Then Vx € S, P(x) = Q(x)
is a true statement if it can be shown that P(x) is false for all x € S (regardless of the
truth value of Q(x)), according to the truth table for implication. Such a proof is called
a vacuous proof of Vx € S, P(x) = Q(x). Therefore,

Let n € Z. If 3 is even, then n° > 0.

is a true statement. Let’s take a look, however, at a more interesting example of a vacuous
proof.

Letx € R Ifx> —2x+2 <0, thenx’ > 8.
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Proof First observe that
=2+ 1l=@x-1>%>0.

Therefore, x> —2x+2 = (x— 1)>+ 1> 1 > 0. Thus, x> — 2x + 2 < 0 is false for all
x € R and the implication is true. ]

For
P(x):x*—2x+2<0 and O(x): x> > 8

over the domain R, Result 3.2 asserts the truth of Vx € R, P(x) = Q(x). Since we veri-
fied that P(x) is false for every x € R, it follows that P(x) = Q(x) is true for each x € R.
Hence, Result 3.2 is true. In this case, P(x) is a false statement for each x € R. This is
what permitted us to give a vacuous proof of Result 3.2.

In the proof of Result 3.2, the truth or falseness of x> > 8 played no role whatsoever.
Indeed, had we replaced x> > 8 by x> < 8, for example, then neither the truth nor the
proof of Result 3.2 would be affected. Whenever there is a vacuous proof of a result, we
often say that the result follows vacuously. As we mentioned, a trivial proof is almost
never encountered in mathematics; however, the same cannot be said of vacuous proofs,
as we will see later.

We consider one additional example.

Result3.3 LetS={neZ: n>2}andletne S.1f2n+ 2 <5, then 4n® + % < 25.

Proof First, we observe that if n = 2, then 2n + % = 5. Of course, 5 < 5 is false. If n > 3,

then 2n+ 2 > 2n > 6. So, whenn > 3, 2n+ 2 < 5 is false as well. Thus, 2n+ 2 <5
is false for all n € S. Hence, the implication is true. n

In two of the examples that we presented to illustrate trivial and vacuous proofs, we
used the fact (and assumed it was known) that 3 is odd. Also, in the proofs of Results 3.1
and 3.2, we used the fact that if r is any real number, then > > 0. Although you are
certainly familiar with this property of real numbers, it is essential that any facts used
within a proof are known to and likely to be recalled by the reader. Facts used within a
proof should not come as a surprise to the reader. This subject will be discussed in more
detail shortly.

Even though the trivial and vacuous proofs are rarely encountered in mathematics,
they are important reminders of the truth table for implication. We are now prepared to
introduce the first major proof technique in mathematics.

SECTION 3.1 EXERCISES

3.1. Let x € R. Prove that if 0 < x < 1, then x> — 2x 4+ 2 # 0.
3.2. Letn € N. Prove that if [n — 1| 4+ |n + 1| < 1, then [n?> — 1] < 4.
3.3. Letr € Qt. Prove that if ’2%' < 1, then ’2%2 <2.

3.4. Letx € R. Prove that if x* — 5x — 1 > 0, then (x — 1)(x — 3) > —2.



3.5.
3.6.

3.7.

3.2 Direct Proofs 35

Letn € N. Prove thatif n + 1 <2, thenn® + % < 4.

Prove that if a, b and ¢ are odd integers such that a + b + ¢ = 0, then abc < 0. (You are permitted to use
well-known properties of integers here.)

Prove that if x, y and z are three real numbers such that x> + y*> + 72 < xy +xz + yz, thenx +y +z > 0.

3.2 DIRECT PROOFS

Typically, when we are discussing an implication P(x) = Q(x) over a domain S, there is
some connection between P(x) and Q(x). That is, the truth value of Q(x) for a particular
x € S often depends on the truth value of P(x) for that same element x, or the truth value
of P(x) depends on the truth value of Q(x). These are the kinds of implications in which
we are primarily interested and it is the proofs of these types of results that will occupy
much of our attention. We begin with the first major proof technique, which occurs more
often in mathematics than any other technique.

Let P(x) and Q(x) be open sentences over a domain S. Suppose that our goal is
to show that P(x) = Q(x) is true for every x € S, that is, our goal is to show that the
quantified statement Vx € S, P(x) = Q(x) is true. If P(x) is false for some x € S, then
P(x) = Q(x) is true for this element x. Hence, we need only be concerned with showing
that P(x) = Q(x) is true for all x € S for which P(x) is true. In a direct proof of P(x) =
Q(x) for all x € S, we consider an arbitrary element x € S for which P(x) is true and
show that Q(x) is true as well for this element x. To summarize then, to give a direct
proof of P(x) = Q(x) for all x € §, we assume that P(x) is true for an arbitrary element
x € § and show that Q(x) must be true for this element x.

In order to illustrate this type of proof (and others as well), we need to deal with
mathematical topics with which we’re all familiar. Let’s first consider the integers and
some of their elementary properties. We assume that you are familiar with the integers
and the following properties of integers:

1. The negative of every integer is an integer.
2. The sum (and difference) of every two integers is an integer.

3. The product of every two integers is an integer.

We will agree that we can use any of these properties. No justification is required or
expected. Initially, we will use even and odd integers to illustrate our proof techniques.
In this case, however, any properties of even and odd integers must be verified before they
can be used. For example, you probably know that the sum of every two even integers
is even but this must first be proved to be used. We need to lay some groundwork before
any examples of direct proofs are given.

Since we will be working with even and odd integers, it is essential that we have
precise definitions of these kinds of numbers. An integer n is defined to be even if n = 2k
for some integer k. For example, 10 is even since 10 = 2 - 5 (where, of course, 5 is an
integer). Also, —14 = 2(—7) is even, as is 0 = 2 - 0. The integer 17 is not even since
there is no integer k for which 17 = 2k. Thus, we see that the set of all even integers is
the set

S={2%k: keZ}={..,—4,-2,0,2,4,...}.
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Result 3.4

Proof

PROOF ANALYSIS

We could define an integer n to be odd if it’s not even but it would be difficult to
work with this definition. Instead, we define an integer n to be odd if n = 2k + 1 for some
integer k. Now 17 isodd since 17 = 2 - 8 4 1. Also, —5is odd because —5 = 2(—3) + 1.
On the other hand, 26 is not odd since there is no integer k such that 26 = 2k + 1. In fact,
26 is even. Hence, according to the definition of odd integers that we have just given,
we see that the set of all odd integers is precisely the set

T={2k+1: keZ}y={..,-5-3,-1,1,3,5,...}.

Observe that S and T are disjoint sets and S U T = Z; that is, Z is partitioned into S
and T. Therefore, every integer is either even or odd.

From time to time, we will find ourselves in a position where we have a result to
prove and it may not be entirely clear how to proceed. In such a case, we need to consider
our options and develop a plan, which we refer to as a proof strategy. The idea is to
discuss a proof strategy for the result and, from it, construct a proof. At other times, we
may wish to reflect on a proof that we have just given in order to understand it better.
Such a discussion will be referred to as a proof analysis. As with examples, we conclude
both a proof strategy and a proof analysis with the symbol ¢.

We are now prepared to illustrate the direct proof technique. We follow the proof
by a proof analysis.

If n is an odd integer, then 3n + 7 is an even integer.
Assume that n is an odd integer. Since n is odd, we can write n = 2k + 1 for some
integer k. Now,

3n+7=32k+1)+7=6k+3+7=6k+10=203k+5).

Since 3k + 5 is an integer, 3n + 7 is even. n

First, notice that Result 3.4 could have been stated as either
For every odd integer n, the integer 3n + 7 is even.
or
Let n be an odd integer. Then 3n + 7 is even.

Thus, the domain of the variable n in Result 3.4 is the set of odd integers. In the proof
of Result 3.4, the expression 2k + 1 was substituted for n in 3n 4+ 7 and simplified as
6k 4 10. Since our goal was to show that 3n + 7 is even, we needed to show that 3n + 7
can be expressed as twice an integer. Consequently, we factored 2 from 6k 4 10 and
wrote it as 2(3k + 5). Since 3 and k are integers, so is 3k (the product of two integers
is an integer). Since 3k and 5 are integers, so is 3k 4+ 5 (the sum of two integers is an
integer). Therefore, 3n + 7 satisfies the definition of an even integer.
One other remark deserves mention here. In the second sentence, we wrote:

Since n is odd, we can write n = 2k + 1 for some integer k.

It would be incorrect to write: “If n is odd” rather than “Since n is odd” because we have
already assumed that n is odd and therefore 7 is now known to be odd. ¢
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We defined an integer n to be odd if we can write n as 2k + 1 for some integer
k. This means that whenever we want to show that an integer, say m, is odd, we must
follow this definition; that is, we must show that m = 2k + 1 for some integer k. (Of
course, the use of the symbol k is not important. For example, an odd integer n can be
written as n = 2¢ + 1 for some integer £.) We could have defined an integer » to be odd
if it is possible to write n = 2k — 1 for some integer k, but we didn’t. However, if we
could prove that an integer n is odd if and only if n can be expressed as 2k — 1 for some
integer k, then we could use this characterization of odd integers to show that an integer
is odd. This, however, would require additional work on our part with no obvious benefit.
Similarly, we could have defined an integer n to be even if we can write n = 2k 4 2, or
n = 2k — 2 or perhaps n = 2k + 100 for some integer k. The definitions of even and odd
integers that we chose are probably the most commonly used. Any other definitions that
could have been given provide no special advantage to us.

The proof given of Result 3.4 is an example of a direct proof. Let

Q(n): 3n + 7 is an even integer.

over the domain of odd integers. We verified Result 3.4 by assuming that n is an arbitrary
odd integer and then showing that Q(n) is true for this element n. Showing that Q(n) is
true essentially required one step on our part. As we venture further into proofs, we will
see that we can’t always establish the truth of the desired conclusion so quickly. It may
be necessary to establish the truth of some other mathematical statements along the way
that can then be used to establish the truth of Q(n). We will see examples of this later.

Let’s consider another example. For variety, we use an alternative opening sentence
and different symbols in the proof of the following result.

If n is an even integer, then —5n — 3 is an odd integer.

Let n be an even integer. Then n = 2x, where x is an integer. Therefore,
—5n—3=-52x)—3=—10x—-3=—-10x—4+1=2(-5x—-2)+ 1.

Since —5x — 2 is an integer, —5n — 3 is an odd integer. L]
We now consider another example, which may have a surprise ending.

If n is an odd integer, then 4n® +2n — 1is odd.

Assume that n is odd. Then n = 2y + 1 for some integer y. Therefore,
4 +2n—1=4Qy+ 1> +22y+ 1) —1

=408y’ + 12" +6y+ 1) +4y+2—1

=32y +48y* + 28y +5

=2(16y° +24y> + 14y +2) + 1.
Since 16y* + 24y? + 14y + 2 is an integer, 4n° + 2n — 1 is odd. n
Although the direct proof of Result 3.6 that we gave is correct, this is not the desired
proof. Indeed, had we observed that

P +2n—1=4 +2n—24+1=22n +n—-1)+1
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and that 2n3 +n — 1 € Z, we could have concluded immediately that 4n3 +2n—11is
odd for every integer n. Hence, a trivial proof of Result 3.6 could be given and, in fact,
is preferred. The fact that 4n° + 2n — 1 is odd does not depend on n being odd. Indeed,
it would be far better to replace the statement of Result 3.6 by

If n is an integer, then 4n® +2n — 1is odd. ¢

We give an additional example of a somewhat different type.

3 2)(n—5
LetS={1,2,3}andletn € S. If @ is even, then % is even.

Let n € S such that n(n + 3)/2 is even. Since n(n 4+ 3)/2 =2 whenn = 1, n(n + 3)/2
=5 when n =2 and n(n + 3)/2 = 9 when n = 3, it follows that n = 1. When n = 1,
(n+2)(n —5)/2 = —6, which is even. Therefore, the implication is true. [ ]

In the proof of Result 3.7, we were only concerned with those elements n € S for which
n(n + 3)/2 is even. Furthermore, it is not initially clear for which elements n of S the in-
teger n(n + 3)/2 is even. Since S consists only of three elements, this can be determined
rather quickly, which is what we did. We saw that only n = 1 has the desired property
and this is the only element we needed to consider. ¢

If our goal is to establish the truth of P(x) = Q(x) for all x in a domain S by means of
adirect proof, then the proof begins by assuming that P(x) is true for an arbitrary element
x € §. It is often common in this situation, however, to omit the initial assumption that
P(x) is true for an arbitrary element x € S. It is then understood that we are giving a
direct proof. We illustrate this with a short example.

If n is an even integer, then 3n° is an even integer.

Since n is an even integer, n = 2x for some integer x. Therefore,
3n° = 3(2x)° = 3(32x°) = 96x° = 2(48x°).
Since 48x° € Z, the integer 3n° is even. n
For the present, when giving a direct proof of P(x) = Q(x) for all x in a domain

S, we will often include the initial assumption that P(x) is true for an arbitrary element
x € S in order to solidify this technique in your mind.

SECTION 3.2 EXERCISES

3.8. Prove that if x is an odd integer, then 9x + 5 is even.

3.9. Prove that if x is an even integer, then 5x — 3 is an odd integer.

3.10. Prove that if @ and c are odd integers, then ab + bc is even for every integer b.

3.11. Letn € Z. Prove that if 1 — n? > 0, then 3n — 2 is an even integer.
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3.12. Letx € Z. Prove that if 2> is an odd integer, then 272" is an odd integer.
3.13. Let S = {0, 1,2} and let n € S. Prove that if (n + 1)>(n + 2)?/4 is even, then (n + 2)*>(n + 3)>/4 is even.

3.14. Let S = {1, 5, 9}. Prove that if n € S and 'ﬂ%_ﬁ is odd, then % is even.

3.15. letA={neZ: n>2andnisodd)and B={n € Z: n < 11}. Prove thatif n € A N B, then n> — 2 is

prime.

3.3 PROOF BY CONTRAPOSITIVE

Theorem 3.9

For statements P and Q, the contrapositive of the implication P = Q is the implication

(~ Q) = (~ P). For example, for P; : 3 is odd and P,: 57 is prime, the contrapositive
of the implication

P = P,: If 3 is odd, then 57 is prime.
is the implication
(~ P,) = (~ Pp): If 57 is not prime, then 3 is even.

The most important feature of the contrapositive (~ Q) = (~ P) is that it is log-
ically equivalent to P = Q. This fact is stated formally as a theorem and is verified in
the truth table shown in Figure 3.2.

For every two statements P and Q, the implication P = Q and its contrapositive are
logically equivalent; that is,

P=0=(~0)=(~P).

P QO P3Q ~Q ~P (~Q)=(~P)
T| T T F T
T|F F T F F
F| T T F T T
F | F T T T T

Figure 3.2  The logical equivalence of an implication and its contrapositive

Let
P(x):x=2and Q(x): x> =4
where x € R. The contrapositive of the implication
P(x) = O(x) : If x = 2, then x> = 4.
is the implication

(~ 0(x)) = (~ P(x)) : If x2 # 4, then x # 2.
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Suppose that we wish to prove a result (or theorem) that is expressed as
Letx € S. If P(x), then Q(x). 3.2)
or as
For all x € S, if P(x), then Q(x). 3.3)

We have seen that a proof of such a result consists of establishing the truth of the impli-
cation P(x) = Q(x) for all x € S. If it can be shown that (~ Q(x)) = (~ P(x)) is true
for all x € S, then P(x) = Q(x) is true for all x € S. A proof by contrapositive of the
result (3.2) (or of (3.3)) is a direct proof of its contrapositive:

Letx € S. If ~ Q(x), then ~ P(x).
or
Forall x € S, if ~ Q(x), then ~ P(x).

Thus, to give a proof by contrapositive of (3.2) (or of (3.3)), we assume that ~ Q(x) is

true for an arbitrary element x € S and show that ~ P(x) is true for this element x.
There are certain types of results where a proof by contrapositive is preferable or

perhaps even essential. We now give some examples to illustrate this method of proof.

Letx € Z. If 5x — 7 is even, then x is odd.

Assume that x is even. Then x = 2a for some integer a. So
Sx—7=52a)—7=10a—7=10a —8+1=205a —4) + 1.

Since 5a — 4 € Z, the integer 5x — 7 is odd. ]

Some comments are now in order. The goal of Result 3.10 was to prove P(x) = Q(x)
for all x € Z, where P(x): 5x — 7 is even and Q(x): x is odd. Since we chose to give a
proof by contrapositive, we gave a direct proof of (~ Q(x)) = (~ P(x)) for all x € Z.
Hence, the proof began by assuming that x is not odd, that is, x is even. The object then
was to show that 5x — 7 is odd.

Had we attempted to prove Result 3.10 with a direct proof, we would have begun
by assuming that 5x — 7 is even for an arbitrary integer x. Then 5x — 7 = 2a for some
integer a. So, x = (2a 4+ 7)/5. We then would want to show that x is odd. With the ex-
pression we have for x, it is not even clear that x is an integer, much less that x is an
odd integer, although, of course, we were told in the statement of Result 3.10 that the
domain of x is the set of integers. Therefore, it is not only that a proof by contrapositive
provides us with a rather simple method of proving Result 3.10, but that it may not be
immediately clear how or whether a direct proof can be used.

How did we know beforehand that it is a proof by contrapositive that we should
use here? This is not as difficult as it may appear. If we use a direct proof, then we
begin by assuming that 5x — 7 is even for an arbitrary integer x; while if we use a proof
by contrapositive, then we begin by assuming that x is even. Therefore, using a proof
by contrapositive allows us to work with x initially rather than the more complicated
expression Sx — 7. ¢
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In all of the examples that we have seen so far, we have considered only implications.
Now we look at a biconditional.

Letx € Z. Then 11x — 7 is even if and only if x is odd.

There are two implications to prove here, namely,

(1) if xis odd, then 11x — 7 is even and
(2) if 11x — 7 is even, then x is odd.

We begin with (1). In this case, a direct proof is appropriate. Assume that x is odd. Then
x=2r—+1,wherer € Z. So

Mx—7=11Q2r+1)—7=22r4+ 11 -7 =22r + 4 =2(11r +2).

Since 11r + 2 is an integer, 11x — 7 is even.
We now prove (2), which is the converse of (1). We use a proof by contrapositive
here. Assume that x is even. Then x = 2s, where s € Z. Therefore,

Mx—7=1125) =T =225s—7 =225 — 8+ 1=2(11s — 4) + 1.

Since 11s — 4 is an integer, 11x — 7 is odd. ]

A comment concerning the statements of Results 3.10 and 3.11 bears repeating here.
These results begin with the sentence: Let x € Z. This, of course, is informing us that the
domain in this case is Z. That is, we are being told that x represents an integer. We need
not state this assumption in the proof. The sentence “Let x € Z.” is commonly called an
“overriding” assumption or hypothesis and so x is assumed to be an integer throughout
the proofs of Results 3.10 and 3.11.

In the proof of Result 3.11, we discussed our plan of attack. Namely, we stated that
there were two implications to prove and we specifically stated each. Ordinarily we don’t
include such information within the proof — unless the proof is quite long, in which case
a roadmap indicating the steps we plan to take may be helpful. We give an additional
example of this type, where this time a more conventional condensed proof is presented.
The following example will be useful to us in the future; thus, we refer to it as a theorem.

Let x € Z. Then x? is even if and only if x is even.

Assume that x is even. Then x = 2a for some integer a. Therefore,
¥ = (a)® = 4a* = 2Q2d%).

Because 2a® € Z, the integer x? is even.
For the converse, assume that x is odd. So, x = 2b + 1, where b € Z. Then

X = Qb+ 1) =4 +4b+ 1 =202 + 2b) + 1.

Since 2b* + 2b is an integer, x? is odd. n

Suppose now that you were asked to prove the following result:

Let x € Z. Then x? is odd if and only if x is odd. 3.4)
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How would you do this? You might think of proving the implication “If x is odd, then
x? is odd.” by a direct proof and its converse “If x* is odd, then x is odd.” by a proof by
contrapositive, where, of course, the domain of x is Z. If we look at what is happening
here, we see that we are duplicating the proof of Theorem 3.12. This is no surprise
whatsoever. Theorem 3.12 states that if x is even, then x? is even and if x? is even, then x
is even. The contrapositive of the first implication is “If x? is odd, then x is odd.”” while the
contrapositive of the second implication is “If x is odd, then x2 is odd.” In other words,
(3.4) simply restates Theorem 3.12 in terms of contrapositives. Thus, (3.4) requires no
proof at all. It is essentially a restatement of Theorem 3.12. And speaking of restatements
of Theorem 3.12, we need to recognize that this theorem can be restated in other ways.
For example, we could restate

If x is an even integer, then X2 is even.
as
The square of every even integer is even.
Hence, Theorem 3.12 could be stated as:
An integer is even if and only if its square is even.

It is not only useful to sometimes restate results in different manners for variety, it is
important to recognize what a result is saying regardless of the manner in which it may
be stated.

At this point, it is convenient to pause and discuss how theorems (or results) can be
used and why it is that we may be interested in proving a particular theorem. First, it is
only by providing a proof of a theorem that we know for certain that the theorem is true
and therefore have the right to call it a theorem. A fundamental reason why mathemati-
cians may want to give a proof of some mathematical statement is that they consider this
a challenge — this is what mathematicians do.

This, in fact, brings up a question that many mathematicians consider of greater
importance. Where do such statements come from? Of course, the answer is that they
come from mathematicians or students. How these people arrive at such questions does
not follow any set rule. But this deals with the creative aspect of mathematics. Some
people are curious and imaginative. Perhaps while proving some theorem, it is realized
that the method of proof used could be applied to prove something even more interesting.
(What is interesting, of course, is quite subjective.) More than likely however, a person
has observed some relationship that exists in an example being considered that appears
to occur in a more general setting. This individual then attempts to show that this is the
case by giving a proof. This entire process involves the idea of conjectures (guesses) and
trying to show the accuracy of a conjecture. We’ll discuss this at greater length later.

Suppose that we have been successful in proving P(x) = Q(x) for all x in some
domain S (by whatever method). We therefore know that for every x € S for which the
statement P(x) is true, the statement Q(x) is true. Also, for any x € S for which the
statement Q(x) is false, the statement P(x) is false. For example, since we know that
Result 3.10 is true, if we should ever encounter an integer n for which 5n — 7 is even,
then we know that n is odd. Furthermore, if we should encounter an integer »n for which
n? is odd, then we can conclude by statement (3.4) or, better yet, by Theorem 3.12, that
n itself must be odd.
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It is not only knowing that a particular theorem might be useful to us in the future,
it is perhaps that a theorem seems surprising, interesting or even beautiful. (Yes — to
mathematicians, and hopefully to you as well, a theorem can be beautiful.)

We next describe a type of result that we have not yet encountered. Consider the
following result, which we would like to prove.

Letx € Z. If 5x — 7 is odd, then 9x + 2 is even.

This result doesn’t seem to fit into the kinds of results we’ve been proving. (This is not
unusual. After learning how to prove certain statements, we encounter new statements
that require us to ... think.) If we attempt to give either a direct proof or a proof by
contrapositive of this result, we may be headed for difficulties. There is, however, another
approach. Even though we must be very careful about what we are assuming, from what
we know about even and odd integers, it appears that if 5x — 7 is odd, then x must be
even. In fact, if we knew that whenever 5x — 7 is odd then x is even, this fact would
be extremely helpful. We illustrate this next. Don’t forget that our goal is to prove the
following result, which we will refer to as Result 3.14: Let x € Z. If 5x — 7 is odd, then
9x + 2 is even. The (unusual) numbering of this result is because we will first state and
prove a lemma (Lemma 3.13) that will aid us in the proof of Result 3.14. ¢

In order to verify the truth of Result 3.14, we first prove the following lemma.
Let x € Z. If 5x — 7 is odd, then x is even.

Assume that x is odd. Then x = 2y + 1, where y € Z. Therefore,
S5x—7=5Q2y+1)—7=10y -2 =2(5y — 1).
Since 5y — 1 is an integer, 5x — 7 is even. n
We are now prepared to give a proof of Result 3.14.
Letx € Z. If 5x — 7 is odd, then 9x + 2 is even.
Let 5x — 7 be an odd integer. By Lemma 3.13, the integer x is even. Since x is even,
x = 2z for some integer z. Thus,
IxX+2=922)+2=182+2=209z+ 1).
Because 9z 4 1 is an integer, 9x + 2 is even. ]
So, with the aid of Lemma 3.13, we have produced a very uncomplicated (and,
hopefully, easy-to-follow) proof of Result 3.14.
The main reason for presenting Result 3.14 was to show how helpful a lemma can be
in producing a proof of another result. However, having just said this, we now show how

we can prove Result 3.14 without the aid of a lemma, by performing a bit of algebraic
manipulation.
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Alternative Assume that 5x — 7 is odd. Then 5x — 7 = 2n + 1 for some integer n. Observe that
Proof of

Result 3.14. OX+2=0Gx—T)+@x+9) =2n+1+4x+9

=2n+4x+10=2(n+2x+5).

Because n 4+ 2x + 5 is an integer, 9x + 2 is even. [ |

You may prefer one proof of Result 3.14 over the other. Whether you do or not, it is
important to know that two different methods can be used. These methods might prove
to be useful for future results you encounter. Also, you might think we used a trick to
give the second proof of Result 3.14, but, as we will see, if the same “trick” can be used
often, then it becomes a technique.

SECTION 3.3 EXERCISES

3.16. Letx € Z. Prove that if 7x + 5 is odd, then x is even.

3.17. Letn € Z. Prove that if 15n is even, then 9n is even.

3.18. Letx € Z. Prove that 5x — 11 is even if and only if x is odd.

3.19. Letx € Z. Use a lemma to prove that if 7x + 4 is even, then 3x — 11 is odd.
3.20. Letx € Z. Prove that 3x + 1 is even if and only if 5x — 2 is odd.

3.21. Letn € Z. Prove that (n + 1)> — 1 is even if and only if n is even.

3.22. Let S = {2,3, 4} and let n € S. Use a proof by contrapositive to prove that if n>(n — 1)?/4 is even, then
n*(n+ 1)?/4 is even.

3.23. LetA = {0, 1,2} and B = {4,5, 6} be subsets of S = {0, 1, ..., 6}. Let n € S. Prove that if “=20=2) jg
even, thenn € A U B.

3.24. Letn € Z. Prove that 2n? + n is odd if and only if cos = is even.

3.25. Let {A, B} be a partition of the set of S = {1,2,...,7}, where A ={1,4,5} and B ={2,3,6,7}. Letn € S.
Prove that if ”2*% is even, thenn € A.

3.4 PROOF BY CASES

While attempting to give a proof of a mathematical statement concerning an element
x in some set S, it is sometimes useful to observe that x possesses one of two or more
properties. A common property that x may possess is that of belonging to a particular
subset of S. If we can verify the truth of the statement for each property that x may have,
then we have a proof of the statement. Such a proof is then divided into parts called
cases, one case for each property that x may possess or for each subset to which x may
belong. This method is called proof by cases. Indeed, it may be useful in a proof by
cases to further divide a case into other cases, called subcases.

For example, in a proof of Vn € Z, R(n), it might be convenient to use a proof by
cases whose proof is divided into the two cases

Case 1. n is even. and Case 2. n is odd.

Other possible proofs by cases might involve proving Vx € R, P(x) using the cases



Result 3.15

Proof

Theorem 3.16

Proof

3.4 Proof by Cases 95

Case 1. x = 0. Case 2. x < 0. and Case 3. x > 0.
Also, we might attempt to prove Vr € N, P(n) using the cases
Case 1.n = 1. and Case 2. n > 2.

Furthermore, for § = Z — {0}, we might try to prove Vx,y € S, P(x,y) by using the
cases:

Case 1. xy > 0. and Case 2. xy < 0.
Case 1 could, in fact, be divided into two subcases

Subcase 1.1. x > 0 andy > 0. and Subcase 1.2. x < O andy < 0.
while Case 2 could be divided into the two subcases

Subcase 2.1. x > 0 and y < 0. and Subcase 2.2. x < 0 andy > 0.

Let’s look at an example of a proof by cases.

If n € Z, then n? + 3n + 5 is an odd integer.

We proceed by cases, according to whether 7 is even or odd.

Case 1. n is even. Then n = 2x for some x € Z. So,
P 43n+5=2x)24+32x)+5=4> +6x+5=22x"+3x+2)+ 1.

Since 2x* + 3x + 2 € Z, the integer n*> + 3n + 5 is odd.
Case 2. nis odd. Thenn =2y 4 1, where y € Z. Thus,

P +3n4+5=2y+ 1) +3Q2y+ 1) +5=47+10y+9=2(2y> + 5y +4) + 1.
Because 2y” + 5y + 4 € Z, the integer n*> + 3n + 5 is odd. ]

Two integers x and y are said to be of the same parity if x and y are both even or are
both odd. The integers x and y are of opposite parity if one of x and y is even and the other
is odd. For example, 5 and 13 are of the same parity, while 8 and 11 are of opposite parity.
Because the definition of two integers having the same (or opposite) parity requires the
two integers to satisfy one of two properties, any result containing these terms is likely
to be proved by cases. The following theorem presents a characterization of two integers
that are of the same parity.

Let x, y € Z. Then x and y are of the same parity if and only if x 4 y is even.
First, assume that x and y are of the same parity. We consider two cases.

Case 1. x and 'y are even. Then x = 2a and y = 2b for some integers @ and b. So,x +y =
2a 4 2b = 2(a + b). Since a + b € Z, the integer x + y is even.

Case 2. x and y are odd. Then x = 2a + 1 and y = 2b + 1, where a, b € Z. Therefore,
x+y=Qa+ 1D+ 2b+1)=2a+2b+2=2(a+b+1).

Since a + b+ 1 is an integer, x 4 y is even.
For the converse, assume that x and y are of opposite parity. Again, we consider two
cases.
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Case 1. x is even and y is odd. Then x = 2a and y = 2b + 1, where a, b € Z. Then
x+y=2a+2b+1)=2(a+b)+ 1.

Since a + b € Z, the integer x + y is odd.

Case 2. x is odd and y is even. The proof is similar to the proof of the preceding case
and is therefore omitted. [

A comment concerning the proof of Theorem 3.16 is useful here. Although there is
always some concern when omitting steps or proofs, it should be clear that it is truly a
waste of effort by writer and reader alike to give a proof of the case when x is odd and y
is even in Theorem 3.16. Indeed, there is an alternative when the converse is considered.

For the converse, assume that x and y are of opposite parity. Without loss of gener-
ality, assume that x is even and y is odd. Then x = 2a and y = 2b + 1, where a, b € Z.
Then

x+y=2a+ 2b+1)=2(a+b)+ 1.
Since a + b € Z, the integer x + y is odd. ¢

We used the phrase without loss of generality (some abbreviate this as WOLOG
or WLOG) to indicate that the proofs of the two situations are similar, so the proof of
only one of these is needed. Sometimes it is rather subjective to say that two situations
are similar. We present one additional example to illustrate this.

Let a and b be integers. Then ab is even if and only if a is even or b is even.

Before we begin a proof of this result (Theorem 3.17 below), let’s see what we will be
required to show. We need to prove two implications, namely: (1) If a is even or b is
even, then ab is even. and (2) If ab is even, then a is even or b is even. We consider (1)
first. A direct proof seems appropriate. Here, we will assume that a is even or b is even.
We could give a proof by cases: (i) a is even, (ii) b is even. On the other hand, since the
proofs of these cases will certainly be similar, we could say, without loss of generality,
that a is even. We will see that it is unnecessary to make any assumption about b.

If we were to give a direct proof of (2), then we would begin by assuming that ab is
even, say ab = 2k for some integer k. But how could we deduce any information about
a and b individually? Let’s try another approach. If we use a proof by contrapositive,
then we would begin by assuming that it is not the case that a is even or b is even. This
is exactly the situation covered by one of De Morgan’s laws:

~ (P Vv Q) is logically equivalent to (~ P) A (~ Q).

It is important not to forget this. In this case, we have P: a is even. and Q: b is even. So,
the negation of “a is even or b is even” is “a is odd and b is odd.” ¢

Let’s now prove this result.

Let a and b be integers. Then ab is even if and only if a is even or b is even.
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Proof First, assume that a is even or b is even. Without loss of generality, let a be even. Then
a = 2x for some integer x. Thus, ab = (2x)b = 2(xb). Since xb is an integer, ab is even.
For the converse, assume that a is odd and b is odd. Then a =2x+ 1 and
b= 2y+ 1, where x, y € Z. Hence,
ab=2x+1DQ2y+ 1) =4dxy+2x+2y+1=2Qxy+x+y)+ 1.
Since 2xy 4+ x + y is an integer, ab is odd. |
In the proof of the following result, three cases are used.
Result 3.18 Let P = {A, B, C} be a partition of the set Z of integers, where
A = {n: n = 2a where a is an odd integer}
B = {n: n = 2bwhere b is an even integer}
C = {n: nisanodd integer}.
If x and y are integers belonging to distinct elements of P, thenx+y € A UC.
Proof We consider three cases.
Case 1. x and y belong to A and B, say x € A andy € B. Then x = 2a and y = 2b, where
ais odd and b is even. Thus, x +y = 2a + 2b = 2(a + b). Since a is odd and b is even,
a=2k+ landb = 2¢,wherek, ¢ € Z.Hence,a+ b= QRk+1)+2¢( =2(k+€)+ 1.
Because k + ¢ is an integer, a + b is odd and so x + y € A.
Case 2. x and y belong to A and C, say x € A and y € C. Then x = 2a, where a is odd
and y is odd. Thus, y = 2k + 1 for some integer k. Therefore, x +y = 2a 4+ 2k + 1) =
2(a+ k) + 1. Since a + k € Z, it follows that x 4+ y is odd and so x +y € C.
Case 3. x and y belong to B and C, say x € B and y € C. Then x = 2b, where b is even
and y is odd. Thus, y = 2k + 1 for some integer k. Therefore, x +y =2b+ 2k + 1) =
2(b+k)+ 1. Since b + k € Z, it follows that x + yisodd and sox +y € C.
In each case, eitherx +y € Aorx+y € C. Hence, x +y € AUC. ]
SECTION 3.4 EXERCISES

3.26.
3.27.
3.28.
3.29.
3.30.
3.31.
3.32.

Prove that if n € Z, then n® — 3n + 9 is odd.

Prove that if n € Z, then n®> — n is even.

Let x, y € Z. Prove that if xy is odd, then x and y are odd.
Let a, b € Z. Prove that if ab is odd, then a® + b? is even.

Let x, y € Z. Prove that x — y is even if and only if x and y are of the same parity.

Let a, b € Z. Prove that if a + b and ab are of the same parity, then a and b are even.

(a) Let x and y be integers. Prove that (x + y)? is even if and only if x and y are of the same parity.

(b) Restate the result in (a) in terms of odd integers.



98

3.33.

3.34.
3.35.
3.36.
3.37.
3.38.

3.39.
3.40.
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LetA = {1,2,3} and B = {2, 3, 4} be subsets of S = {1, 2, 3, 4}. Let n € S. Prove that 2n*> — 5n is either (a)
positive and even or (b) negative and odd if and only if n ¢ A N B.

LetA = {3,4) be asubset of § = {1,2,..., 6}. Let n € S. Prove that if "1 is even, then n € A.

Prove for every nonnegative integer n that 2" 4 6" is an even integer.

Let x, y € Z. Prove that if 3x + 4y and 4x + 5y are both even, then x and y are both even.

Let x, y, z € Z. Prove that if exactly two of the three integers x, y, z are even, then 3x + 5y + 7z is odd.

Let S = {8, 12, 20, 24}. Prove that if {x, y} is a 2-element subset of S, then either x 4+ y = 8k for some even
integer k or x + y = 4¢ for some odd integer .

Let A, B and C be sets. Prove thatif x ¢ AUBandx ¢ BUC, thenx ¢ AUC.

A collection of a nonempty subsets of a nonempty set S is called a cover of S if every element of S belongs
to at least one of the subsets. (A cover is a partition of S if every element of S belongs to exactly one of the
subsets.) Consider the following.

Result Leta,b e Z.If aiseven or b is even, then ab is even.
Proof Assume that a is even or b is even. We consider the following cases.

Case 1. a is even. Then a = 2k, where k € Z. Thus, ab = (2k)b = 2(kb). Since kb € Z, it follows that ab is
even.

Case 2. b is even. Then b = 2¢, where £ € Z. Thus, ab = a(2¢) = 2(af). Since al € Z, it follows that ab is
even. [

Since the domain is Z for both a and b, we might think of Z x Z being the domain of (a, b). Consider the
following subsets of Z x Z:
S1 ={(a,b) € Z xZ : aand b are odd}
S, ={(a,b) € Z xZ : aiseven}
S3 ={(a,b) e Z x Z : biseven}.
(a) Why is {S, 52, S3} acover of Z x Z and not a partition of Z x Z?
(b) Why does the set S| not appear in the proof above?
(c) Give a proof by cases of the result above where the cases are determined by a partition and not a cover.

3.5 PROOF EVALUATIONS

We have now stated several results and have given a proof of each result (sometimes
preceding a proof by a proof strategy or following the proof with a proof analysis). Let’s
reverse this process by giving an example of a proof of a result but not stating the result
being proved. We will follow the proof with several options for the statements of the
result being proved.

Example 3.19 Given below is a proof of a result.

Proof Assume that n is an odd integer. Then n = 2k + 1 for some integer k. Then
3n—5=32k+1)—5=6k+3-5=6k—2=23k—1).

Since 3k — 1 is an integer, 3n — 5 is even. ]
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Problem 3.21
Result

Proof
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Which of the following is proved above?

(1) 3n —5is an even integer.
(2) Ifnisan odd integer, then 3n — 5 is an even integer.
(3) Letn be an integer. If 3n — 5 is an even integer, then n is an odd integer.
(4) Letn be an integer. If 3n — 5 is an odd integer, then # is an even integer.
The correct answers are (2) and (4). The proof given is a direct proof of (2) and a

proof by contrapositive of (4). The sentence (1) is an open sentence, not a statement, and
is only the conclusion of (2). Statement (3) is the converse of (2). ¢

When learning any mathematical subject, it is not the least bit unusual to make mis-
takes along the way. In fact, part of learning mathematics is to learn from your mistakes
and those of others. For this reason, you will see a few exercises at the end of several
chapters (beginning with this chapter) where you are asked to evaluate the proof of a
result. That is, a result and a proposed proof of this result will be given. You are then
asked to read this proposed proof and determine whether, in your opinion, it is, in fact,
a proof. If you don’t believe that the given argument provides a proof of the result, then
you should point out the (or a) mistake. We give two examples of this.

Evaluate the proposed proof of the following result.
If x and y are integers of the same parity, then x — y is even.

Let x and y be two integers of the same parity. We consider two cases, according to
whether x and y are both even or are both odd.

Case 1. x and y are both even. Let x = 6 and y = 2, which are both even. Thenx — y = 4,
which is even.

Case 2. x and y are both odd. Let x = 7 and y = 1, which are both odd. Thenx —y = 6,
which is even. u

Although the proof started correctly, assuming that x and y are two integers of the same
parity and dividing the proof into these two cases, the proof of each case is incorrect.
When we assume that x and y are both even, for example, x and y must represent arbitrary
even integers, not specific even integers. ¢

Evaluate the proposed proof of the following result.
If m is an even integer and 7 is an odd integer, then 3m + 5n is odd.

Let m be an even integer and n an odd integer. Then m = 2k and n = 2k + 1, where
k € Z. Therefore,

3m+5n = 3(2k) + 52k + 1) = 6k + 10k + 5
= 16k+5=28k+2)+ 1.

Since 8k + 2 is an integer, 3m + Sn is odd. [
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Proof Evaluation There is a mistake in the second sentence of the proposed proof, where it is written that

m = 2k and n = 2k 4 1, where k € Z. Since the same symbol & is used for both m and n,
we have inadvertently added the assumption that n = m + 1. This is incorrect, however,
as it was never stated that m and n» must be consecutive integers. In other words, we

should write m = 2k and n = 2¢ + 1, say, where k, £ € Z. ¢

SECTION 3.5 EXERCISES
3.41. Below is a proof of a result.

Proof We consider two cases.

Case 1. a and b are even. Then a = 2r and b = 2s for integers r and s. Thus,

a* — b = (2r)? = (25)* = 4% — 45* = 2(2¢% = 25°).
Since 2r* — 25? is an integer, a> — b? is even.
Case 2. a and b are odd. Then a = 2r + 1 and b = 2s + 1 for integers r and s. Thus,
A= =Qr+ 17 —Q2s+ 1 =@r+4r+1)— (@4s* +4s+1)
=41 + 4r — 4s® — 4s = 2(2r% + 2r — 257 — 25).

Since 2% 4+ 2r — 2s* — 2sis an integer, a? — b? is even. n

Which of the following is proved?

(1) Leta, b € Z. Then a and b are of the same parity if and only if > — b is even.

(2) Leta,b € Z. Then a® — b* is even.

(3) Leta, b € Z.1If a and b are of the same parity, then a> — b? is even.

(4) Leta, b € Z.If a*> — b? is even, then a and b are of the same parity.
3.42. Below is given a proof of a result. Which result is being proved?

Proof Assume that x is even. Then x = 2a for some integer a. So,

3x? —4x — 5 =3(2a)* —4Q2a) — 5 = 12> — 8a — 5 = 2(6a> — 4a — 3) + 1.
Since 6a% — 4a — 3 is an integer, 3x2 — 4x — 5 is odd.
For the converse, assume that x is odd. So, x = 2b + 1, where b € Z. Therefore,
3¢ —4x—5=32b+ 1 —4Qb+1)—5=3@4b"+4b+1)—8b—4 -5
= 12b* 4+ 4b — 6 = 2(6b* + 2b — 3).

Since 667 4 2b — 3 is an integer, 3x> — 4x — 5 is even. n

3.43. Evaluate the proof of the following result.

Result Letn € Z.If 3n — 8 is odd, then n is odd.

Proof Assume that n is odd. Then n = 2k + 1 for some integer k. Then 3n — 8 = 3(2k+ 1) — 8 = 6k +
3—-8=6k—5=2(3k—3)+ 1. Since 3k — 3 is an integer, 3n — 8 is odd. [ ]



3.44.

3.45.

3.46.

3.47.

3.48.

Section 3.5 Exercises

Evaluate the proof of the following result.

Result Leta, b € Z. Then a — bis even if and only if a and b are of the same parity.
Proof We consider two cases.

Case 1. a and b are of the same parity. We now consider two subcases.

Subcase 1.1. a and b are both even. Then a = 2x and b = 2y, where x, y € Z. Then
a—b=2x—2y=2(x—1y).Since x — y is an integer, a — b is even.

Subcase 1.2. a and b are both odd. Then a = 2x + 1 and b = 2y + 1, where x, y € Z. Then
a—b=2x+1)—(2y+1)=2(x —y). Since x — y is an integer, a — b is even.

Case 2. a and b are of opposite parity. We again have two subcases.

Subcase 2.1. a is odd and b is even. Then a = 2x + 1 and b = 2y, where x, y € Z. Then
a—b=2x+1)—2y=2(x—y)+ 1. Since x — y is an integer, a — b is odd.

Subcase 2.2. a is even and b is odd. Then a = 2x and b = 2y + 1, where x, y € Z. Then

a—-b=2x—(2y+1)=2x—2y—1=2(x—y—1)+ 1. Since x — y — 1 is an integer, a — b is odd.

The following is an attempted proof of a result. What is the result and is the attempted proof correct?

Proof Assume, without loss of generality, that x is even. Then x = 2a for some integer a. Thus,
= a)y* = 2(ay?).

Since ay? is an integer, xy” is even.

Given below is a proof of a result. What is the result?

101

Proof Assume, without loss of generality, that x and y are even. Then x = 2a and y = 2b for integers a

and b. Therefore,
xy + xz 4+ yz = 2a)(2b) + 2a)z + (2b)z = 2(2ab + az + bz).

Since 2ab + az + bz is an integer, xy + xz + yz is even.

What result is being proved below and what procedure is being used to verify the result?
First, we present the following proof.

Proof Assume that x is even. Then x = 2a for some integer a. Thus,
Ix—3=7QRa)—3=14a—-3=14a—4+4+1=2Ta—-2)+ 1.

Since 7a — 2 is an integer, 7x — 3 is odd.
We are now prepared to prove our main result.

Proof Assume that 7x — 3 is even. From the result above, x is odd. So, x = 2b + 1 for some integer b.

Thus,
3x+8=32b+1)+8=6b+11=2Bb+5)+ 1.
Since 3b + 5 is an integer, 3x + 8 is odd.

Consider the following statement.

Letn € Z. Then (n — 5)(n + 7)(n + 13) is odd if and only if 7 is even.

Which of the following would be an appropriate way to begin a proof of this statement?
(a) Assume that (n — 5)(n + 7)(n 4+ 13) is odd.

(b) Assume that (n — 5)(n + 7)(n 4 13) is even.
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(c) Assume that n is even.
(d) Assume that n is odd.
(e) We consider two cases, according to whether » is even or n is odd.

Chapter 3 Supplemental Exercises
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3.52.
3.53.
3.54.
3.55.
3.56.
3.57.
3.58.

3.59.
3.60.
3.61.

3.62.

3.63.
3.64.

Let x € Z. Prove that if 7x — 8 is even, then x is even.

. Letx € Z. Prove that x* is even if and only if x is even.

Let x € Z. Use one or two lemmas to prove that 3x3 is even if and only if 5x? is
even.

Give a direct proof of the following: Let x € Z. If 11x — 5 is odd, then x is even.
Letx, y € Z. Prove that if x 4 y is odd, then x and y are of opposite parity.

Let x, y € Z. Prove that if 3x + Sy is even, then x and y are of the same parity.

Let x, y € Z. Prove that (x + 1)y? is even if and only if x is odd or y is even.

Let x, y € Z. Prove that if xy and x + y are even, then both x and y are even.

Prove, for every integer x, that the integers 3x + 1 and 5x + 2 are of opposite parity.
Prove the following two results:

(a) Result A: Let n € Z. If n? is even, then n is even.
(b) Result B: If n is an odd integer, then 51° 4 13 is even.

Prove for every two distinct real numbers a and b that either “T“’ > g or "T“’ > b.
Let x, y € Z. Prove that if a and b are even integers, then ax + by is even.

Evaluate the proof of the following result.

Result Letx,y € Z and let @ and b be odd integers. If ax + by is even, then x and y
are of the same parity.

Proof Assume that x and y are of opposite parity. Then x = 2p and y = 2¢g + 1 for
some integers p and ¢. Since a and b are odd integers, a = 2r + 1 and b = 25 + 1 for
integers r and s. Hence,
ax+by=Q2r+1D2p)+ 2s+ 1)2q+ 1)
=4pr+2p+4gs+2s+2g+1
=2Qpr+p+29s+s+q)+ 1.

Since 2pr + p + 2gs + s + ¢ is an integer, ax + by is odd. L]

Let S = {a, b, c, d} be a set of four distinct integers. Prove that if either (1) for each
x € S, the integer x and the sum of any two of the remaining three integers of S are of
the same parity or (2) for each x € S, the integer x and the sum of any two of the
remaining three integers of S are of opposite parity, then every pair of integers of S
are of the same parity.

Prove that if a and b are two positive integers, then a®>(b + 1) + b*(a + 1) > 4ab.
Let a, b € Z. Prove that if ab = 4, then (a — b)> — 9(a — b) = 0.



3.65.

3.66.

3.67.

3.68.
3.69.
3.70.

3.71.

Chapter 3 Supplemental Exercises 103

Let a, b and c be the lengths of the sides of a triangle 7 where a < b < c. Prove that
if T is a right triangle, then
S _gb_pb
(abe)? = 3

Consider the following statement.

Let n € Z. Then 31’ 4 4n® 4 5 is even if and only if 7 is even.

Which of the following would be an appropriate way to begin a proof of this
statement?

(a) Assume that 3n° + 4n? + 5 is odd.

(b) Assume that 3n + 4n% + 5 is even.

(c) Assume that n is even.

(d) Assume that n is odd.

(e) We consider two cases, according to whether # is even or n is odd.

Let P = {A, B, C} be a partition of a set S of integers, where A ={n € S: nis odd and
n>0},B={neS: nisoddandn <0}andC={n e S: nisevenandn > 0}.
Prove that if x and y are elements of S belonging to distinct subsets in P, then xy is
either odd, even and greater than 1, or even and less than —1.

Let n € N. Prove that if n* — 5n — 10 > 0, then n > 3.
Prove for every odd integer a that (@ + 3)(a@® + 7) = 32b for some integer b.

Prove for every two positive integers a and b that
1 1
@a+b)|-+-) =4
a b

Which result is being proved below and what procedure is being used to verify the
result?
We begin with the following proof.

Proof First, assume that x is even. Then x = 24, where a € Z. Thus,
3x—2=3Q2a)—2=6a—2=23a—1).
Since 3a — 1 is an integer, 3x — 2 is even.
Next, suppose that x is odd. Then x = 2b + 1 for some integer b. So,
3x—2=32b+1)—2=6b+1=203b)+ 1.

Since 3b is an integer, 3x — 2 is odd. n
We can now give the following proof.

Proof First, assume that 3x — 2 is even. From the preceding result, x is even and so
x = 2a, where a € Z. Thus,

S5x+1=5QRa)+1=2(5a)+ 1.
Since 5a is an integer, 5x 4 1 is odd.

Next, assume that 3x — 2 is odd. Again, by the preceding result, x is odd. Hence,
x = 2b + 1 for some integer b. Therefore,

Sx+1=52b+1)+1=10b+ 6 = 2(5b + 3).

Since 5b + 3 is an integer, 5x + 1 is even. n
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3.72.
3.73.
3.74.
3.75.

Prove that if « is an odd integer, then 542 — 3a + 5 is odd.
Let x, y € Z. Prove that if 3x + 7y is odd or 5x + 6y is even, then x or y is even.
Let a, b, ¢ € Z. Prove that if a> + b* = ¢2, then abc is even.

Let S be the set of positive odd integers and let A = {2a:a € S}, B={4b: b € S},
C={8c:ceStand D = {16d : d € S}. Prove that if x, y and z are positive integers
belonging to distinct sets A, B, C, D, thenx+y+z€ AUB.



More on Direct Proof and Proof
by Contrapositive

he vast majority of the examples illustrating direct proof and proof by contraposi-

tive that we have seen involve properties of even and odd integers. In this chapter,
we will give additional examples of direct proofs and proofs by contrapositive con-
cerning integers but in new surroundings. First, we will see how even and odd inte-
gers can be studied in a more general setting, through divisibility of integers. We will
then explore some properties of real numbers and, finally, look at some properties of set
operations.

4.1 PROOFS INVOLVING DIVISIBILITY OF INTEGERS

Result to Prove

PROOF STRATEGY

We have now seen many examples of integers that can be written as 2x for some integer x.
These are precisely the even integers, of course. However, some integers can also be
expressed as 3x or 4x, or as —5x for some integer x. In general, for integers a and b with
a # 0, we say that a divides b if there is an integer ¢ such that b = ac. In this case, we
write a | b. Hence, if n is an even integer, then 2 | n; moreover, if 2 divides some integer
n, then n is even. That is, an integer »n is even if and only if 2 | n. Theorem 3.17 (which
states for integers a and b, that ab is even if and only if a or b is even) can therefore be
restated for integers a and b as: 2 | abif and only if 2 | a or 2 | b.

If a | b, then we also say that b is a multiple of ¢ and that a is a divisor of b. Thus,
every even integer is a multiple of 2. If a does not divide b, then we write a 1 b. For
example, 4 | 48 since 48 =4 - 12 and —3 | 57 since 57 = (—3) - (—19). On the other
hand, 4 1 66 as there is no integer ¢ such that 66 = 4c.

We now apply the techniques we’ve learned to prove some results concerning di-
visibility properties of integers.

Let a, b and c be integers witha # Oand b # 0. If a | band b | ¢, then a | c.

It seems reasonable here to use a direct proof and to begin by assuming that a | » and
b | c. This means that b = ax and ¢ = by for some integers x and y. Since our goal is to

105
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Result 4.1

Proof

Result 4.2

Proof

Result 4.3

Proof

Result 4.4

Proof

Result to Prove

PROOF STRATEGY

show that a | ¢, we need to show that ¢ can be written as the product of a and some other
integer. Hence, it is logical to consider ¢ and determine how we can express it. ¢

Let a, b and c be integers witha # Oand b # 0. If a | band b | ¢, thena | c.

Assume that a | b and b | c. Then b = ax and ¢ = by, where x,y € Z. Therefore,
¢ = by = (ax)y = a(xy). Since xy is an integer, a | c. ]

We now verify two other divisibility properties of integers.
Leta, b, c and d be integers witha % 0and b # 0. Ifa | cand b | d, then ab | cd.

Leta|cand b | d. Then ¢ = ax and d = by, where x, y € Z. Then
cd = (ax)(by) = (ab)(xy).

Since xy is an integer, ab | cd. n
Leta,b,c,x,y € Z, wherea #0.Ifa | band a | ¢, then a | (bx + cy).

Assume that a | band a | c. Then b = ar and ¢ = as, where r, s € Z. Then
bx + cy = (ar)x + (as)y = a(rx + sy).
Since rx + sy is an integer, a | (bx + cy). [ ]

The examples that we have presented thus far concern general properties of divisi-
bility of integers. We now look at some specialized properties of divisibility.

Letx € Z.1f2 | (> — 1), then 4 | (2 — 1).

Assume that 2 | (x> — 1). So x> — 1 = 2y for some integer y. Thus, x> = 2y + 1 is an
odd integer. It then follows by Theorem 3.12 that x too is odd. Hence, x = 2z 4 1 for
some integer z. Then

P —1=Qz+ 17— 1=l +4z+1)— 1 =47 + 4z =4 +2).
Since 72 + z is an integer, 4 | (x> — 1). n

For each of the Results 4.1-4.4, a direct proof worked very well. For the following
result, however, the situation is quite different.

Letn e Z.If 54 (n® +4), then 5§ (n — 1) and 51 (n + 1).

If we let
P:5¢{(n*+4), Q:5t(n—1) and R:5{(n+1),

then we wish to prove that P = Q A R for every integer n. (It should be clear that P, Q
and R are open sentences in this case, but we omit the variable n here for simplicity.) If
we use a direct proof, then we would assume that 5 { (n> + 4) and attempt to show that



Result 4.5

Proof

Result to Prove

PROOF STRATEGY
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5f(—1)and 51 (n+ 1). Thus, we would then know that n* + 4 cannot be expressed
as 5 times an integer. On the other hand, if we use a proof by contrapositive, then we
are considering the implication (~ (Q A R)) = (~ P), which, by De Morgan’s Law, is
logically equivalent to ((~ Q) V (~ R)) = (~ P) and which, in words, is: If 5 | (n — 1)
or5| (n+ 1), then 5 | (n> 4 4). This method looks more promising. ¢

Letn € Z.If 51 (n> +4),then5¢(n—1)and 5 (n + 1).
Assume that 5 | (n — 1) or 5 | (n 4+ 1). We consider these two cases.

Case 1.5 | (n— 1). Then n — 1 = 5a for some integer a. So, n = 5a + 1. Hence,
n4+4=0a+ 12 +4=025a>+10a+ 1)+ 4 =505a*>+2a+1).

Since 5a> + 2a + 1 € Z, it follows that 5 | (n> + 4).
Case?2.5| (n+1). Thenn + 1 = 5b, where b € Z, and so n = 5b — 1. Hence,

W 4+4=0Gb—1)24+4=025%—10b+ 1)+ 4 =55b*—-2b+1).
Since 5b* — 2b + 1 € Z, it follows that 5 | (n> + 4). [ ]

We have already mentioned that if an integer » is not a multiple of 2, then we can
write n = 2g + 1 for some integer ¢ (that is, if an integer n is not even, then it is odd).
This is a consequence of knowing that 0 and 1 are the only possible remainders when an
integer is divided by 2. Along the same lines, if an integer n is not a multiple of 3, then
we can write n = 3g + 1 or n = 3¢ + 2 for some integer ¢, that is,

every integer can be expressed as 3¢, 3g + 1 or 3g + 2

for some integer g since 0, 1 and 2 are the only remainders that can result when an integer
is divided by 3. Similarly,

every integer can be expressed as 4q,4q + 1,4g+ 2 or4qg + 3

for some integer ¢. This topic concerns a well-known theorem called the Division Algo-
rithm, which will be explored in more detail in Chapter 12.
We now consider a result that makes use of these facts.

Letx e Z.

(a) If3 | x, then 3 | x%; while if 3 {x, then 3 | (x* — 1).
(b) If xiseven, then 4 | x*; while if x is odd, then 8 | (x** — 1) and so 4 | (x> — 1).

For (a), if 3 | x, then x = 3¢ for some integer q. If, on the other hand, 3 1 x, then either
x =3qg + 1 orx = 3q + 2 for some integer g. A direct proof should proceed as expected
in each case. For (b), if x is even, then x = 2¢ for some integer ¢ and it should be quite
routine to show that 4 | x%. If x is odd, however, then writing x = 2¢q + 1 for some inte-
ger g does not lead to the desired conclusion that 8 | (x> — 1). We have seen that every
integer can be written as 4¢q, 4q + 1, 4g + 2 or 4¢g + 3 for some integer g. Since x is odd,
either x = 4q + 1 or x = 4¢g + 3. Making this observation is helpful. ¢
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Proof

Letx € Z.
(@) If3|x, then 3 | x% whileif 3 {x,then3 | (x* — 1).
(b) If xiseven, then 4 | x*; while if x is odd, then 8 | (x> — 1) and so 4 | (x> — 1).

Assume, first, that 3 | x. Then x = 3¢ for some integer ¢. Hence, x> = (3¢)*> = 3(34°).
Since 3¢? € Z, it follows that 3 | x*. Next, suppose that 3 { x. Then either x = 3¢ + 1 or
x = 3q + 2 for some integer g. We consider these two cases.

Case 1. x = 3q + 1 for some integer q. Then
X =1=0Cq+1’-1=0Og+6q+1)—1
= 9¢” + 69 = 3(3¢” + 29).
Since 3¢? + 2¢ is an integer, 3 | (x* — 1).
Case 2. x = 3q + 2 for some integer q. Then
P —1=0CBq+2%—1=0¢+12g+4)—1
=9¢> +12g+3 =303¢* + 49 + 1).

Since 3¢ + 4¢ + 1 is an integer, 3 | (x> — 1). [ ]

First, assume that x is even. Then x = 2¢g, where ¢ € Z. Thus, x> = (29)> = 44°. Since
¢” is an integer, 4 | x*. Next, suppose that x is odd. Then either x = 4g + 1 orx = 4g + 3
for some integer g. We consider these two cases.

Case 1. x = 4q + 1 for some integer q. Then
P —1=@g+17—1=(16¢4"+8+1)—1
= 164" + 8¢ = 8(2¢* + q).
Since 2¢* + g is an integer, 8 | (x> — 1).
Case 2. x = 4q + 3 for some integer q. Then
X —1=@g+3)?—1=(6¢>+24g+9)—1
= 164 + 24q + 8 = 8(2¢> + 3q + 1).
Since 2¢*> + 3¢ + 1 € Z, it follows that 8 | (x*> — 1). [ ]

We now consider a biconditional involving divisibility.
Letx,y € Z. Then 4 | (x> — y?) if and only if x and y are of the same parity.

Assume first that x and y are of the same parity. We show that 4 | (x> — y?). There are
two cases.



Result 4.8

Proof

4.1 Proofs Involving Divisibility of Integers 109

Case 1. x and y are both even. By Result 4.6(b), 4 | x*> and 4 | y*. Thus, x> = 4a and
y* = 4b for some integers a and b. Then

x* —y* =4da —4b = 4(a — b).

Since a — b is an integer, 4 | (x> — y?).
Case 2. x and y are both odd. By Result 4.6(b), 4 | (x> — 1) and 4 | (* — 1). Since
4| (x* = 1)and 4 | (y* — 1), it follows by Result 4.3 that
411 =1+ (D" = 1]
andso 4 | (x> — y?).

For the converse, assume that x and y are of opposite parity. We show that
4 1 (x> — y?). There are two cases here as well.
Case 1. x is odd and y is even. By Result 4.6(b), 4 | (x> — 1) and 4 | y*. Hence, x> — 1 =
4a and y* = 4b, where a, b € Z, and so x> = 4a + 1. Since

=y =@a+1)—db=4(a—b)+1,

it follows that there is a remainder of 1 when x> —y? is divided by 4. Hence, 4 ¢
o2 — ).
Case 2. x is even and y is odd. The proof of this case is similar to that of Case 1 and is

therefore omitted. n

We saw in Theorem 3.17 for integers x and y that 2 | xy if and only if 2 | x or 2 | y.
We now verify a similar biconditional.

Letx,y € Z.Then3 | xyifand only if 3 | xor3 | y.

First, we show that if 3 | x or 3 | y, then 3 | xy. Assume that 3 | x or 3 | y. Without loss
of generality, we may assume that 3 divides x. Then x = 3z for some integer z. Hence,
xy = (32)y = 3(zy). Since zy is an integer, 3 | xy.

Next, we use a proof by contrapositive to verify the converse. Assume that 3 { x
and 3 1 y. Then either x = 3p + 1 or x = 3p + 2 for some integer p and y = 3¢ + 1 or
y = 3q + 2 for some integer g. There are four cases.

Case 1. x =3p+ 1 andy = 3q + 1, where p, g € Z. Then

xy=0Cp+1)3q+1)=9pq+3p+3q+1
=30C3pg+p+q + 1

Since 3pg + p + g is an integer, 3 1 xy.

The proofs of the remaining cases are similar to the proof of Case 1 and are therefore
omitted.

Case2. x=3p+ 1l andy = 3q + 2, where p, q € Z.

Case3.x=3p+2andy = 3q+ 1, where p, q € Z.
Cased.x=3p+2andy = 3q+ 2, where p,q € Z. ]
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SECTION 4.1 EXERCISES

4.1. Let a and b be integers, where a # 0. Prove that if a | b, then a? | b?.
42. Leta,b € Z, where a # 0 and b # 0. Prove thatifa | band b | a, thena = bora = —b.
4.3. By Result 4.8, for integers x and y, 3 | xy if and only if 3 | x or 3 | y. For integers x, y and z, prove that
3 | xyz if and only if 3 divides one of x, y and z.
4.4. Letx,y € Z. Prove thatif 3 f x and 3 1 y, then 3 | (x> — y?).
4.5. Leta, b, c € Z, where a # 0. Prove that if a { bc, thena tband a f c.
4.6. Leta € Z. Prove that if 3 | 2a, then 3 | a.
477. Letn € Z. Prove that 3 | (2n* + 1) if and only if 3 1 n.
4.8. Let x € Z. Prove that if 2 | (x> — 5), then 4 | (x> — 5).
4.9. Give an example of an integer x such that 2 | (x> — 5) but 8 { (x> — 5).
4.10. Let n € Z. Prove that 2 | (n* — 3) if and only if 4 | (n> + 3).
4.11. Itis a consequence of Result 4.6(a) that if # is an odd integer such that 3 { n, then 3 | (n*> — 1). Show, in
fact, that if z is an odd integer such that 3 t n, then 24 | (n> — 1).
4.12. Tn Result 4.7, it was proved for integers x and y that 4 | (x> — y?) if and only if x and y are of the same
parity. In particular, this says that if x and y are both even, then 4 | (x> — y?); while if x and y are both odd,
then 4 | (x> — y?). Prove that if x and y are both odd, then 8 | (x> — y?).
4.13. Prove thatif a, b, ¢ € Z and a* + b*> = ¢?, then 3 | ab.

4.2 PROOFS INVOLVING CONGRUENCE OF INTEGERS

We know that an integer x is even if x = 2¢g for some integer g, while x is odd if x =
2g + 1 for some integer g. Furthermore, two integers x and y are of the same parity if
they are both even or are both odd. From this, it follows that x and y are of the same
parity if and only if 2 | (x — y). Consequently, 2 | (x — y) if and only if x and y have the
same remainder when divided by 2. We also know that an integer x can be expressed
as 3¢, 3q + 1 or 3q + 2 for some integer g according to whether the remainder is 0, 1
or 2 when x is divided by 3. Furthermore, if two integers x and y are both of the form
3g+ 1, thenx =3s+ 1 andy =3¢ + 1, where s, € Z, and so x — y = 3(s — t). Since
s —t is an integer, 3 | (x — y). Similarly, if x and y are both of the form 3¢ or are both
of the form 3¢ + 2, then 3 | (x — y) as well. Hence, if x and y have the same remainder
when divided by 3, then 3 | (x — y). The converse of this implication is true as well. This
suggests a special interest in pairs x, y of integers such that 2 | (x —y) or 3 | (x — y) or,
in fact, in pairs x, y of integers such that n | (x — y) for some integer n > 2.
For integers a, b and n > 2, we say that a is congruent to » modulo n, written
a=>b (mod n), if n | (a — b). For example, 15 =7 (mod 4) since 4 | (15 —7) and
= —15 (mod 9) since 9 | (3 — (—15)). On the other hand, 14 is not congruent to 4
modulo 6, written 14 # 4 (mod 6), since 6 1 (14 — 4).
Since we know that every integer x can be expressed as x = 2q or asx = 2¢g + 1 for
some integer g, it follows that either 2 | (x — 0) or 2 | (x — 1), thatis, x = 0 (mod 2) or
x = 1 (mod 2) for every integer x. Also, since each integer x can be expressed as x = 3gq,
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x =3g+ 1 or x = 3¢ + 2 for some integer ¢, it follows that 3 | (x —0), 3| (x — 1) or
3 | (x — 2). Hence, for every integer x, either

x=0(mod 3), x=1(mod 3) or x=2(mod 3).
Moreover, for each integer x, exactly one of
x=0(mod 4), x=1(mod 4), x=2(mod 4), x=3(mod 4)

holds, according to whether the remainder is O, 1, 2 or 3, respectively, when x is divided
by 4. Similar statements can also be made when x is divided by an integer n > 5.
We now consider some properties of congruence of integers.

Let a, b, k and n be integers where n > 2. If a = b (mod n), then ka = kb (mod n).

A direct proof seems reasonable here. So, we begin by assuming thata = b (mod 7). Our
goal is to show that ka = kb (mod n). Because we know that a = b (mod n), it follows
from the definition thatn | (a — b), which implies that a — b = nx for some integer x. We
need to show that ka = kb (mod n), which means that we need to show thatn | (ka — kb).
Thus, we must show that ka — kb = nt for some integer ¢. This suggests considering the
expression ka — kb. ¢

Let a, b, k and n be integers where n > 2. If a = b (mod n), then ka = kb (mod n).

Assume that a = b (mod n). Then n | (a — b). Hence, a — b = nx for some integer x.
Therefore,

ka — kb = k(a — b) = k(nx) = n(kx).
Since kx is an integer, n | (ka — kb) and so ka = kb (mod n). ]

Leta,b,c,d,ne€Z where n > 2. If a=b (mod n) and ¢ = d (mod n), thena + ¢ =
b+ d (mod n).

Assume that a = b (mod n) and ¢ = d (mod n). Then a — b = nx and ¢ — d = ny for
some integers x and y. Adding these two equations, we obtain
(a—b)+ (c—d)=nx+ny
and so
(a+c)—(b+d)=nx+y).
Since x + y is an integer, n | [(a + ¢) — (b+ d)]. Hence, a + ¢ = b+ d (mod n). [ ]

The next result parallels that of Result 4.10 in terms of multiplication.

Let a,b,c,d,n € Z where n > 2. If a=b (mod n) and ¢ =d (mod n), then ac =
bd (mod n).

This result and Result 4.10 have the same hypothesis. In the proof of Result 4.10, we
arrived at the equations @ — b = nx and ¢ — d = ny and needed only to add them to
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Proof

Result 4.12

Proof of
Result 4.12(a).

Proof of
Result 4.12(b).

complete the proof. This suggests that in the current result, it would be reasonable to
multiply these two equations. However, if we multiply them, we obtain (@ — b)(c — d) =
(nx)(ny), which does not give us the desired conclusion that ac — bd is a multiple of n.
It is essential though that we work ac — bd into the proof. By rewriting a — b = nx and
c—d=nyasa=b+ nx and ¢ = d + ny, respectively, and then multiplying, we can
accomplish this, however. ¢

Let a,b,c,d,ne€Z where n>2. If a=b (mod n) and ¢c=d (mod n), then
ac = bd (mod n).

Assume that a = b (mod n) and ¢ =d (mod n). Then a — b = nx and ¢ — d = ny,
where x, y € Z. Thus, a = b + nx and ¢ = d + ny. Multiplying these two equations, we
obtain
ac = (b+ nx)(d + ny) = bd + dnx + bny + nzxy
= bd + n(dx + by + nxy)

and so ac — bd = n(dx + by + nxy). Since dx+ by + nxy is an integer, ac = bd
(mod n). [ ]

We saw in Result 4.6(a) for an integer x that if 3 | x, then 3 | x*; while if 3 1 x, then
3 | (x*> — 1). These facts can be expressed in terms of congruences.

(a) For every integer n, either n”> = 0 (mod 3) or n> = 1 (mod 3).
(b) If nis an integer, then n*> = n (mod 3) unless n = 2 (mod 3).

By Result 4.6(a), if 3 | n, then 3 | n* and so n?> = 0 (mod 3). If 3 { n, then 3 | (> — 1).
Thus, n* = 1 (mod 3). [

If 3| n, then n =0 (mod 3). Also, 3 | n> by Result 4.6(a) and so n*> = 0 (mod 3).
Hence, n”> =n (mod 3). If n=1 (mod 3), then 3{n and so n*> =1 (mod 3) by
Result 4.6(a). Hence, n*> = n (mod 3). However, if n = 2 (mod 3), then n> = 1 (mod 3)
by Result 4.6(a) and so #? = n (mod 3). n

SECTION 4.2 EXERCISES

4.14. Leta, b, n € Z, where n > 2. Prove that if « = b (mod n), then ¢*> = b* (mod n).
4.15. Leta, b, c,n € Z, where n > 2. Prove thatif a = b (mod n) and @ = ¢ (mod n), then b = ¢ (mod n).

4.16. Let a, b € Z. Prove that > 4 2b> = 0 (mod 3) if and only if either ¢ and b are both congruent to 0
modulo 3 or neither is congruent to 0 modulo 3.

4.17. (a) Prove that if a is an integer such that ¢ = 1 (mod 5), then a®> = 1 (mod 5).
(b) Given that b is an integer such that » = 1 (mod 5), what can we conclude from (a)?

4.18. Let m, n € N such that m | n. Prove that if a and b are integers such that a = b (mod n), then
a = b (mod m).
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Leta, b € Z. Show thatif a = 5 (mod 6) and b = 3 (mod 4), then 4a 4+ 6b = 6 (mod 8).
Prove that if n is an integer such that n = 8 (mod 9), then n?> = 1 (mod 9).

Let a € Z. Prove that > = a (mod 3).

Let n € Z. Prove each of the statements (a)—(f).

(a) If n =0 (mod 7), then n?> = 0 (mod 7).
(b) If n =1 (mod 7), then n*> = 1 (mod 7).
(c) If n =2 (mod 7), then n?> = 4 (mod 7).
(d) If n =3 (mod 7), then n> = 2 (mod 7).
(e) For each integer n, n> = (7 — n)? (mod 7).

2

(f) For every integer n, n is congruent to exactly one of 0, 1, 2 or 4 modulo 7.

Prove for any set S = {a,a + 1, ..., a + 5} of six integers where 6 | a that 24 | (x> — y?) for distinct odd
integers x and y in S if and only if one of x and y is congruent to 1 modulo 6 while the other is congruent
to 5 modulo 6.

Let x and y be even integers. Prove that x> = y? (mod 16) if and only if either (a) x = 0 (mod 4) and
y=0(mod 4) or (b) x =2 (mod 4) and y = 2 (mod 4).

PROOFS INVOLVING REAL NUMBERS

We now apply the proof techniques we have introduced to verify some mathematical
statements involving real numbers. To be certain that we are working under the same
set of rules, let us recall some facts about real numbers whose truth we accept without
justification. We have already mentioned that a®> > 0 for every real number a. Indeed,
a" > 0 for every real number a if n is a positive even integer. If a < 0 and 7 is a positive
odd integer, then a” < 0. Of course, the product of two real numbers is positive if and
only if both numbers are positive or both are negative.

Now let a, b,c € R. If a > b and ¢ > 0, then the inequality ac > bc holds. Indeed,
if ¢ > 0,thena/c > b/c.

Ifa> bandc > 0, then ac > bc and a/c > b/c. “.1)
If ¢ < 0, then the inequalities in (4.1) are reversed; namely:
Ifa> bandc < 0, thenac < bc and a/c < b/c. 4.2)

Another important and well-known property of real numbers is that if the product
of two real numbers is 0O, then at least one of these numbers is 0.

Theorem to If x and y are real numbers such that xy = 0, thenx =0 ory = 0.
Prove

PROOF STRATEGY If we use a direct proof, then we begin by assuming that xy = 0. If x = 0, then we already

have the desired result. On the other hand, if x # 0, then we are required to show that
y = 0. However, if x # 0, then 1/x is a real number. This suggests multiplying xy = 0
by 1/x. ¢

Theorem 4.13 Letx,y e R Ifxy =0, thenx =0o0ry =0.
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Assume that xy = 0. We consider two cases, according to whether x = 0 or x # 0.

Case 1. x = 0. Then we have the desired conclusion.
1 1
Case 2. x # 0. Multiplying xy = 0 by the number 1/x, we obtain —(xy) = — -0 =0.
X X
Since
1 1
—y)=(=x)y=1y=y,
X X
it follows that y = 0. ]

We now use Theorem 4.13 to prove the next result.
Letx € R.If x* — 542 + 3x = 15, then x = 5.

Assume that x> — 5x2 4+ 3x = 15. Thus, x> — 5x% + 3x — 15 = 0. Observe that
X =5 4+3x—15=x(x=5)+3x—=5) = (> +3)x—5).

Since x* — 5x% 4+ 3x — 15 = 0, it follows that (x> 4+ 3)(x — 5) = 0. By Theorem 4.13,
X2 4+3=00rx—5=0.Since x2+3 > 0, it followsthatx —5=0andsox=5. m

Next we consider an example of a proof by contrapositive involving an inequality.
Letx e RRIfX —3x*+2x° —x2+4x—1> 0, thenx > 0.
Assume that x < 0. Thenx® < 0,2x> < 0and 4x < 0. In addition, —3x* < 0 and —x? <
0. Thus,

=342 - 4+4x—-1<0-1<0,

as desired. ]

On occasion we may encounter problems that involve the verification of a certain
equality or inequality and where it is convenient to find an equivalent formulation of

the equality or inequality whose truth is clear. This then becomes the starting point of a
proof. We now verify an inequality whose proof uses this common approach.

If x,y € R, then

1 2 3 2
— j— > .
3x +4y = Xy

Let’s first eliminate fractions from the expression. Showing that %xz + % y? > xyisequiv-
alent to showing that

1 3
12 =%+ >y? ) > 12xy,
<3x +4y>_ Xy
that is,

4x* + 9y* > 12xy,
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which, in turn, is equivalent to
4x* — 12xy + 9y > 0.

That is, if we could show that 4x2 — 12xy + 9y2 > (, then we would be able to show that

3
§x2 + Zly2 = Xy.

Making a simple observation about 4x*> — 12xy + 9y? leads to a proof. ¢
If x,y € R, then

3
§x2 + Zyz > Xy.

Since (2x — 3y)? > 0, it follows that 4x> — 12xy + 9y* > 0 and so 4x? + 9y* > 12xy.
Dividing this inequality by 12, we obtain

1 2 3 2
j— j— >
3x + 4y = Xy,

producing the desired inequality. ]

Recall for a real number x that its absolute value |x| is defined as

x| = x if x>0
=1 xif x<o0.

So, 5] = 5,10l = 0and | — 3] = —(—3) = 3. A well-known property of absolute values
is that |xy| = |x||y| for every two real numbers x and y (see Exercise 4.30). The following
theorem gives a familiar property of absolute values of real numbers (called the triangle
inequality) that has numerous applications. Since the definition of |x| is essentially a
definition by cases, proofs involving |x| are often by cases.

(The Triangle Inequality) For every two real numbers x and y,

x4+ vl < |x[ + [yl

Since |x + y| = |x| + |y| if either x or y is 0, we can assume that x and y are nonzero. We
proceed by cases.

Case l.x > 0andy > 0. Thenx +y > 0 and
x+yl=x+y=Ix+ Iyl
Case?2.x <0andy < 0. Sincex +y <0,
x+yl=—-(+y)=(=x)+(=y) = x| + Iyl

Case 3. One of x and y is positive and the other is negative. Assume, without loss of
generality, that x > 0 and y < 0. We consider two subcases.
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Subcase 3.1. x +y > 0. Then
Xl +l=x+(=y)=x—y>x+y=Ilx+yl
Subcase 3.2. x +y < 0. Here,
I +yl=x+(=y)=x—y>-—x—y=—-(x+y)=|x+yl|

Therefore, |x + y| < |x| + |y| for every two real numbers.

Example 4.18 Show that if [x — 1| < 1 and |x — 1| < r/4, where r € R*, then x> + x — 2| < r.

Solution First, observe that
4 x =2 =[x +2)(x — D] =[x+ 2[]x — 1].
By Theorem 4.17,
2= [x— D43 <lx—1|+3 <1+3=4.

Therefore,
r
4 x—2] = [x+2|x — 1] <4(Z) —r ¢
SECTION 4.3 EXERCISES
4.25. Letx,y € R. Prove that if x> — 4x = y> — 4y and x # y, then x + y = 4.
4.26. Let a, b and m be integers. Prove that if 2a + 3b > 12m + 1, thena >3m+ lorb > 2m+ 1.
4.27. Letx € R. Prove that if 3x* + 1 < x7 4 x?, then x > 0.
4.28. Prove that if r is a real number such that 0 < r < 1, then ﬁ >4,
4.29. Prove that if r is a real number such that |r — 1| < 1, then ﬁ > 1.
4.30. Letx, y € R. Prove that |xy| = |x]| - |y|-
4.31. Prove for every two real numbers x and y that |x + y| > |x| — |y|.
4.32. (a) Recall that /7 > 0 for every positive real number r. Prove that if a and b are positive real numbers,
then 0 < +/ab < “T“’ (The number +/ab is called the geometric mean of a and b, while (a + b)/2 is
called the arithmetic mean or average of a and b.)

(b) Under what conditions does v/ ab = (a + b)/2 for positive real numbers a and b? Justify your answer.
4.33. The geometric mean of three positive real numbers a, b and ¢ is /abc and the arithmetic mean is

(a + b+ ¢)/3. Prove that v/abc < (a + b + ¢)/3. [Note: The numbers a, b and c can be expressed as

a=r3b=sand c = ¢ for positive numbers r, s and 7.]
4.34. Prove for every three real numbers x, y and z that [x — z| < [x —y| + |y — z|.
4.35. Prove that if x is a real number such that x(x + 1) > 2, thenx < —2 orx > 1.
4.36. Prove for every positive real number x that 1 4 ,%4 > )1—( + x%
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4.37. Prove forx, y, z € R that x2 + y? + 22 > xy + xz + yz.
4.38. Leta, b,x,y € Rand r € RT. Prove thatif |x — a| < r/2 and |y — b| < r/2, then |(x +y) — (a + b)| < r.
4.39. Prove thatif a, b, ¢, d € R, then (ab + cd)* < (a® + 2)(b* + d?).

4.4 PROOFS INVOLVING SETS

We now turn our attention to proofs concerning properties of sets. First, let’s recall some
information about sets that was discussed in Chapter 1. For sets A and B contained in
some universal set U, the intersection of A and B is

ANB={x : xe€Aandx € B},
the union of A and B is

AUB={x : xeAorx € B}
and the difference of A and B is

A—B={x:xeAandx ¢ B}.

The set A — B is also called the relative complement of B in A and the relative com-
plement of A in U is called simply the complement of A and is denoted by A. Thus,
A = U — A. In what follows, we will always assume that the sets under discussion are
subsets of some universal set U.

Figure 4.1 shows Venn diagrams of A — B and A N B for arbitrary sets A and B. The
diagrams suggest that these two sets are equal. This is, in fact, the case. Recall that to
show the equality of two sets C and D, we can verify the two set inclusions C € D and
D C C. To establish the inclusion C € D, we show that every element of C is also an
element of D, that is, if x € C then x € D. This is accomplished with a direct proof by
letting x be an (arbitrary) element of C and showing that x must belong to D as well.
Recall that we need not be concerned if C contains no elements, for in this case C = ¢
and C C D.

A B A B

A—-B ANB

Figure 4.1  Venn diagrams forA — Band AN B

Result 4.19 For every two sets A and B,
A—B=ANB.
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Proof First, we show that A — B C ANB.Letx € A— B. Thenx € A and x ¢ B. Since x ¢ B,
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Result 4.20

it follows that x € B. Therefore, x € Aand x € B;sox € AN B. Hence,A— B C ANB.

Next, we show that ANB C A —B.Let ye ANB. Theny € A and y € B. Since
y € B, we see that y ¢ B. Now, because y € A and y ¢ B, we conclude that y € A — B.
Thus, ANB C A —B. "

In the second paragraph of the proof of Result 4.19, we used y (rather than x) to denote
an arbitrary element of A N B. We did this only for variety. We could have used x twice.
Once we decided to use distinct symbols, y was the logical choice since x was used
in the first paragraph of the proof. This keeps our use of symbols consistent. Another
possibility would have been to use a in the first paragraph and b in the second. This has
some disadvantages, however. Since the sets are being called A and B, we might have a
tendency to think that @ € A and b € B, which may confuse the reader. For this reason,
we chose x and y over a and b.

Before leaving the proof of Result 4.19, we have one other remark. At one point
in the second paragraph, we learned that y € A and y ¢ B. From this we could have
concluded (correctly) that y ¢ A N B, but this is not what we wanted. Instead, we wrote
that y € A — B. It is always a good idea to keep our goal in sight. We wanted to show
that y € A — B; so it was important to keep in mind that it was the set A — B in which
we were interested, not A N B. ¢

Next, let’s consider the Venn diagrams for (AUB) — (ANB) and (A —B)U
(B — A), which are shown in Figure 4.2. From these two diagrams, we might conclude
(correctly) that the two sets (A U B) — (AN B) and (A — B) U (B — A) are equal. Indeed,
all that is lacking is a proof that these two sets are equal. That is, Venn diagrams can be
useful in suggesting certain results concerning sets but they are only drawings and do
not constitute a proof.

A B A B
S e
=) M=
— —

(AUB)—(ANB) (A—B)U(B—A)

Figure 4.2  Venn diagrams for (AUB) — (ANB)and (A —B)U(B—A)

For every two sets A and B,

(AUB)— (ANB) = (A— B)U (B — A).

Proof First, we show that A UB) —(ANB)C(A—B)U(B —A).Letxe (AUB)— (ANB).

Thenx e AUBand x ¢ A N B. Since x € AU B, it follows that x € A or x € B. Without
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loss of generality, we can assume x € A. Since x ¢ A N B, the element x ¢ B. Therefore,
xeA—Bandsox e (A—B)U(B—A). Hence,

(AUB)—(ANB)C(A—B)U (B —A).

Next, we show that (A —B)U(B—-—A)C (AUB)—(ANB). Let xe (A—B)U
(B—A). Then x € A— B or x € B— A, say the former. So, x € A and x ¢ B. Thus,
x € AUBand x ¢ AN B. Consequently, x € (AU B) — (AN B). Therefore,

(A—B)UB—A)C(AUB)— (ANB),

as desired. [

In the proof of Result 4.20, when we were verifying the set inclusion
(AUB)—(ANB)C (A—B)U (B—A),

we concluded that x € A orx € B. At that point, we could have divided the proof into two
cases (Case 1. x € A. and Case 2. x € B.); however, the proofs of the two cases would be
identical, except that A and B would be interchanged. Therefore, we decided to consider
only one of these. Since it really didn’t matter which case we handled, we simply chose
the case where x € A. This was accomplished by writing:

Without loss of generality, assume that x € A.

In the proof of the reverse set containment, we found ourselves in a similar situation,
namely,x € A — Borx € B — A. Again, these two situations were basically identical and
we simply chose to work with the first (former) situation. (Had we decided to assume
that x € B — A, we would have considered the latter case.) ¢

We now look at an example of a biconditional concerning sets.
Let A and B be sets. Then AU B = A if and only if B C A.

First, we show thatif A U B = A, then B C A. We use a proof by contrapositive. Assume
that B is not a subset of A. Then there must be some element x € B such that x ¢ A. Since
x € B, it follows that x € A U B. However, since x ¢ A, we have A U B # A.

Next, we verify the converse, namely, if B C A, then AU B = A. We use a direct
proof here. Assume that B C A. To verify that AU B = A, we show that A C A U B and
A UB C A. The set inclusion A C A U B is immediate (if x € A, then x € A U B). It re-
mains only to show then that AUB C A.Lety e AUB. Thus,y € Aorye B.Ify € A,
then we already have the desired result. If y € B, then since B C A, it follows that y € A.
Thus, AU B C A. ]

In the first paragraph of the proof of Result 4.21 we indicated that we were using a proof
by contrapositive, while in the second paragraph we mentioned that we were using a
direct proof. This really wasn’t necessary as the assumptions we made would inform
the reader what technique we were applying. Also, in the proof of Result 4.21, we used
a proof by contrapositive for one implication and a direct proof for its converse. This
wasn’t necessary either. Indeed, it is quite possible to interchange the techniques we
used (see Exercise 4.41). ¢
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SECTION 4.4 EXERCISES

4.40.
4.41.

4.42.
4.43.

4.44.
4.45.
4.46.
4.47.

4.48.

4.49.
4.50.
4.51.

4.5

Let A and B be sets. Prove that AUB = (A — B)U (B — A) U (AN B).

In Result 4.21, it was proved for sets A and B that A U B = A if and only if B C A. Provide another proof of
this result by giving a direct proof of the implication “If A U B = A, then B C A” and a proof by
contrapositive of its converse.

Let A and B be sets. Prove that AN B = A if and only if A C B.

(a) Give an example of three sets A, B and C suchthat ANB=ANCbutB # C.
(b) Give an example of three sets A, B and C such that AUB =AU Cbut B # C.
(c) LetA, B and C be sets. Prove thatif ANB=ANCandAUB=AUC,thenB =C.

Prove that if A and B are sets such that A U B # (J, then A # J or B # .
LetA={neZ:n=1(mod 2)}and B={n € Z :n =3 (mod 4)}. Prove that B C A.
Let A and B be sets. Prove that AU B = AN B if and only if A = B.

LetA={neZ: n=2(mod 3)}andB={neZ: n=1 (mod 2)}.

(a) Describe the elements of the set A — B.

(b) Prove thatif n € AN B, then n?> = 1 (mod 12).

LetA={neZ: 2|nfandB={neZ: 4|n}.Letn € Z. Prove thatn € A — B if and only if n = 2k for
some odd integer k.

Prove for every two sets A and B that A = (A — B) U (AN B).

Prove for every two sets A and B that A — B, B — A and A N B are pairwise disjoint.

Let A and B be subsets of a universal set. Which of the following is a necessary condition for A and B to be
disjoint?

(a) EitherA =@ orB = 4.

(b) Whenever x ¢ A, it must occur that x € B.

(c) Whenever x ¢ A, it must occur that x ¢ B.

(d) Whenever x € A, it must occur that x € B.

(e) Whenever x € A, it must occur that x ¢ B.

FUNDAMENTAL PROPERTIES OF SET OPERATIONS

Many results concerning sets follow from some very fundamental properties of sets
which, in turn, follow from corresponding results about logical statements that were
described in Chapter 2. For example, we know that if P and Q are two statements,
then P v Q and Q Vv P are logically equivalent. Similarly, if A and B are two sets, then
AUB = BUA. We list some of the fundamental properties of set operations in the
following theorem.

Theorem 4.22 Forsets A, B and C,

(1) Commutative Laws
(a) AUB=BUA
(b)) ANB=BNA



Proof of
Theorem 4.22(1a)

Proof of
Theorem 4.22(3a)

Proof of
Theorem 4.22(4a)
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(2) Associative Laws
(@) AUBUC)=(AUB)UC
by ANBNC)=ANB)NC
(3) Distributive Laws
(@) AUBNC)=AUB)NAUC)
by ANBUC)=ANB)UMANC)
(4) De Morgan’s Laws
(@) AUB=ANB
(b)) ANB=AUB.

We present proofs of only three parts of Theorem 4.22, beginning with the commu-
tative law of the union of two sets.

We show that AU B € BU A. Assume that x € AU B. Then x € A or x € B. Applying
the commutative law for disjunction of statements, we conclude that x € B or x € A; so
x € BUA. Thus, AU B C BU A. The proof of the reverse set inclusion BUA C AUB
is similar and is therefore omitted. [

Next we verify one of the distributive laws.

First, we show that AU (BNC) C(AUB)NAUC).Letxe AU(BNC). Thenx € A
orxe BNC.IfxeA,thenxe AUBandx € AUC. Thus,x e AUB)N(AUC), as
desired. On the other hand, if x € BN C, thenx € Band x € C; and again,x € A U B and
xeAUC.So,x e (AUB)N(AUC). Therefore, AU(BNC) S (AUB)NAUC).
To verify the reverse set inclusion, let x € (AU B) N (AUC). Then x € AU B and
xeAUC.Ifx € A, thenx € AU (BN C). So, we may assume that x ¢ A. Then the fact
that x € AU B and x ¢ A implies that x € B. By the same reasoning, x € C. Thus, x €
BNCandsox e AU (BNC). Therefore, AUB)N(AUC) CAUMBNC). [ ]

As a final example, we prove one of De Morgan’s laws.

First, we show that AUB C ANB. Letx € AUB. Then x ¢ AU B. Hence, x ¢ A and
x ¢ B. Therefore, x € A and x € B; so x € A N B. Consequently, AUB C AN B.

Next, we show that ANB CAUB. Let x € ANB. Then x € A and x € B. Thus,
x¢Aandx ¢ B; sox ¢ AU B. Therefore, x € AUB.Hence, ANBCAUB. [

In the proof of the De Morgan law that we just presented, we arrived at the step x ¢
A U B at one point and then next wrote x ¢ A and x ¢ B. Since x € A U B implies that
x € A or x € B, you might have expected us to write that x ¢ A or x ¢ B after writing
x ¢ AU B, but this would not be the correct conclusion. When we say that x ¢ A U B,
this is equivalent to writing ~ (x € A U B), which is logically equivalent to ~ ((x € A) or
(x € B)). By the De Morgan law for the negation of the disjunction of two statements
(or two open sentences), we have that ~ ((x € A) or (x € B)) is logically equivalent to
~ (x € A)and ~ (x € B); thatis, x ¢ A and x ¢ B. ¢

Proofs of some other parts of Theorem 4.22 are left as exercises.
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SECTION 4.5 EXERCISES

4.52. Prove that A N B = BN A for every two sets A and B (Theorem 4.22(1b)).

4.53. Prove that AN (BUC) = (AN B)U (AN C) for every three sets A, B and C (Theorem 4.22(3b)).
4.54. Prove that AN B = A U B for every two sets A and B (Theorem 4.22(4b)).

4.55. Let A, B and C be sets. Prove that A —B)N(A—C)=A— (BUC).

4.56. Let A, B and C be sets. Prove that (A —B)UA —-C)=A - (BNC).

4.57. Let A, B and C be sets. Use Theorem 4.22 to prove that AUBNC)=(ANBYUMA-C).

4.58. Let A, B and C be sets. Prove that AN (BNC) = (AUB)N(AUC).
4.59. Show for every three sets A, Band C that A — (B—C) =(ANC)U (A — B).

4.6 PROOFS INVOLVING CARTESIAN PRODUCTS OF SETS

Result 4.23

Proof

Result 4.24

Proof

Result 4.25

Recall that the Cartesian product (or simply the product) A x B of two sets A and B
is defined as

AxB={(a,b) : ae Aand b € B}.

IfA=@orB=@,thenA x B=4{.

Before looking at several examples of proofs concerning Cartesian products of sets,
it is important to keep in mind that an arbitrary element of the Cartesian product A x B
of two sets A and B is of the form (a, b), where a € A and b € B.

LetA,B,Cand Dbesets.If A C Cand BC D,thenA x BC C x D.

Let(x,y) € Ax B.Thenx € Aandy € B. Since A C C and B C D, it follows thatx € C
and y € D. Hence, (x,y) € C x D. ]
For sets A, B and C,
AX (BUC)=(AxB)U(A x ().

We first show that A x (BUC) C (A x B)U (A x C). Let (x,y) € A x (BUC). Then
x€Aandy € BUC. Thus,y € Bory € C, say the former. Then (x,y) € A x B and so
(x,¥) € (A x B)U (A x C). Consequently, A x (BUC) C (A x B)U(A x C).

Next, we show that A X B)UA xC)CAx (BUC). Let (x,y) e (AxB)U

(A xC). Then (x,y) € A x Bor (x,y) € A x C, say the former. Thenx e Aandy € B C
BUC.Hence, (x,y) € A x (BUC),implyingthat (A x B)U(AXC)CA X (BUC).m

We give one additional example of a proof involving the Cartesian products of sets.

For sets A, B and C,
AxXxB-C)=AxB)—(Ax(O).
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Proof First, we show that A x (B—C) C (A x B) — (A x C). Let (x,y) € A x (B—C). Then

PROOF ANALYSIS

xeAandy e B—C. Sincey € B— C, it follows that y € Band y ¢ C. Because x € A
and y € B, we have (x,y) € A x B. Since y ¢ C, however, (x,y) ¢ A x C. Therefore,
(x,y) € (AxB)—(AxC).Hence,Ax (B—C)Z (AxB)—(AxC(C).

We now show that (A XxB)— (AXxC)CTAx(B—-C). Let (x,y)e (A xB)—
(A xC). Then (x,y) € A x Band (x,y) ¢ A x C. Since (x,y) € A x B, it follows that
x €A and y € B. Also, since x € A and (x,y) ¢ A x C, it follows that y ¢ C. So, y €
B —C.Thus, (x,y) eAX(B—C)and(AXxB)—(AxC)CAx(B-C). [

We add one comment concerning the preceding proof. During the proof of (A x B) —
(A xC)C A x(B—C),weneeded to show that y ¢ C. We learned that (x, y) ¢ A x C.
However, this information alone did not allow us to conclude that y ¢ C. Indeed, if
(x,y) ¢ Ax C,then x ¢ A ory ¢ C. Since we knew, however, that x € A and (x,y) ¢
A x C, we were able to conclude that y ¢ C. ¢

SECTION 4.6 EXERCISES

4.60. For A = {x, y}, determine A x P(A).

4.61. For A = {1} and B = {2}, determine P(A x B) and P(A) x P(B).

4.62. Let A and B be sets. Prove that A x B =@ ifand only if A = or B = 0.
4.63. For sets A and B, find a necessary and sufficient condition for A x B = B x A.

4.64. For sets A and B, find a necessary and sufficient condition for (A x B) N (B x A) = (. Verify that this
condition is necessary and sufficient.

4.65. Let A, B and C be nonempty sets. Prove that A x C € B x Cif and only if A C B.
4.66. Result 4.23 states that if A, B, C and D are sets such that A € Cand B C D,thenA x B C C x D.

(a) Show that the converse of Result 4.23 is false.
(b) Under what added hypothesis is the converse true? Prove your assertion.

4.67. Let A, B and C be sets. Prove that A x (BNC) = (A x B)N (A x C).

4.68. Let A, B, C and D be sets. Prove that (A x B) N (C x D) = (ANC) x (BN D).
4.69. Let A, B, C and D be sets. Prove that (A x B) U (C x D) C (AUC) x (BUD).
4.70. Let A and B be sets. Show, in general, that A x B # A x B.

Chapter 4 Supplemental Exercises
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4.71. Letn € Z. Prove that 5 | n? if and only if 5 | 5.

4.72. Prove that if a, b and ¢ are nonzero integers such thata | b, b | ¢ and ¢ | a, then at
least two of a, b and c are equal.

4.73. Prove that if n is an odd integer, then 8 | [#> 4+ (n + 6)* + 6].
4.74. Prove that if 7 is an odd integer, then 8 | (n* + 4n® + 11).
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4.75.

4.76.

4.71.
4.78.

4.79.

4.80.
4.81.
4.82.

4.83.

4.84.

Let n,m € Z. Prove thatif n = 1 (mod 2) and m = 3 (mod 4), then
n? +m =0 (mod 4).

Find two distinct positive integer values of a for which the following is true and give
a proof in each case:

For every integer n, a t (n> + 1).
Prove for every two real numbers a and b that ab < v a*v/b?.

Prove for every two positive real numbers a and b that § + 2 > 2.

Prove the following: Let x € R. If x(x — 5) = —4, then M2 —4=1 implies that
x+ i =2.

Let x, y € R. Prove that if x < 0, then x* — x?y < x%y — xy”.

Prove that 3 | (n® — 4n) for every integer n.

Evaluate the proposed proof of the following result.

Result Letx,ye Z.If x=2 (mod 3)and y =2 (mod 3), then xy = 1 (mod 3).

Proof Letx=2(mod 3)andy =2 (mod 3). Thenx =3k+2andy =3k +2
for some integer k. Hence,

xy = 3k +2)(3k +2) = 9k* + 12k + 4 = 9k* + 12k +3 + 1
=30Gk* +4k+ 1)+ 1.
Since 3k 4 4k + 1 is an integer, xy = 1 (mod 3). [ ]
Below is given a proof of a result. What result is proved?

Proof Assume thatx =1 (mod 5)and y =2 (mod 5). Then 5 | (x — 1) and
5] (y—2).Hence, x — 1 = 5a and y — 2 = 5b for some integers a and b. So,
x =5a+ 1and y = 5b + 2. Therefore,

4y = Ga+ 1) + (5b+2)* = (25a% + 10a + 1) + (256> + 20b + 4)
= 25a* + 10a + 25b* + 20b + 5 = 5(54° + 2a + 50> + 4b + 1).

Since 5a + 2a + 5b*> 4 4b + 1 is an integer, 5 | (x*> + y?) and so

x> +y?> =0 (mod 5). n
A proof of the following result is given.

Result Letn € Z.If n* is even, then 3n + 1 is odd.

Proof Assume that n* = (n2)2 is even. Since n* is even, n? is even. Furthermore,
2 is even, n is even. Because n is even, n = 2k for some integer k. Then

3n+1=32k)+1=6k+1=203k)+ 1.

since n

Since 3k is an integer, 3n + 1 is odd. n
Answer the following questions.

(1) Which proof technique is being used?

(2) What is the starting assumption?

(3) What should be mentioned in a complete proof?

(4) Give a reason for each of the following steps in the proof.

4 2 is even.

2

(a) Since n" is even, n

(b) Furthermore, since n~ is even, n is even.
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(c) Because n is even, n = 2k for some integer k.
(d) Then3n+1=32k)+1=6k+1=23k)+ 1.
(e) Since 3k is an integer, 3n + 1 is odd.

Given below is an attempted proof of a result.

Proof First, we show that A C (AUB) — B.Letx € A. Since ANB =0, it
follows that x ¢ B. Therefore,x e AUBand x ¢ B;sox € (AU B) — B. Thus,
AC(AUB)—B.

Next, we show that AUB) —B C A.Letx € (AUB) — B. Thenx € AU B and
x ¢ B. From this, it follows that x € A. Hence, (AU B) — B C A. [

(a) What result is being proved above?

(b) What change (or changes) in this proof would make it better (from your point of
view)?

Evaluate the proposed proof of the following result.
Result Letx,y e Zsuchthat3 |x. If3 | (x+y),then3 | y.

Proof Since 3 | x, it follows that x = 3a, where a € Z. Assume that 3 | (x + y).
Then x 4+ y = 3b for some integer b. Hence, y = 3b — x = 3b — 3a = 3(b — a).
Since b — a is an integer, 3 | y.

For the converse, assume that 3 | y. Therefore, y = 3¢, where ¢ € Z. Thus,
x+y=3a+3c=3(a+ c). Since a + c is an integer, 3 | (x + y). [
Evaluate the proposed proof of the following result.

Result Letx,yeZ.Ifx=1 (mod 3)andy =1 (mod 3), then xy = 1 (mod 3).

Proof Assumethatx =1 (mod 3)andy =1 (mod 3). Then3 | (x — 1) and

3| (y—1).Hence, x — 1 =3¢g and y — 1 = 3¢ for some integer ¢ and so

x=3q+ 1andy = 3¢g + 1. Thus,
xy=0Cg+1DBqg+1)=9¢"+6q+1=33q"+29)+1

and so xy — 1 = 3(3¢* + 2¢g). Since 3¢* + 2g is an integer, 3 | (xy — 1). Hence,

xy =1 (mod 3). ]

Evaluate the proposed proof of the following result.

Result  For every three sets A, Band C, (A x C) — (B x C) € (A —B) x C.

Proof Let(x,y)e(AxC)— (B xC). Then(x,y)€e A x Cand(x,y) ¢ B xC.
Since (x,y) € A x C, it follows that x € A and y € C. Since (x, y) ¢ B x C, we have
x ¢ B. Thus, x € A — B. Hence, (x,y) € (A — B) x C. [ ]

Let a € Z. Prove that if 3 | 5a, then 3 | a.

Leta,b,c,d € R.Provethatifa > b > 0and c > d > 0, then ac > bd.
Leta € R*. Prove that if @ < 1, then v/a > a.

Prove thatif x,y,z € R, then [x —y| — [y — z| > |x — z|.

Let A and B be two sets. Prove that (A x B)N (B x A) = (ANB) x (BNA).

Let ny, np and n3 be three integers such that 3 1 n; for i = 1, 2, 3. Prove that if 3 does
not divide the sum of any two of these three integers, then 3 divides the sum of all
three integers.
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4.95.

4.96.
4.97.
4.98.
4.99.

4.100.
4.101.

4.102.
4.103.

4.104.

4.105.

Prove that for every three integers a, b and c, the sum |a — b| + |a — c| + |b — c| is
an even integer.

Prove for every four real numbers a, b, ¢ and d that ac + bd < ~/a? + b*/c? + d>.
Prove that for every real number x, sin® x + 3 sin% x cos? x + cos® x = 1.
Leta € Z. Prove that if 6 | a and 10 | @, then 15 | a.

Let A = {x}. Give an example of a set concerning the set A to which each of the
following elements belong.

@ x,{xh b xhx) ©Gx) (@ (x{xh)
(e x ) {x (9 {x,0} @0 |}, {D.
Leta, b € Z. Prove that if a = b (mod 2) and b = a (mod 3), then a = b (mod 6).
Let a, b, c € R. Prove that %(a2 +P4+2+ D) =ab+1)+blc+1)+cla+1).
Prove that if a, b and ¢ are positive real numbers, then (a + b + ¢) (i =+ ,1; =+ %) >9.
LetT =1{1,2,...,8}.
(a) Determine the elements of the set
A={aeT: 2" =a(mod 9) for some m € N}.
(b) Determine the elements of the set
B={aeT: 5" =a(mod 9) for some m € N}.
(c) What property do the sets A and B have in (a) and (b)?
Consider the open sentence

P(m):5m+1=a®forsomea € Z,
where m € N. That is, P(m) is the open sentence: Sm + 1 is a perfect square.

(a) Determine four distinct solutions ¢ of 2 = 4 (mod 5). For each solution ¢,

determine m = @ + 3 and show that P(m) is a true statement.

(b) Show that the set S = {r € Z : 1> = 4 (mod 5)} contains infinitely many
elements.

(c) Lett be an element of the set S in (b). Prove that if m = @ + 3, then
Sm + 1 is a perfect square.

(d) As a consequence of the results established in (a)—(c), what can be concluded
about the set M = {m € N: 5m + 1 is a perfect square}?

Letay, as, ..., a, (n > 3)be nintegers such that |a;y; —a;| < 1forl <i<n-—1.
Prove that if & is any integer that lies strictly between @, and a,, then there is an
integer j with 1 < j < n such thata; = k.



Existence and Proof
by Contradiction

hus far, we have been primarily concerned with quantified statements involving uni-

versal quantifiers, namely statements of the type Vx € S, R(x). We now consider
problems that involve, either directly or indirectly, quantified statements involving exis-
tential quantifiers, that is, statements of the type 3x € S, R(x).

5.1 COUNTEREXAMPLES

Example 5.1

Solution

It must certainly come as no surprise that some quantified statements of the type Vx €
S, R(x) are false. We have seen that

~(VxeS§ Rx)=3xe S, ~Rx),

that is, if the statement Vx € S, R(x) is false, then there exists some element x € S for
which R(x) is false. Such an element x is called a counterexample of the (false) state-
ment Vx € S, R(x). Finding a counterexample verifies that Vx € S, R(x) is false.

Consider the statement:
Ifx € R, then (x> — 1)® > 0. (5.1)

or, equivalently,
For every real number x, (x> — 1)? > 0.
Show that the statement (5.1) is false by exhibiting a counterexample.

Forx =1, (x> — 1)> = (12 — 1)> = 0. Thus, x = 1 is a counterexample. ¢

127
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Example 5.2

Solution

Example 5.3

Solution

It might be noticed that the number x = —1 is also a counterexample. In fact, x = 1
and x = —1 are the only two counterexamples of the statement (5.1), which implies that
If x € R— {1, —1}, then (x> — 1)> > 0. (5.2)

is a true statement.
If a statement P is shown to be false in some manner, then P is said to be disproved.
The counterexample x = 1 therefore disproves the statement (5.1).

Disprove the statement:
If x is a real number, then tan?x + 1 = sec? x. (5.3)
Since tan x and sec x are not defined when x = 7 /2, it follows that tan® x + 1 and sec? x

have no numerical value when x = 7 /2 and, consequently, tan® x + 1 and sec? x are not
equal when x = /2. That is, x = 7 /2 is a counterexample to the statement (5.3). ¢

Although tan® x + 1 = sec? x is a well-known identity from trigonometry and state-
ment (5.3), as presented, is false, the following is true, however:

If x is a real number for which tan x and sec x are defined,
then tan? x + 1 = sec®x. (5.4)

Indeed, it is probably statement (5.4) that was intended in Example 5.2, rather than
statement (5.3). Since tanx and sec x are defined for precisely the same real numbers
x (namely, those numbers x such that cos x # 0), we can restate (5.4) as

IfxeR—{nm +Z: neZ} thentan’x + 1 = sec? x.

Disprove the statement:

x2+x_x+1

If x € Z, then = .
xX2—x x-1

(5.5)

2

If x =0, then x> — x = 0 and so a is not defined. On the other hand, if x = 0, then

x2 —
1 2 1
et = —1; so the expressions Yy and et are certainly not equal when x = 0.
x—1 . xr—x x—1
Thus, x = 0 is a counterexample to the statement (5.5). ¢
24 x 1
Since neither nor are defined when x = 1, it follows that x = 1 is also

x2 X —
a counterexample of statement (5.5). Indeed, x = 0 and x = 1 are the only counterex-
amples of statement (5.5) and so the statement

x2+x_x+1

Ifx € Z — {0, 1), then
X

—x x—=1
is true.

The three preceding examples illustrate the fact that an open sentence R(x) that is
false over some domain S may very well be true over a subset of S. Therefore, the truth
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Solution

Example 5.5

Solution

Example 5.6
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(or falseness) of a statement Vx € S, R(x) depends not only on the open sentence R(x)
but on its domain as well.

Disprove the statement:

For every odd positive integer n, 3 | (n*> — 1). 5.6)
Since 3 1 (3% — 1), it follows that n = 3 is a counterexample. ¢

Indeed, this example may very well remind you of Result 4.6 where in part (a), it is
stated that if 7 is an integer such that 3 | n, then 3 | n?; while if 3 { n, then 3 | (n? — 1).
So, it is not only expected that n = 3 is a counterexample but every odd integer n where
3 | n is a counterexample.

We have seen that a quantified statement of the type

Vx € S, R(x)
is false if
dx e S, ~R(x)

is true, that is, if there exists some element x € S for which R(x) is false. There will
be many instances when R(x) is an implication P(x) = Q(x). Therefore, the quantified
statement

Vx e S, P(x) = Q(x) 5.7
is false if
dxes, ~(Pkx) = 0kx)) (5.8)
is true. By Theorem 2.25(a), the statement (5.8) can be expressed as
dx e S, (P(x) A (~ Ox))).

That is, to show that the statement (5.7) is false, we need to exhibit a counterexample,
which, in this case, is an element x € S for which P(x) is true and Q(x) is false.

Disprove the statement:
Let n € Z. If n? + 3n is even, then n is odd.

If n=2, then "2 +3n=22+3-2=10 is even and 2 is even. Thus, n =2 is a
counterexample. ¢

In the preceding example, not only is 2 a counterexample, every even integer is a
counterexample.

Disprove the statement:

If n is an odd integer, then n® — nis odd. 5.9)
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Solution

Example 5.7

Solution

Example 5.8

Solution

Example 5.9

Solution

For the odd integer n = 1, the integer n> —n=1%>—1=01is even. Thus, n =1 is a
counterexample. ¢

Actually, it is not difficult to prove that the statement
If n is an odd integer, then n? — nis even.
is true. Although it may very well be of interest to know this, to show that statement (5.9)
is false requires exhibiting only a single counterexample. It does not require proving
some other result. One should know the difference between these two ideas.
Show that the statement:
Letne Z.If4 | (n> — 1), then4 | (n — 1).
is false.
Since 4 | (32 — 1) but 4 { (3 — 1), it follows that n = 3 is a counterexample. ¢
In Result 4.6(b), it is stated that if n is an even integer, then 4 | n?. Also, if n is odd,
then not only 4 | (n”> — 1) but 8 | (n®> — 1). So, since 4 | (n> — 1), it follows that n? is
odd and so n is odd by Theorem 3.17. Hence, 2 | (n — 1) but this does not mean that
41 (mn—1).
Show that the statement
If a, b and ¢ are positive integers, then a‘ = (ab)c.
is false.
Let a=2, b=2 and ¢ =3. Then & =22’ =28 =256, while (¢*)° = (22)’ =
43 = 64. Since 256 # 64, the positive integers a = 2, b =2 and ¢ = 3 constitute a
counterexample. ¢

Show that the statement:

Let a and b be nonzero real numbers. If x, y € RY, then

a2 b?

2 2
TR + 32 = (5.10)
is false.
Let x = b*> and y = a®. Then
2 2 212 25,2

a , b, ab ab 5.9

Wt Tt Ty T T =Y
Thus, x = b? and y = a&? is a counterexample and so the inequality is false. ¢
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Analysis  After reading the solution of Example 5.9, the only question that may occur to you
is where the counterexample x = b*> and y = a*> came from. Multiplying the inequal-
ity (5.10) by 24?b* (which eliminates all fractions) produces the equivalent inequality

a*x® + b*y? > 2a*b’xy
and so
a*x* = 2d°b*xy + b*y* > 0,
which can be expressed as
(a®x — b*y)? > 0.

Of course, (a*x — b*y)*> > 0. Thus, any values of x and y for which a’x — b*y = 0 pro-

duce a counterexample. Although there are many choices for x and y, one such choice

isx=5b"and y = a’. ¢

SECTION 5.1 EXERCISES

5.1
5.2.
5.3.
5.4.
5.5.
5.6.

5.7.

5.8.

5.9.

5.10.

5.11.

5.2

Disprove the statement: If @ and b are any two real numbers, then log(ab) = log(a) + log(b).

Disprove the statement: If n € {0, 1, 2, 3, 4}, then 2" 4 3" + n(n — 1)(n — 2) is a prime number.

Disprove the statement: If n € {1, 2, 3,4, 5}, then 3 | @2n® +1).

Disprove the statement: Let n € N. If @ is odd, then W is odd.

Disprove the statement: For every two positive integers a and b, (a + b)? = @’ + 2a’bh + 2ab + 2ab® + b*.

Let a, b € Z. Disprove the statement: If ab and (a + b)* are of opposite parity, then a*b* and a + ab + b are

of opposite parity.

(a) In Exercise 4.78, it was stated for every two positive real numbers a and b that % + 2 > 2. Use this fact
to show that (a + b) (é + %) > 4.

(b) If a = b in the inequality in (a), then this becomes an equality. Is the converse true? That is, if @ and b
are positive real numbers such that (a + b) (1 + ;) = 4, does a = b?

In Exercise 5.7 it is stated that (a + b) (é + %) > 4 for every two positive real numbers a and b. Does it

therefore follow that (c? + d?) (& + ;) > 42 for every two positive real numbers ¢ and d?
Disprove the statement: For every positive integer x and every integer n > 2, the equation

X"+ (x+ 1)" = (x + 2)" has no solution.

Disprove the statement: For every three positive integers a, b, ¢, two of the integers ab, ac, bc are of the
same parity and two of the integers ab, ac, bc are of opposite parity.

Disprove the statement: If n;, n, and n3 are three distinct positive integers, then 3 | (2" + 2" + 2).

PROOF BY CONTRADICTION

Suppose, as usual, that we would like to show that a certain mathematical statement R is
true. If R is expressed as the quantified statement V x € S, P(x) = Q(x), then we have
already introduced two proof techniques, namely direct proof and proof by contraposi-
tive, that could be used to establish the truth of R. We now introduce a third method that
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Result to Prove

PROOF STRATEGY

can be used to establish the truth of R, regardless of whether R is expressed in terms of
an implication.

Suppose that we assume R is a false statement and, from this assumption, we are able
to arrive at or deduce a statement that contradicts some assumption we made in the proof
or some known fact. (The known fact might be a definition, an axiom or a theorem.) If
we denote this assumption or known fact by P, then what we have deduced is ~ P and
have thus produced the contradiction C : P A (~ P). We have therefore established the
truth of the implication

(~R)=C.

However, because (~ R) = C is true and C is false, it follows that ~ R is false and so
R is true, as desired. This technique is called proof by contradiction.

If R is the quantified statement V x € S, P(x) = (Q(x), then a proof by contradiction
of this statement consists of verifying the implication

~(VxeS P)=0x) = C
for some contradiction C. However, since
~(VxeS, Px)= Q) =3dxes, ~ (Px)= 0x))
=3dxres (P A(~Q0W)),
it follows that a proof by contradiction of V x € S, P(x) = Q(x) would begin by assum-
ing the existence of some element x € S such that P(x) is true and Q(x) is false. That is,
a proof by contradiction of V x € S, P(x) = Q(x) begins by assuming the existence of

a counterexample of this quantified statement. Often the reader is alerted that a proof by
contradiction is being used by saying (or writing)

Suppose that R is false.
or
Assume, to the contrary, that R is false.

Therefore, if R is the quantified statement V x € S, P(x) = Q(x), then a proof by con-
tradiction might begin with:

Assume, to the contrary, that there exists some element x € S for which P(x) is
true and Q(x) is false.

(or something along these lines). The remainder of the proof then consists of showing
that this assumption leads to a contradiction.

Let’s now look at some examples of proof by contradiction. We begin by establish-
ing a fact about positive real numbers.

There is no smallest positive real number.

In a proof by contradiction, we begin by assuming that the statement is false and attempt
to show that this leads us to a contradiction. Hence, we begin by assuming that there is
a smallest positive real number. It is useful to represent this number by a symbol, say
r. Our goal is to produce a contradiction. How do we go about doing this? Of course,
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Proof

PROOF ANALYSIS

Result 5.11

Proof
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if we could think of a positive real number that is less then r, then this would give us a
contradiction. ¢

There is no smallest positive real number.

Assume, to the contrary, that there is a smallest positive real number, say r. Since
0 < r/2 < r, it follows that r/2 is a positive real number that is smaller than r. This,
however, is a contradiction. ™

The contradiction referred to in the proof of Result 5.10 is the statement: r is the smallest
positive real number and r/2 is a positive real number that is less than r. This statement
is certainly false. We have assumed that the reader understands what contradiction has
been obtained. If we think that the reader may not see this, then, of course, we should
specifically state (in the proof) what the contradiction is.

There is another point concerning Result 5.10 that should be made. This result states
that “there is no smallest positive real number.” This is a negative-sounding result. In the
vast majority of cases, proofs of negative-sounding results are given by contradiction.
Thus, the proof technique used in Result 5.10 is not unexpected. ¢

Let’s consider two additional examples.
No odd integer can be expressed as the sum of three even integers.

Assume, to the contrary, that there exists an odd integer n that can be expressed as the
sum of three even integers x, y and z. Then x = 2a, y = 2b and 7 = 2¢ with a, b,c € Z.
Therefore,

n=x+y+z=2a+2b+2c=2(a+b+c).

Since a + b + c is an integer, n is even. This is a contradiction. ]

Consider the statement:
R: No odd integer can be expressed as the sum of three even integers.

Obviously, Result 5.11 states that R is a true statement. In order to give a proof by con-
tradiction of Result 5.11, we attempted to prove an implication of the type (~ R) = C
for some contradiction C. The negation ~ R is

~ R: There exists an odd integer that can be expressed as the sum of
three even integers.

The proof we gave of Result 5.11 began by assuming the truth of ~ R. We introduced
symbols for the four integers involved to make it easier to explain the proof. Eventually,
we were able to show that z is an even integer. On the other hand, we knew that n is odd.
Hence, n was both even and odd. This was our contradiction C. ¢

In the two examples of proof by contradiction that we have given, neither state-
ment to be proved is expressed as an implication. For our next example, we consider an
implication.
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Result 5.12

Proof

PROOF ANALYSIS

Result 5.13

Proof

If a is an even integer and b is an odd integer, then 4 { (a®> + 2b°).

Assume, to the contrary, that there exist an even integer a and an odd integer b such that
4 | (a® +2b%). Thus, a = 2x, b = 2y + 1 and a® + 2b?> = 4z for some integers x, y and
z. Hence,

a® +2b* = (2x)* + 22y + 1)? = 4z.
Simplifying, we obtain 4x*> + 8y? + 8y 4+ 2 = 4z or, equivalently,
2=4z—4x2—8y2—8y=4(z—x2—2y2—2y).

Since 7 — x> — 2y? — 2y is an integer, 4 | 2, which is impossible. n
Let S be the set of even integers and T the set of odd integers. In Result 5.12, our goal
was to prove that

Ya € S,Yb e T, P(a,b). (5.11)
is true, where

P(a, b): 41 (a*+ 2b%).

Since we were attempting to prove (5.11) by contradiction, we wanted to establish the
truth of

~WNaeSVbeT, P(a,b)) = C
for some contradiction C or, equivalently, the truth of
daeS,AbeT, (~Pa, b)) = C.

Hence, we began by assuming that there exist an even integer a and an odd integer b
such that 4 | (a> + 2b*). We eventually deduced that 4 | 2, which is a false statement
and thereby produced a desired contradiction.

Using some facts we discussed earlier, we could have given a direct proof of Re-
sult 5.12. Once we wrote a = 2x and b = 2y + 1, we have

a*+20 = (2% +2Q2y+1)> =4x> + 8> +8y+2
= 4% +2y° +2y) + 2.

Hence, we have expressed a’ + 2b* as 4q + 2, where ¢ = x> + 2y? + 2y. That is, di-
viding a* + 2% by 4 results in a remainder of 2 and so 4 { (a*> + 2b%). At this stage,
however, a proof by contradiction of Result 5.12 is probably preferred, in order to both
practice and understand this proof technique. ¢

Let’s consider two other negative—sounding results.

The integer 100 cannot be written as the sum of three integers, an odd number of which
are odd.

Assume, to the contrary, that 100 can be written as the sum of three integers a, b and c,
an odd number of which are odd. We consider two cases.
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Proof
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Case 1. Exactly one of a, b and c is odd, say a. Then a = 2x+ 1,b =2y and ¢ = 2z,
where x, y, z € Z. So,

100=a+b+c=Qx+1)+2y+2z=2(x+y+2) + L.

Since x + y + z € Z, the integer 100 is odd, producing a contradiction.
Case 2. All of a, b and c are odd. Thena =2x+ 1, b =2y + 1 and ¢ = 2z + 1, where
x,y,z € Z. So,

100=a+b+c=2x+D)+ 2+ DH+2z4+ 1) =2x+y+z+ 1)+ 1.

Since x +y+ z+ 1 € Z, the integer 100 is odd, again a contradiction. ]

Observe that the proof of Result 5.13 begins by assuming that 100 can be written as
the sum of three integers, an odd number of which are odd (as expected). However, by
introducing symbols for these integers, namely a, b and ¢, this made for an easier and
clearer proof. ¢

For every integer m such that 2 | m and 4 1 m, there exist no integers x and y for which
2+ 3y =m.

Assume, to the contrary, that there exist an integer m such that 2 | m and 4 { m and in-
tegers x and y for which x> + 3y? = m. Since 2 | m, it follows that m is even. By Theo-
rem 3.16, x> and 3y are of the same parity. We consider two cases.

Case 1. x* and 3y* are even. Since 3y” is even and 3 is odd, it follows by Theorem 3.17
that y? is even. Because x> and y? are both even, we have by Theorem 3.12 that x and y
are even. Thus, x = 2a and y = 2b, where a, b € Z. Therefore,
X2+ 3y = (2a)* + 3(2b)* = 4a* + 12b*
= 4(d® + 3b*) = m.
Since a® + 3b* € Z, it follows that 4 | m, producing a contradiction.

Case 2. x> and 3y* are odd. Since 3y? is odd and 3 is odd, it follows by (the contraposi-
tive formulation of) Theorem 3.17 that y? is odd. By (the contrapositive formulation of)
Theorem 3.12, x and y are both odd. Thenx = 2a+ 1 and y = 2b + 1, where a, b € Z.
Thus,

¥ 43 =Qa+ 1> +32b+ 1) = (4d® +4a+ 1)+ 34> +4b+ 1)
=4a* +4a+ 120> + 12b+ 4 =4(d® +a+ 30> +3b+ 1) = m.
Since a® + a + 3b* +3b+ 1 € Z, it follows that 4 | m, producing a contradiction. m

The next result concerns irrational numbers. Recall that a real number is rational if
it can be expressed as m/n for some m, n € Z, where n # 0. Since “irrational” means
“not rational,” it is not surprising that proof by contradiction is the proof technique we
will use.

The sum of a rational number and an irrational number is irrational.
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Proof Assume, to the contrary, that there exist a rational number x and an irrational number y

Theorem to
Prove
PROOF STRATEGY

Theorem 5.16

Proof

The Three
Prisoners
Problem

whose sum is a rational number z. Thus, x 4+ y = z, where x = a/b and z = c/d for some
integers a, b, ¢, d and b, d # 0. This implies that
¢ a bc—ad
= —_—_ = - — - =
y=s< A" b bd
Since bc — ad and bd are integers and bd # 0, it follows that y is rational, which is a
contradiction. [

Result 5.15 concerns the irrationality of numbers. One of the best known irrational
numbers is +/2. Although we have never verified that this number is irrational, we
establish this fact now.

The real number «/E 18 irrational.

In the proof of this result, we will use Theorem 3.12, which states that an integer x is
even if and only if x? is even. Also, in the proof, it will be useful to express a rational
number m/n, where m, n € Z and n # 0, in lowest terms, which means that m and n
contain no common divisor greater than 1. ¢

The real number «/5 18 irrational.

Assume, to the contrary, that \/Z is rational. Then «/E =a/b,wherea, b € Z and b # 0.
We may further assume that a/b has been expressed in (or reduced to) lowest terms. Then
2 = a?/b*;s0a® = 2b%. Since b? is an integer, a is even. By Theorem 3.12, a is even. So,
a = 2¢, where ¢ € Z. Thus, (2¢)? = 2b? and so 4¢? = 2b*. Therefore, b* = 2¢2. Because
c? is an integer, b” is even, which implies by Theorem 3.12 that b is even. Since a and b
are even, each has 2 as a divisor, which is a contradiction since a/b has been reduced to

lowest terms. [

We now take a brief diversion from our discussion of proof by contradiction to
present a “story” problem.

Three prisoners (see Figure 5.1) have been sentenced to long terms in prison, but due to
overcrowded conditions, one prisoner must be released.

The warden devises a scheme to determine which prisoner is to be released. He tells
the prisoners that he will blindfold them and then paint a red dot or a blue dot on each
forehead. After he paints the dots, he will remove the blindfolds and a prisoner should
raise his hand if he sees a red dot on at least one of the other two prisoners. The first
prisoner to identify the color of the dot on his own forehead will be released. Of course,
the prisoners agree to this. (What do they have to lose?)

The warden blindfolds the prisoners, as promised, and then paints a dot on the fore-
heads of all three prisoners. In fact, he paints a red dot on the foreheads of all three
prisoners. He removes the blindfolds and, since each prisoner sees a red dot (indeed
two red dots), each prisoner raises his hand. Some time passes when one of the pris-
oners exclaims, “I know what color my dot is! It’s red!” This prisoner is then released.
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#1 #2 #3

Figure 5.1  The three prisoners

Although the story of the three prisoners is over, there is a lingering question: How did
this prisoner correctly identify the color of the dot painted on his forehead?

The solution is given next but try to determine the answer for yourself before
reading on.

Let’s assume (without loss of generality) that it’s prisoner #1 (see Figure 5.1) who deter-

the Three mined that he had ared dot painted on his forehead. How did he come to this conclusion?
Prisoners Perhaps you think he just guessed since he had nothing to lose anyway. But this is not
Problem the answer we were looking for.

Prisoner #1 knows that the color of his dot is either red or blue. He thinks, “Assume,
to the contrary, that my dot is blue. Then, of course, #2 knows this and he knows that
#3 has a red dot. (That’s why #2 raised his hand.) But #2 also knows that #3 raised his
hand. So, if my dot is blue, #2 knows his dot is red. Similarly, if my dot is blue, then #3
knows his dot is red. In other words, if my dot is blue, then both #2 and #3 should be able
to identify the colors of their dots quite quickly. But time has passed and they haven’t
determined the colors of their dots. So, my dot can’t be blue.” Therefore, #1 exclaims,
“I know what color my dot is! It’s red!”

What you probably noticed is that the reasoning #1 used to conclude that his dot is
red is proof by contradiction. It seems as if there is more to know about prisoner #1. But
that’s another story. ¢

SECTION 5.2 EXERCISES

5.12. Prove that there is no largest negative rational number.

5.13. Prove that there is no smallest positive irrational number.

5.14. Prove that 200 cannot be written as the sum of an odd integer and two even integers.

5.15. Use proof by contradiction to prove that if  and b are odd integers, then 4 1 (a® + b?).

5.16. Prove that if ¢ > 2 and b are integers, thena { bora { (b + 1).

5.17. Prove that 1000 cannot be written as the sum of three integers, an even number of which are even.
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5.18.
5.19.

5.20.

5.21.
5.22.
5.23.

5.24.
5.25.
5.26.
5.27.

5.28.
5.29.
5.30.
5.31.

5.32.

5.33.
5.34.
5.35.

5.3
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Prove that the product of an irrational number and a nonzero rational number is irrational.

Prove that when an irrational number is divided by a (nonzero) rational number, the resulting number is
irrational.

Let a be an irrational number and r a nonzero rational number. Prove that if s is a real number, then either
ar + s or ar — s is irrational.

Prove that /3 is irrational. [Hint: By Result 4.8, for an integer a, 3 | ? if and only if 3 | a.]
Prove that /2 + /3 is an irrational number.

(a) Prove that /6 is an irrational number.

(b) Prove that there are infinitely many positive integers n such that /7 is irrational.

LetS = {p—l—q\fZ: p,q€Qland T = {r+sv3: rseQ}.Provethat SNT = Q.
Prove that there is no integer a such thata = 5 (mod 14) and @ = 3 (mod 21).

Prove that there exists no positive integer x such that 2x < x*> < 3x.

Prove that there do not exist three distinct positive integers a, b and ¢ such that each integer divides the
difference of the other two.

Prove that the sum of the squares of two odd integers cannot be the square of an integer.
Prove that if x and y are positive real numbers, then \/x +y # /x + /3.
Prove that there do not exist positive integers m and n such that m? — n?> = 1.

Let m be a positive integer of the form m = 2s, where s is an odd integer. Prove that there do not exist
positive integers x and y such that x> — y? = m.

Prove that there do not exist three distinct real numbers a, b and ¢ such that all of the numbers a + b + ¢,
ab, ac, bc, abc are equal.

Use a proof by contradiction to prove the following. Let x,y € Z. If 5t xy, then 5 x and 5 1 y.
Prove that there exist no positive integers m and n for which m? +m + 1 = n?.

(a) Prove that there is no rational number solution of the equation x> — 3x 4+ 1 = 0.
(b) The problem in (a) should suggest a more general problem. State and outline a proof of this.

A REVIEW OF THREE PROOF TECHNIQUES

We have seen that we’re often in a situation where we want to prove the truth of a state-
ment Vx € S, P(x) = Q(x). You have now been introduced to three proof techniques:
direct proof, proof by contrapositive, proof by contradiction. For each of these three
techniques, you should be aware of how to start a proof and what your goal should be.
You should also know what not to do. Figure 5.2 gives several ways that we might start
a proof. Only some of these can lead to a proof, however.

Let’s now compare the three proof techniques with two examples.

Result 5.17 If n is an even integer, then 3n + 7 is odd.

Direct Proof Let n be an even integer. Then n = 2x for some integer x. Therefore,
3n+7=32x)+7=6x+7=20Bx+3)+ 1.

Since 3x + 3 is an integer, 3n + 7 is odd. ]



A Review of Three Proof Techniques

| First Step of “Proof”

\ Remarks/Goal

Assume for an arbitrary element
x € S that P(x) is true.

A direct proof is being used.
Show that Q(x) is true for the element x.

Assume for an arbitrary element
x € S that P(x) is false.

A mistake has been made.

Assume for an arbitrary element
x € S that Q(x) is true.

A mistake has been made.

Assume for an arbitrary element
x € S that Q(x) is false.

A proof by contrapositive is being used.
Show that P(x) is false for the element x.

Assume for an arbitrary element
x € S that P(x) and Q(x) are true.

A mistake has been made.

Assume that there exists x € S such
that P(x) is true and Q(x) is false.

A proof by contradiction is being used.
Produce a contradiction.

Assume that there exists x € §
such that P(x) is false and Q(x) is true.

A mistake has been made.

Assume that there exists x € S
such that P(x) and Q(x) are false.

A mistake has been made.

Assume that there exists x € S
such that P(x) = Q(x) is true.

A mistake has been made.

10.

Assume that there exists x € S
such that P(x) = Q(x) is false.

A proof by contradiction is being used.
Produce a contradiction.

Proof by
Contrapositive

Proof by
Contradiction

Result 5.18

Direct Proof

Figure 5.2 How to prove (and not to prove): Vx € S, P(x) = Q(x)

Assume that 3n + 7 is even. Then 3n + 7 = 2y for some integer y. Hence,

n=0Cn+7N+2n—-T)=2y—-2n—T7T=2(y—n—4)+ 1.

Since y — n — 4 is an integer, n is odd.

Assume, to the contrary, that there exists an even integer n such that 3n + 7 is even.
Since n is even, n = 2x for some integer x. Hence,

3n4+7=32x)+7=6x+7=203x+3)+ 1.
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Since 3x + 3 is an integer, 3n + 7 is odd, which is a contradiction.

Although a direct proof of Result 5.17 is certainly the preferred proof technique in
this case, it is useful to compare all three techniques. The following example is more

intricate.

1
Let x be a nonzero real number. If x + — < 2, thenx < 0.
X

1
Assume that x + — < 2. Since x # 0, we know that x> > 0. Multiplying both sides of the

1 1
inequality x + — < 2 by x?, we obtain x? (x + —) < 2x%. Simplifying this inequality,
x x
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we have x> + x — 2x% < 0; so,
X =2x+ 1) =x(x—1)%<0.

Since (x — 1)? > 0 and x(x — 1)? # 0, we must have (x — 1)> > 0. Since x(x — 1)> < 0

and (x — 1)% > 0, it follows that x < 0, as desired. ]
Proof For a proof by contrapositive, we will begin by assuming that x > 0 and attempt to show
Str a;egy f’;‘:’ that x + — > 2. This inequality can be simplified by multiplying through by x, obtain-
roof by X
Contrapositive ingx’ + 1 > 2x. Subtracting 2x from both sides, we have x* —2x +1 = (x — 1)* 2 0,
which, of course, we know to be true. A proof is suggested then by reversing the order
of these steps:
1
xX+->2
X
241> 2
X=2x+1=(x-1?%>0.
This method is common when dealing with inequalities. ¢
Proof by Assume that x > 0. Since x # 0, it follows that x > 0. Because (x — 1)? > 0, we have
Contrapositive (x — 1)> = x> — 2x + 1 > 0. Adding 2x to both sides of this inequality, we obtain x> +
1 > 2x. Dividing both sides of the inequality x> + 1 > 2x by the positive number x, we
1
obtain x + — > 2, as desired. ]
X
1
Proof by Assume, to the contrary, that there exists a nonzero real number x such that x + — < 2
. . X
Contradiction and x > 0. Since x # 0, it follows that x > 0. Multiplying both sides of the inequal-
1
ity x + — < 2 by x, we obtain x> + 1 < 2x. Subtracting 2x from both sides, we have
X
x2 —2x+ 1 < 0. It then follows that (x — 1)* < 0, which is a contradiction. ]
Many mathematicians feel that if a result can be verified by a direct proof, then this
is the proof technique that should be used, as it is normally easier to understand. This is
only a general guideline, however; it is not a hard and fast rule.
SECTION 5.3 EXERCISES

5.36. Prove that if n is an odd integer, then 7n — 5 is even by
(a) a direct proof, (b) a proof by contrapositive and (c) a proof by contradiction.

5.37. Let x be a positive real number. Prove that if x — )% > 1, then x > 2 by
(a) a direct proof, (b) a proof by contrapositive and (c) a proof by contradiction.

5.38. Leta, b € R. Prove that if ab # 0, then a # 0 by using more than one proof technique.

5.39. Letx,y € R*. Prove that if x < y, then x> < y? by
(a) a direct proof, (b) a proof by contrapositive and (c) a proof by contradiction.
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5.40. Prove the following statement using more than one method of proof.
Leta,b e Z.1If ais odd and a + b is even, then b is odd and ab is odd.

5.41. Prove the following statement using more than one method of proof.
For every three integers a, b and ¢, exactly two of the integers ab, ac and bc cannot be odd.

5.4 EXISTENCE PROOFS

Result to Prove

PROOF STRATEGY

Result 5.19

Proof

Result 5.20

In an existence theorem the existence of an object (or objects) possessing some specified
property or properties is asserted. Typically then, an existence theorem concerning an
open sentence R(x) over a domain S can be expressed as a quantified statement

dx € S, R(x) : There exists x € S such that R(x). (5.12)

We have seen that such a statement (5.12) is true provided that R(x) is true for some x € S.
A proof of an existence theorem is called an existence proof. An existence proof may
then consist of displaying or constructing an example of such an object or perhaps, with
the aid of known results, verifying that such objects must exist without ever producing a
single example of the desired type. For example, there are theorems in mathematics that
tell us that every polynomial of odd degree with real coefficients has at least one real
number as a solution, but we don’t know how to find a real number solution for every
such polynomial. Indeed, we quote the famous mathematician David Hilbert, who used
the following example in his lectures to illustrate the idea of an existence proof:

There is at least one student in this class . . . let us name him ‘X’ . .. for whom the

following statement is true: No other student in the class has more hairs on his
head than X. Which student is it? That we shall never know; but of his existence
we can be absolutely certain.

Let’s now see some examples of existence proofs.
There exists an integer whose cube equals its square.

Since this result is only asserting the existence of an integer whose cube equals its square,
we have a proof once we can think of an example. The integer 1 has this property. ¢

There exists an integer whose cube equals its square.
Since 13 = 12 = 1, the integer 1 has the desired property. L]

Suppose that we didn’t notice that the integer 1 satisfied the required condition in
the preceding theorem. Then an alternate proof may go something like this: Let x € Z
such that x> = x>. Then x> — x> = 0 or x’(x — 1) = 0. Thus, there are only two possible
integers with this property, namely 1 and O and, in fact, both integers have the desired
property.

A common error in elementary algebra is to write (a + b)*> = a*> + b*. Can this ever
be true?

There exist real numbers a and b such that (a + b)? = a® + b2.
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Proof

Proof

Result to Prove

PROOF STRATEGY

Result 5.21

Proof

Let a, b € Z such that (a + b)?> = a* + b*. Then a* + 2ab + b* = a* + b?, so 2ab = 0.
Since a = 1, b = 0 is a solution to this equation, we have

@+b2=(14+0>2=12=124+0%=da? + . "

The proof presented of Result 5.20 is longer than necessary. We could have written
the following proof:

Leta=1and b = 0. Then
@+bP?=0407>2=12=1>4+0%>=d%+ 1. [

In the first proof, we actually presented an argument for how we thought of a = 1
and b = 0. In a proof, we are not required to explain where we got the idea for the proof,
although it may very well be interesting to know this. If we feel that such information
might be interesting or valuable, it may be worthwhile to include this in a discussion
preceding or following the proof. The first proof we gave of Result 5.20 actually informs
us of all real numbers a and b for which (a + b)* = a* + b*, namely, (a + b)* = a* + b*
if and only if at least one of a and b is 0. This is more than what was requested of us but,
nevertheless, it seems interesting.

We saw in Section 5.2 that +/2 is irrational. Since +/2 = 2!/ 2 it follows that there
exist rational numbers a and b such that a” is irrational, namely a =2 and b =1/2
have this property. Let’s reverse this question. That is, do there exist irrational num-
bers a and b such that a” is rational? Although there are many irrational numbers (in
fact, an infinite number), we have only verified that /2 is irrational. (On the other
hand, we know from the exercises for this section that » + /2 is irrational for every
rational number 7 and that both r+/2 and r/ V/2 are irrational for every nonzero rational
number r.)

There exist irrational numbers a and b such that a” is rational.

As we mentioned, there are only certain numbers that we know to be irrational, the sim-
plest being +/2. This might suggest considering the (real) number ﬁﬁ If this number

is rational, then this answers our question. But perhaps /2”7 is irrational. Then what do
we do? This discussion suggests two cases. ¢

There exist irrational numbers a and b such that a” is rational.

Consider the number /2" . Of course, this number is either rational or irrational. We
consider these possibilities separately.

Case 1. «/Zﬁ is rational. Thenwe cantakea = b = ﬁ and we have the desired result.



The
Intermediate
Value Theorem
of Calculus

Result 5.22

Proof
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Case 2. ﬁﬁ is irrational. In this case, consider the number obtained by raising the
(irrational) number «/Eﬁ to the (irrational) power V/2; that is, consider a’, where
a= «/Eﬂ and b = +/2. Observe that

V2
a = <\/§ﬁ> = \/Eﬁﬁ = \/52 =2,

which is rational. n

The proof of Theorem 5.21 may seem unsatisfactory to you since we still don’t
know two specific irrational numbers a and b such that a” is rational. We only know

that two such numbers exist. We actually do know a bit more, namely either (1) ﬁﬁ is

v 2\
rational or (2) /2"~ is irrational and <\/§ ) is rational. (Actually it has been proved

that «/Eﬁ is an irrational number. Hence, there are also irrational numbers of the form
of a”, where a and b are both irrational.)

In the next result, we want to show that the equation x> 4+ 2x —5 =0 has a real
number solution between x = 1 and x = 2. It is not easy to find a number that satisfies
this equation. Instead, we use a well-known theorem from calculus to show that such a
solution exists. You may not remember all the terms used in the following theorem but
this is not crucial.

If £ is a function that is continuous on the closed interval [a, b] and k is a number between
f(a) and f(b), then there exists a number ¢ € (a, b) such that f(c) = k.

We now give an example to show how this theorem can be used.
The equation x* 4+ 2x — 5 = 0 has a real number solution between x = 1 and x = 2.

Let f(x) = x> + 2x — 5. Since f is a polynomial function, it is continuous on the set of all
real numbers and so f is continuous on the interval [1, 2]. Now, f(1) = —2 and f(2) = 31.
Since 0 is between f(1) and f(2), it follows by the Intermediate Value Theorem of
Calculus that there is a number ¢ between 1 and 2 such that f(¢) = ¢ +2¢ —5=0.
Hence, c is a solution. ]

As we just saw, the equation x> + 2x — 5 = 0 has a real number solution between
x =1 and x = 2. Actually, the equation x° + 2x — 5 = 0 has exactly one real number
solution between x = 1 and x = 2. This brings up the topic of uniqueness. An element
belonging to some prescribed set A and possessing a certain property P is unique if it is
the only element of A having property P. Typically, to prove that only one element of A
has property P, we proceed in one of two ways:

(1) We assume that a and b are elements of A possessing property P and show that
a=bh.

(2) We assume that a and b are distinct elements of A possessing property P and
show thata = b.
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Result 5.23

Proof

Result to Prove

PROOF STRATEGY

Result 5.24

Proof

Although (1) results in a direct proof and (2) results in a proof by contradiction, it
is often the case that either proof technique can be used.

As an illustration, we return to Result 5.22 and show, in fact, that the equation X+
2x — 5 = 0 has a unique real number solution between x = 1 and x = 2.

The equation x> 4+ 2x — 5 = 0 has a unique real number solution between x = 1 and
x=2.

Assume, to the contrary, that the equation x* 4+ 2x — 5 = 0 has two distinct real number
solutions a and b between x = 1 and x = 2. We may assume thata < b. Since 1 < a <
b < 2, it follows that @® + 2a — 5 < b®> + 2b — 5. On the other hand, @° +2a —5 =0
and »° + 2b — 5 = 0. Thus,

0=a+2a—5<b+2b—5=0,

which produces a contradiction. L]

Actually, we could have omitted Result 5.22 altogether and replaced it by Result 5.23
only (renumbering this result by Result 5.22), including the proofs of both Results 5.22
and 5.23.

We now present another result concerning uniqueness.
For an irrational number r, let

S={sr+t: s,t€Q}.

For every x € S, there exist unique rational numbers a and b such that x = ar + b.
To verify that a and b are unique, we assume that x can be expressed in two ways, say
asar + band cr + d, where a, b, ¢, d € Q, and then show that « = ¢ and b = d. Hence,
ar +b = cr—+d. If a # c, then we can show that r is a rational number, producing a

contradiction. Thus, a = c¢. Subtracting ar from both sides of ar 4+ b = cr + d, we obtain
b =d as well. ¢

We now give a complete proof.

For an irrational number r, let
S={sr+t: s,te€Q}.

For every x € S, there exist unique rational numbers a and b such that x = ar + b.

Let x € S and suppose that x = ar + b and x = cr +d, where a, b, c,d € Q. Then
ar+b=cr+d.Ifa+# c,then (a — c)r =d — b and so

d—>b
r =
a—~c¢Cc
Since 222 is a rational number, this is impossible. So, a = c. Subtracting ar = cr from

a—c

both sides of ar + b = cr + d, we obtain b = d. [
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Solution

Result to Prove
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(a) Show that the equation 6x3 4+ x> — 2x = 0 has a root in the interval [—1, 1].
(b) Does this equation have a unique root in the interval [—1, 1]?

(a) By inspection, we can see that x = 0 is a root of the equation.
(b) Observe that

63+ —2x=x(6x>+x—2)=x3x+2)2x— 1) = 0.

Thus, x = —2/3 and x = 1/2 are also roots of the equation
6x3 4+ x> — 2x = 0 and so this equation does not have a unique root in the
interval [—1, 1]. ¢

We consider a result of a somewhat different nature.

For every integer n > 7, there exist positive integers a and b such that n = 2a + 3b.

PROOF STRATEGY First, notice that we can write 7=2-2+3-1,8=2-1+3-2and9=2-3+3-1.
So, the result is certainly true for n = 7, 8, 9. On the other hand, there is no pair a, b of
positive integers such that 6 = 2a + 3b. Of course, this observation only shows that we
cannot replace n > 7 by n > 6.

Suppose that n is an integer such that n > 7. We could bring the integer 2 into the
discussion by observing that we can write n = 2g or n = 2g + 1, where g € Z. Actually,
if n = 2q, then ¢ > 4 since n > 7; while if n = 2¢g + 1, then ¢ > 3 since n > 7. This is
a useful observation. ¢

Result 5.26 For every integer n > 7, there exist positive integers a and b such that n = 2a + 3b.
Proof Let n be an integer such that n > 7. Since n is even or odd, either n = 2g orn = 2g + 1
for some integer g. We consider these two cases.
Case 1. n = 2q. Since n > 7, it follows that g > 4. Thus,
n=2q=2(q—-3)+6=2(¢q—-3)+3-2.
Since g > 4, it follows that g — 3 € N.
Case2.n = 2q + 1. Since n > 7, it follows that ¢ > 3. Thus,
n=2g+1=2g—1)+24+1=2(q—1)+3-1.
Since g > 3, it follows that g — 1 € N. [
SECTION 5.4 EXERCISES

5.42. Show that there exist a rational number a and an irrational number b such that a” is rational.

5.43. Show that there exist a rational number a and an irrational number b such that a” is irrational.

5.44. Show that there exist two distinct irrational numbers a and b such that a” is rational.

5.45. Show that there exist no nonzero real numbers a and b such that /a2 + b2 = /a3 + b3.
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5.46.

5.417.

5.48.

5.49.

5.50.

5.51.
5.52.
5.53.

5.54.
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Prove that there exists a unique real number solution to the equation x> + x> — 1 = 0 between x = 2/3 and
x=1.

Let R(x) be an open sentence over a domain S. Suppose that Vx € S, R(x) is a false statement and that the
set T of counterexamples is a proper subset of S. Show that there exists a subset W of S such that
Vx € W, R(x) is true.

(a) Prove that there exist four distinct positive integers such that each integer divides the sum of the
remaining integers.
(b) The problem in (a) should suggest another problem to you. State and solve such a problem.

Let S be a set of three integers. For a nonempty subset A of S, let o4 be the sum of the elements in A. Prove
that there exist two distinct nonempty subsets B and C of S such that oz = o¢ (mod 6).

Prove that the equation cos”(x) — 4x + = 0 has a real number solution in the interval [0, 4]. (You may
assume that cos?(x) is continuous on [0, 4].)

Prove for every integer n > 8§ that there exist nonnegative integers a and b such that n = 3a + 5b.
Prove for every integer n > 12 that there exist nonnegative integers a and b such that n = 3a + 7b.

Prove that there exists a set S of four distinct primes such that the sum of every three elements of S is also a
prime.

The statement Vi € N, P(n) is known to be false. Indeed, it is known that there are exactly k
counterexamples, k € N, to this statement. Prove that there exists a positive integer m such that for the set
S = {n € N: n > mj}, the statement Vn € S, P(n) is true.

DISPROVING EXISTENCE STATEMENTS

Let R(x) be an open sentence where the domain of x is S. We have already seen that to
disprove a quantified statement of the type Vx € S, R(x), it suffices to produce a coun-
terexample (that is, an element x in S for which R(x) is false). However, disproving
a quantified statement of the type Ix € S, R(x) requires a totally different approach.
Since

~@Ax e S,Rx))=Vxe S, ~Rx),

it follows that the statement Jx € S, R(x) is false if R(x) is false for every x € S. Let’s
look at some examples of disproving existence statements.

Example 5.27 Disprove the statement: There exists an odd integer n such that n> 4 2n + 3 is odd.

Solution We show that if n is an odd integer, then n> + 21 + 3 is even. Let n be an odd integer.
Then n = 2k + 1 for some integer k. Thus,

W H2n+3=0Qk+ 1) +2Qk+ 1) +3=4k>+4k+1+4k+2+3
= 4> + 8k + 6 = 2(2k> + 4k + 3).

Since 2k? + 4k + 3 is an integer, n> 4 2n + 3 is even. ¢

Example 5.28 Disprove the statement: There is a real number x such that x® + 2x* + x> 4+ 2 = 0.
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Example 5.29

Solution

Result to Prove
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Let x € R. Since x%, x* and x? are all even powers of the real number x, it follows that

x0 >0, x* > 0 and x2 > 0. Therefore, x* + 2x* +x2+2>04+04+0+2 =2 and so
1% 4+ 2x* 4+ x> 4+ 2 # 0. Hence, the equation x® 4 2x* + x?> + 2 = 0 has no real number
solution. ¢

Disprove the statement: There exists an integer n such that n3 — n 4 1 is even.
Let n € Z. We consider two cases.

Case 1. nis even. Then n = 2a, where a € Z. So
P —n+1=Qa)P—-Qa)+1=8c—2a+1=24d>—a)+ 1.
Since 4a® — a is an integer, n’> — n + 1 is odd and so it is not even.
Case 2. nis odd. Then n = 2b + 1, where b € Z. Hence,
w—n+1=0Qb+1°-Q2b+1)+1

=80 +12b° +6b+1—2b—1+1

=80 + 1207 + 4b+ 1 = 2(4b° + 6b* + 2b) + 1.
Since 4b° + 6b* + 2b is an integer, n3 —n+ 1is odd and so it is not even. ¢

If we had replaced Example 5.27 by
For every odd integer n, n> + 2n + 3 is even.
replaced Example 5.28 by
For every real number x, x® + 2x* + x> +2 # 0.
and replaced Example 5.29 by
For every integer n, n* — n + 1 is odd.

then we would have a true statement in each case and the solutions of Examples 5.27-
5.29 would become proofs.

We close this section and chapter with an example that uses some of the information
we have already encountered.

For n = 1,2, 4,5, there are integer solutions x and y to the equation x> + y*> = n
since02 4+ 12=1,12412=2,024+22 =4and 1> + 22 = 5.1tis easy to see that there
are no integers x and y such that x> + y> = 3. However, are there rational numbers x and
y for which x? 4 y?> = 3?

There exist no rational numbers x and y such that x> + y> = 3.

The expected approach to use here is to assume, to the contrary, that there are rational
numbers x and y for which x2 + y2 =3,sayx = % andy = 2 where a, b, ¢, d € N. After
some simplifying, we can arrive at an equation involving integers, one of which is 3. As
expected, it would be helpful to make use of divisibility of integers involving 3. Result
4.8 states that 3 | ab, where a, b € Z, if and only if 3 | a or 3 | b; while Result 4.12 states
that for each integer n, either n* =0 (mod 3) when 3 | norn® =1 (mod 3) when 3 { n.
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Result 5.30

Proof

There exist no rational numbers x and y such that x*> + y*> = 3.

Assume, to the contrary, that there exist rational numbers x and y such that x2 4+ y2 = 3.
We may assume that x and y are positive rational numbers. Since x, y € Q7 it follows
that x = % andy = 5, where a, b, ¢, d € N. Furthermore, we may assume that % and f—i
are reduced to lowest terms and so no integer greater than 1 divides a and b or divides ¢
and d. Therefore, Z—z + ;—f = 3 and so

a*d® + b = 3b*d>. (5.13)

First, suppose that 3 divides none of a, b, ¢, d. Then each of a?, b%, c? and d? is
congruent to 1 modulo 3 and so a’d® + b*c*> = 2 (mod 3). Because 3b*d*> = 0 (mod 3),
this contradicts (5.13). Hence, 3 divides at least one of a, b, ¢, d.

Assume first that 3 divides one of a and ¢, say 3 | a. Thus, a = 3p where p € Z.
Then

a2d? + P2 = 9p2d? + bPc? = 3Pd>

and so 3(b*d> — 3p*d*) = b*c*. Hence, 3 | b*c? and so 3 | bc by Result 4.8. Further-
more, 3 | bor 3 | ¢, again by Result 4.8. Since 3 | a and a/b has been reduced to lowest
terms, 3 | ¢. Thus, ¢ = 3¢ for some integer g. Hence, 9p?d> + b*(9¢%) = 3b?d* and so
9(p*d* + b*¢?) = 3b*d?. Thus, 3(p*d* + b’q*) = b’d? and so 3 | b*d>. By Result 4.8,
3|bor3|d.Since3|aand3|c, and § and § are reduced to lowest terms, it follows
that either 3 | b or 3 | d produces a contradiction. Hence, 3 { @ and 3 f ¢, which implies
that 3 divides at least one of b and d.

We claim that 3 must divide both b and d. Assume, to the contrary, that 3 divides
exactly one of b and d, say 3 | b and 3 { d. By Results 4.8 and 4.12, »* = 0 (mod 3) and
d?> =1 (mod 3). Since a> = 1 (mod 3) and ¢ = 1 (mod 3), it follows that a’d”> = 1
(mod 3) and b*c? = 0 (mod 3). Hence, a®d? + b*c* = 1 (mod 3). Because 36%d%> = 0
(mod 3), this contradicts (5.13). Therefore, as claimed, 3 | »and 3 | d.

Let r > 1 be the greatest power of 3 that divides b and s > 1 the greatest power of 3
that divides d. We may assume that r < s. Then b = 3"p and d = 3°q, where r, s, p, g €
N such that 3 { p and 3 t g. It then follows by (5.13) that

a2d2 + b2C2 — 32sa2q2 + 32rc2p2 — 32r+23+1p2q2
and so
3222 4 2t = 32 22
If s > r, then
C2p2 — 32s+]p2q2 _ 325—2ra2q2 — 3[32sp2q2 _ 323—2)‘—la2q2].
Since 3% p?q® — 3272"~1a2¢? is an integer, it follows that 3 | ¢?p?. However, since 3 { ¢
and 3 1 p, this contradicts Result 4.8. If r = s, then
a2q2 + 62p2 — 32S+1p2q2 — 3(32sp2q2).

Because 3% p?q® is an integer, 3 | (a’q> + ¢?p*). On the other hand, since a’¢®> = 1
(mod 3) and ¢?p> =1 (mod 3), it follows that a’¢*> + ¢*p> =2 (mod 3) and so
31 (a®q* + p?), which is a contradiction. ]
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SECTION 5.5 EXERCISES

5.55.
5.56.
5.57.
5.58.

5.59.

5.60.

Disprove the statement: There exist odd integers a and b such that 4 | (3a> + 7b%).
Disprove the statement: There is a real number x such that x® + x* + 1 = 2x2.
Disprove the statement: There is an integer n such that n* + n® 4+ n? 4 n is odd.

The integers 1, 2, 3 have the property that each divides the sum of the other two. Indeed, for each positive
integer a, the integers a, 2a, 3a have the property that each divides the sum of the other two. Show that the
following statement is false.

There exists an example of three distinct positive integers different from a, 2a, 3a for some a € N having
the property that each divides the sum of the other two.

The statement Vz € N, P(n) is known to have an infinite number of counterexamples. Disprove the
statement: There exists a positive integer m such that Vn € (m, 00), P(n) is true.

(a) Prove that there exist two distinct primes p and g such that the four integers pg &+ 2 and pq & 4 are all
primes.

(b) Disprove the statement: There exist two distinct primes p and g such that the six integers pg & 2,
pq £ 4 and pg =+ 6 are all primes.
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:D The Chapter  5.61. Show that the following statement is false.

Presentation for If A and B are two sets of positive integers with |A| = |B| = 3 such that whenever an
Chapter 5 can be integer s is the sum of the elements of some subset of A, then s is also the sum of the
found at elements of some subset of B, then A = B.
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5.62. (a) Prove thatifa > 2 and n > 1 are integers such that a®>+ 1 =2" thenais odd.
(b) Prove that there are no integers a > 2 and n > 1 such that A +1=2"

5.63. Prove that there do not exist positive integers a and n such that a*> + 3 = 3"
5.64. Let x,y € RT. Use a proof by contradiction to prove that if x < y, then \/x < /y.

5.65. The king’s daughter had three suitors and couldn’t decide which one to marry. So, the
king said to the suitors, “I have three gold crowns and two silver ones. I will put
either a gold or silver crown on each of your heads. The suitor who can tell me which
crown he has will marry my daughter.” The first suitor looked around and said he
could not tell. The second did the same. The third suitor said: ““ I have a gold crown.”
He is correct, but the daughter was puzzled: This suitor was blind. How did he know?
(Reference: Ask Marilyn, Parade Magazine, July 6, 2003.)

5.66. Prove that if a, b, ¢, d are four real numbers, then at most four of the numbers
ab, ac, ad, bc, bd, cd are negative.

5.67. Evaluate the proposed proof of the following result.

Result  The number 25 cannot be written as the sum of three integers, an even
number of which are odd.

Proof Assume, to the contrary, that 25 can be written as the sum of three integers,
an even number of which are odd. Then 25 = x 4+ y 4 z, where x, y, z € Z. We
consider two cases.
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5.68.

5.60.
5.70.

5.71.

5.72.

5.73.

5.74.

Case 1. x and y are odd. Then x = 2a+ 1,y = 2b+ 1 and 7 = 2¢, where a, b, c € Z.
Therefore,
25=x+y+z=Qa+1)+2b+1)+2c
=2a+2b+2c+2=2@a@+b+c+1).

Since a + b + ¢ + 1 is an integer, 25 is even, a contradiction.

Case 2. x, y and z are even. Then x = 2a, y = 2b and z = 2¢, where a, b, ¢ € Z.
Hence,

25=x+y+z=2a+2b+2c=2a+b+ o).

Since a + b + c is an integer, 25 is even, again a contradiction. [

(a) Let n be a positive integer. Show that every integer m with 1 < m < 2n can be
expressed as 2%k, where £ is a nonnegative integer and k is an odd integer with
1 <k<2n.

(b) Prove for every positive integer n and every subset S of {1, 2, ..., 2n} with
|S| = n + 1 that there exist integers a, b € S such that a | b.

Prove that the sum of all three irrational numbers /2, /3 and /3 is also irrational.
Letai, as, ..., a, be odd integers where @; > 1 fori =1, 2, ..., r. Prove that if
n=aay---a, + 2, then g; t n for each integer i (1 <i <r).

Below is given a proof of a result. What result is proved?

Proof Leta,b,c € Z such that a® + b* = 2. Assume, to the contrary, that a, b and
c are all odd. By (the contrapositive of) Theorem 3.12, a? and b? are both odd.
Therefore, a*> = 2r + 1 and b* = 25 + 1 for integers r and s. Thus, A+ =2r+

25 +2 =2(r+ s+ 1). Since r + s + 1 is an integer, a*> + b? is even. However,
a® + b* = ¢? and ¢? is odd. This is a contradiction. n

Evaluate the proposed proof of the following result.

Result  If x is an irrational number and y is a rational number, then z = x — y is
irrational.

Proof Assume, to the contrary, that z = x — y is rational. Then z = a/b, where
a,beZandb # 0. Since V2 is irrational, we let x = /2. Since y is rational,
y=c/d, where c,d € Z and d # 0. Therefore,

¢ a ad+bc
2 = = = — —_— =
f X=y+2z p + b b
Since ad + bc and bd are integers, where bd # 0, it follows that V2 is rational,
producing a contradiction. n

Prove that there exist four distinct real numbers a, b, ¢, d such that exactly four of the
numbers ab, ac, ad, bc, bd, cd are irrational.

Below is given a proof of a result. What result is proved?

Proof Leta =2 (mod 4)andb =1 (mod 4) and assume, to the contrary, that
4| (@* 4 2b). Since a =2 (mod 4) and b = 1 (mod 4), it follows that a = 4r + 2
and b = 4s + 1, where r, s € Z. Therefore,

A +2b=Ar+2+2@s+1)= 167 +16r+4)+ (8s+2)
= 16r% + 16r + 8s + 6.
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Since 4 | (a* + 2b), we have a*> + 2b = 4t, where ¢ € Z. So,
1672 + 16r + 85 + 6 = 4t and

6 =4t — 161> — 16r — 8s = 4(t — 4r* — 4r — 2s).
Since t — 4r* — 4r — 2s is an integer, 4 | 6, which is a contradiction. [

5.75. Prove that there do not exist real numbers a and b in the open interval (0, 1) such that
4a(l —b) > 1 and4b(1 —a) > 1.



Mathematical Induction

We have now seen three proof techniques that can be used to prove that a quan-
tified statement Vx € S, P(x) is true: direct proof, proof by contrapositive, proof
by contradiction. For certain sets S, however, there is another possible method of proof:
mathematical induction.

6.1 THE PRINCIPLE OF MATHEMATICAL INDUCTION

Theorem 6.1

152

Proof

Let A be a nonempty set of real numbers. A number m € A is called a least element (or
a minimum or smallest element) of A if x > m for every x € A. Some nonempty sets
of real numbers have a least element; others do not. The set N has a smallest element,
namely 1, while Z has no least element. The closed interval [2, 5] has the minimum
element 2 but the open interval (2, 5) has no minimum element. The set

A= {1 i ne N}
n
also has no least element.

If a nonempty set A of real numbers has a least element, then this element is nec-
essarily unique. We will verify this fact. Recall that when attempting to prove that an
element possessing a certain property is unique, it is customary to assume that there are
two elements with this property. We then show that these elements are equal, implying
that there is exactly one such element.

If a set A of real numbers has a least element, then A has a unique least element.

Let m; and m, be least elements of A. Since m, is a least element, m, > m;. Also, since
my is a least element, m; > m,. Therefore, m; = m,. [

The proof we gave of Theorem 6.1 is a direct proof. Suppose that we had replaced
the first sentence of this proof by

Assume, to the contrary, that A contains distinct least elements m; and m.
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Theorem 6.2

Proof
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If the remainder of the proof of Theorem 6.1 were the same except for adding a
concluding sentence that we have a contradiction, then this too would be a proof of The-
orem 6.1. That is, with a small change, the proof technique used to verify Theorem 6.1
can be transformed from a direct proof to a proof by contradiction.

There is a property possessed by some sets of real numbers that will be of great
interest to us here. A nonempty set S of real numbers is said to be well-ordered if every
nonempty subset of § has a least element. Let S = {—7, —1, 2}. The nonempty subsets
of § are

(=7, -1,2},{-7, -1}, {-7,2}, {—1, 2}, {7}, {—1} and {2}.

Since each of these subsets has a least element, S is well-ordered. Indeed, it should be
clear that every nonempty finite set of real numbers is well-ordered. (See Exercise 6.20.)
The open interval (0, 1) is not well-ordered, since, for example, (0, 1) itself has no least
element. The closed interval [0, 1] has the least element O; however, [0, 1] is not well-
ordered since the open interval (0, 1) is a (nonempty) subset of [0, 1] without a least
element. Because none of the sets Z, Q and R has a least element, none of these sets is
well-ordered. Hence, having a least element is a necessary condition for a nonempty set
to be well-ordered but it is not sufficient.

Although it may appear evident that the set N of positive integers is well-ordered,
this statement cannot be proved from the properties of positive integers that we have
used and derived thus far. Consequently, this statement is accepted as an axiom, which
we state below.

The set N of positive integers is well-ordered.

A consequence of the Well-Ordering Principle is another principle, which serves as
the foundation for another and important proof technique.

(The Principle of Mathematical Induction) For each positive integer n, let P(n) be a
statement. If

(1) P(1)is true and

(2) the implication

If P(k), then P(k + 1).
is true for every positive integer k,
then P(n) is true for every positive integer n.
Assume, to the contrary, that the theorem is false. Then conditions (1) and (2) are satisfied
but there exist some positive integers n for which P(n) is a false statement. Let
S={neN: P(n)is false}.

Since S is a nonempty subset of N, it follows by the Well-Ordering Principle that S con-
tains a least element s. Since P(1) is true, 1 ¢ S. Thus, s > 2 and s — 1 € N. Therefore,
s — 1 ¢ S and so P(s — 1) is a true statement. By condition (2), P(s) is also true and so
s ¢ S. This, however, contradicts our assumption that s € S. ]
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The Principle of
Mathematical
Induction

Result 6.3

Proof

The Principle of Mathematical Induction is stated more symbolically below.

For each positive integer n, let P(n) be a statement. If

(1) P(1)istrue and
(2) VYkeN, P(k) = P(k+ 1)is true,

then Vi € N, P(n) is true.

As a consequence of the Principle of Mathematical Induction, the quantified state-
ment Va € N, P(n) can be proved to be true if
(1) we can show that the statement P(1) is true and

(2) we can establish the truth of the implication
If P(k), then P(k + 1).
for every positive integer k.

A proof using the Principle of Mathematical Induction is called an induction proof or a
proof by induction. The verification of the truth of P(1) in an induction proof is called
the base step, basis step or the anchor of the induction. In the implication

If P(k), then P(k + 1).

for an arbitrary positive integer k, the statement P(k) is called the inductive (or induc-
tion) hypothesis. Often we use a direct proof to verify

Vk e N, P(k) = P(k+ 1), 6.1)

although any proof technique is acceptable. That is, we typically assume that the in-
ductive hypothesis P(k) is true for an arbitrary positive integer k and attempt to show
that P(k 4 1) is true. Establishing the truth of (6.1) is called the inductive step in the
induction proof.

We illustrate this proof technique by showing that the sum of the first n positive
integers is given by n(n + 1)/2 for every positive integer n, that is,

1
1+2+3+---+n=@.

Let

nn+1)
2

where n € N. Then P(n) is true for every positive integer n.

P(n): 14243+ 4n=

We employ induction. Since 1 = (1 - 2)/2, the statement P(1) is true. Assume that P(k)
is true for an arbitrary positive integer k, that is, assume that
k(k+ 1)

T42434 k= —0—
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We show that P(k + 1) is true, that is, we show that

k+ 1)(k+2)

14243+ +(k+1)= 5

Thus,

142434+ *k+D=0+2+34 -+ +*k+1)

k(k+1 k(k4+1)+2(k+1
_MEED gy KD 264D
2 2
k4 Dk +2)
= 5 ,
as desired.
By the Principle of Mathematical Induction, P(n) is true for every positive
integer n. u

Typically, a statement to be proved by induction is not presented in terms of P(n)
or some other symbols. In order to illustrate this, we give an alternative statement and
proof of Result 6.3, as it is to be understood what P(n) would represent.

For every positive integer n,

_ nn+1)

14+2+3+ - +n 5

We employ induction. Since 1 = (1 - 2)/2, the statement is true for n = 1. Assume that

_ k(k+1)

14+243+---+k S

where k is a positive integer. We show that

(k+ D(k+2)

14+2+3+---+(k+1)= >

Thus,

1+2+434+--+G*k+D)=0+2+4+3+---+k)+(k+1)

_ k(k+1) D)= k(k+1)42rz(k+1)

R+ D(k+2)
- e

By the Principle of Mathematical Induction,

nn+1)
2

for every positive integer n. ]

14243+ +n=
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PROOF ANALYSIS

In the proof of Result 6.3 (or of Result 6.4), we began by stating that induction was
being used. This alerts the reader of what to expect in the proof. Also, in the proof of the
inductive step, it is assumed that

k(k+1
1+243+---+k= ( ;_ )
for a positive integer k, that is, for an arbitrary positive integer k. We do not assume that
k(k+1
14243+ +k= (; )

for every positive integer k as this would be assuming what we are attempting to prove
in Result 6.3 (and in Result 6.4).

Carl Friedrich Gauss (1777-1855) is considered to be one of the most brilliant math-
ematicians of all time. The story goes that when he was very young (in grade school
in Germany) his teacher gave him and his classmates the supposedly unpleasant task
of adding the integers from 1 to 100. He obtained the correct result of 5050 quickly.
It is believed that he considered both the sum 1+ 2 4+ --- 4+ 100 and its reverse sum
100 +99 + - - - 4+ 1 and added these to obtain the sum 101 + 101 4 --- + 101, which
has 100 terms and so equals 10,100. Since this is twice the required sum, 1 +2 + --- +
100 = 10100/2 = 5050. This, of course, can be quite easily generalized to find a
formulafor1 +2+ 3+ ---+ n, where n € N. Let

S=14+2+3+---+n. (6.2)
If we reverse the order of the terms on the right side of (6.2), then we obtain
S=n+n-D+m—-2)+---+ 1 (6.3)
Adding (6.2) and (6.3), we have
2=m+D+@+D)+m+D+---+ @+ 1). (6.4)

Since there are n terms on the right side of (6.4), we conclude that 25 = n(n + 1) or
S =n(n+1)/2. Hence,

nn+1)

= >

You might think that the proof of Result 6.3 (and Result 6.4) that we gave by math-
ematical induction is longer (and more complicated) than the one we just gave and this
may very well be true. But, in general, mathematical induction is a technique that can be
used to prove a wide range of statements. In this chapter, we will see a variety of state-
ments where mathematical induction is a natural technique used in verifying their truth.
We begin with an example that leads to a problem involving mathematical induction.

Suppose that an n x n square S is composed of n> 1 x 1 squares. For all integers k
with 1 < k < n, how many different k£ x k squares does S contain? (See Figure 6.1 for
the case where n = 3.) For n = 3, the square S contains the 3 x 3 square S itself, four
2 x 2 squares and nine 1 x 1 squares (see Figure 6.1). Therefore, the number of different
squares that S containsis 1 +4 +9 = 12+ 22 4+ 32 = 14.

In order to determine the number of different k x k squares in an n x n square S,
we place S in the first quadrant of the coordinate plane so that the lower left corner of §

14+2+3+4 - +n
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Figure 6.1 The squares in a 3 x 3 square

y
(n,n)
(x+k,y+k)
S*
(x,y)
X
(0,0)

Figure 6.2 A k x k square in an n x n square

is at the origin (0, 0). (See Figure 6.2.) Then the upper right corner of S is at the point
(n, n). Consequently, the lower left corner of a k x k square S*, where 1 < k < n, is at
some point (x, y), while the upper right corner of $* is at (x + k, y + k). Necessarily,
x and y are nonnegative integers with x + k < n and y + k < n (again see Figure 6.2).
Since 0 <x <n—kand 0 <y < n— k, the number of choices for each of x and y is
n — k + 1 and so the number of possibilities for (x, y) is (n — k + 1)?. Because k is any
of the integers 1, 2, .. ., n, the total number of different squares in S is

Z(n —k+1)?
k=1

=1+ 427417

n
=42+t =) K
k=1
Is there a compact formula for the expression

Y R=1U42 4 0™
k=1
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Result 6.5

Proof

For the problem we are describing, it would be very helpful to know the answer to this
question. Since we brought up this question, you might have already guessed that the
answer is yes. A formula is given next, along with a proof by induction.

For every positive integer n,

D2 1
12+22+...+n2:w.

We proceed by induction. Since 12 = (1 - 2 - 3)/6 = 1, the statement is true whenn = 1.
Assume that
k(k+ 1)2k+1
12+22+...+k2:%

for an arbitrary positive integer k. We show that

(k+ 1)(k +2)(2k + 3)

P+22 4+ (k+ 1)Y= S

Observe that

P42+ k+ 1) =[P 4+22 4+ K+ (k+ 1)?
_ k(k+ D@k + 1)
N 6

k(k+ 1)k +1)  6(k+ 1)
- 6 T
(k4 DK+ 1) + 6(k + 1)]
N 6
_ (k+ DK + Tk +6)

N 6
_ (k+ D(k+2)(2k + 3)
= : ,

+ (k + 1)

as desired.
By the Principle of Mathematical Induction,

nin+ 1)2n+ 1)
6

for every positive integer n. |

24024 ... 42—

Strictly speaking, the last sentence in the proof of Result 6.5 is typical of the last
sentence of every proof using mathematical induction, for the idea is to show that the
hypothesis of the Principle of Mathematical Induction is satisfied and so the conclusion
follows. Some therefore omit this final sentence since it is understood that once prop-
erties (1) and (2) of Theorem 6.2 are satisfied, we have a proof. For emphasis, we will
continue to include this concluding sentence, however.

There is another question that might have occurred to you. We explained why
1+2+---+n equals n(n+1)/2, but how did we know that 12 +2% + ... 4 n?
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equals n(n+ 1)(2n+1)/6? We can actually show that 124224 ... 471> =
n(n+ 1)(2n + 1)/6 by using the formula 1 +2 + --- 4+ n = n(n 4+ 1)/2. We begin by

solving
k+17° =K 43>+ 3k + 1
for k2. Since 3k* = (k+ 1)° — k* — 3k — 1, it follows that

2_1 31371 _1
=k —k] —k=3

and so
YK = % [Z(k+ 1)} —Z/é} - k- %Zl.
k=1 k=1 k=1 k=1 k=1
Therefore,

Zkz = ! [(n+ 1)} — 13] — %n(n—i— 1)— %n
k=1

W

P +3n*+3n n’4+n n

3 2 3
. 2n3+6n2+6n—3n2—3n—2n_2n3+3n2+n
N 6 N 6
. n2n? +3n+1) _ nn+1)2n+1)
N 6 N 6 '

This is actually an alternative proof that

D2 1
12+22+...+n2=w

6
for every positive integer n but of course this proof depends on knowing that
1
142434 +n= n(nTJr)

for every positive integer n.

We have now used mathematical induction to establish the formulas
1

and
nn+1)2n+1)

P42+ 4n= c

6.5)

(6.6)

for every positive integer n. We saw that (6.6) gives the number of different squares in an
n x n square composed of n2 1 x 1 squares. Actually, (6.5) gives the number of intervals
in an interval of length n composed of n intervals of length 1. You can probably guess

what 13 + 23 + ... 4 »? counts. Exercise 6.6 deals with this expression.

We now present a formula for
1 n 1 T 1
2-3 3.4 (n+1)(n+2)

for every positive integer n.
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Result 6.6 For every positive integer n,

1 N 1 - 1 _n
2.3 3.4 n+Dn+2) 2n+4

Proof We use induction. Since
1 1 1
2.3 2-1+4 6
the formula holds for n = 1. Assume that

1 1 1 k
S T E

2.3 3.4 k+Dk+2)  2k+4
for a positive integer k. We show that
1 1 1 k+1 k+1
2.3 3.4 (k+2)k+3) 2k+1)+4 2k+6
Observe that
1 n 1 T 1
2-3 3.4 (k+2)(k +3)

1 1 1 1
- [ﬁJ’ 34T (k+1)(k+2)]+ (k+2)(k + 3)

k 1 k 1
2k+4  (k+2)(k+3) 2k+2) (k+2)(k+3)
k(k+3)+2 kK> 43k +2

T2+ )k +3) 2k +2)k+3)

_ Kk DK+2)  k+1 k]

T 2(k+2)(k+3)  2k+3)  2k+6
giving us the desired result. By the Principle of Mathematical Induction,

1 N 1 - 1 _n
2.3 3.4 (n+Dn+2) 2n+4

for every positive integer n. ]

PROOF ANALYSIS  Each of the examples of mathematical induction proofs that we have seen involves a
certain amount of algebra. We’ll need to recall even more algebra soon. Many mistakes
in these proofs are due to algebra errors. Therefore, care must be taken. For example, in
the proof of Result 6.6, we encountered the sum

k 1
+ .
2(k+2)  (k+2)(k+3)
To add these fractions, we needed to find a common denominator (actually a /east com-

mon denominator), which is 2(k + 2)(k + 3). This was used to obtain the next fraction,
that is,

k 1 k(k +3) 2 k(k +3)+2

2(k+2) * k+2)(+3) 2+ 2)(k+3) 2k +2)*k+3)  2k+2)k+3)’
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When we expanded and factored the numerator and then cancelled the term k + 2, this
was actually expected since the final result we were looking for was

k+1  k+1
2k+6 2(k+3)
which does not contain k + 2 as a factor in the denominator. ¢

SECTION 6.1 EXERCISES

6.1. Which of the following sets are well-ordered?
@A S={xeQ: x>—-10}
(b)) §={-2,-1,0,1,2}
) S={xeQ: —-1<x=<1}
(d S={p: pisaprime} ={2,3,5,7,11,13,17,...}.

6.2. Prove that if A is any well-ordered set of real numbers and B is a nonempty subset of A, then B is also
well-ordered.

6.3. Prove that every nonempty set of negative integers has a largest element.
6.4. Prove that 1 +3 4+ 5+ .- 4+ (2n — 1) = n? for every positive integer n

(1) by mathematical induction and
(2) byadding1 +3+5+---+@2n—1and 2n— 1)+ 2n—3)+---+ 1.

6.5. Use mathematical induction to prove that
145494 +@n—-3)=2n>—n
for every positive integer 7.

6.6. (a) We have seen that 12 + 22 4 - - . 4+ »? is the number of squares in an n x n square composed of
n* 1 x 1 squares. What does 1° + 23 + 3% ... 4 n® represent geometrically?

2 1 2
(b) Use mathematical induction to prove that P+2+3 4+ .40 = M

integer n.

for every positive

6.7. Find another formula suggested by Exercises 6.4 and 6.5 and verify your formula by mathematical
induction.

6.8. Find a formula for 1 +4 + 7 + - - - 4+ (3n — 2) for positive integers n and then verify your formula by
mathematical induction.

6.9. Provethat 1 -34+2-4+3.5+ -+ n(n + 2) = "D for every positive integer n.

6.10. Let r ## 1 be a real number. Use induction to prove that a 4 ar + ar* + .+ ar! = a(ll::’) for every
positive integer n.
1 1
6.11. Provethat 57 + ;s +--- +

m = 3,59 for every positive integer n.
6.12. Consider the open sentence P(n): 9+ 134 --- 4+ (4n+5) = 4"2*'%, where n € N.

(a) Verify the implication P(k) = P(k 4 1) for an arbitrary positive integer k.
(b) IsVn € N, P(n) true?
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6.13. Provethat1-1!4+2-2!4+---+n-n! = (n+ 1)! — 1 for every positive integer n.
6.14. Prove that2!-4!.6!.---. (2n)! > [(n + 1)!]" for every positive integer 7.

i 1 1 1 PP
6.15. Prove that —= + sttt t+tHEs 2./n — 1 for every positive integer n.

NG

6.16. Prove that 7 | [3*"+! — 52"~1] for every positive integer n.

6.2 AMORE GENERAL PRINCIPLE
OF MATHEMATICAL INDUCTION

Theorem 6.7

Theorem 6.8

The Principle of Mathematical Induction, described in the preceding section, gives us a
technique for proving that a statement of the type

For every positive integer n, P(n).

is true. There are situations, however, when the domain of P(n) consists of those integers
greater than or equal to some fixed integer m different from 1. We now describe an
analogous technique to verify the truth of a statement of the following type where m
denotes some fixed integer:

For every integer n > m, P(n).

According to the Well-Ordering Principle, the set N of natural numbers is well-
ordered, that is, every nonempty subset of N has a least element. As a consequence of
the Well-Ordering Principle, other sets are also well-ordered.

For each integer m, the set
S={ieZ: i>m}
is well-ordered.

The proof of Theorem 6.7 is left as an exercise (see Exercise 6.17). The following
is a consequence of Theorem 6.7. This is a slightly more general form of the Principle
of Mathematical Induction. Consequently, it is commonly referred to by the same name.

(The Principle of Mathematical Induction) For a fixed integer m, let S={i € Z:
i > m}. For each integer n € S, let P(n) be a statement. If

(1) P(m) is true and
(2) the implication

If P(k), then P(k + 1).
is true for every integer k € S,

then P(n) is true for every integer n € S.

The proof of Theorem 6.8 is similar to the proof of Theorem 6.2. We also state
Theorem 6.8 symbolically.
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For a fixed integer m, let S = {i € Z : i > m}. For each n € §, let P(n) be a statement.
If

(1) P(m) is true and
(2) VYkeS, P(k) = P(k+ 1)is true,

then Vn € S, P(n) is true.

This (more general) Principle of Mathematical Induction can be used to prove that
certain quantified statements of the type Vn € S, P(n) are truewhenS ={i € Z: i > m}
for a prescribed integer m. Of course, if m = 1, then S = N. We now consider several
examples.

For every nonnegative integer n,
2" > n.

We proceed by induction. The inequality holds for #n = 0 since 2° > 0. Assume that
2% > k, where k is a nonnegative integer. We show that 2*! > k 4+ 1. When k = 0, we
have 2Kt1 = 2 = 1 = k + 1. We therefore assume that k > 1. Then

2l =2 ok Sk =k+k>k+1.

By the Principle of Mathematical Induction, 2" > n for every nonnegative integer n. m

Let’s review the proof of Result 6.9. First, since Result 6.9 concerns nonnegative inte-
gers, we are applying Theorem 6.8 when m = 0. We began by observing that 2" > n
when n = 0. Next we assumed that 2 > k, where k is a nonnegative integer. Our goal
was to show that 241 > k + 1. It seems logical to observe that 2¢+! = 2. 2%, Since we
knew that 2% > k, we have 2¢t! = 2. 2f = 2k TIf we could show that 2k > k + 1, then
we have a proof. However, when k = 0, the inequality 2k > k + 1 doesn’t hold. That’s
why we handled k = 0 separately in the proof. This allowed us to assume that k > 1 and
then conclude that 2k > k + 1.

We could have proved Result 6.9 a bit differently. We could have observed first that
2" > n when n = 0 and then proved that 2" > n for n > 1 by induction. ¢

Our next example is to show that 2" > n? if n is a sufficiently large integer. We begin
by trying a few values of n, as shown below. It appears that 2" > n> whenever n > 5.

on 2

n n
0 1 0
1 2 1
2 4 4
3 8 9
4 16 16
5 32 25
6 64 36

Comparing 2" and n?
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Result to Prove

PROOF STRATEGY

Result 6.10

Proof

Result 6.11

Proof

PROOF ANALYSIS

For every integer n > 5,
2" > 52,

Let’s see what an induction proof of this result might look like. Of course, 2" > n*> when
n = 5. We assume that 2¢ > k?> where k > 5 (and & is an integer) and we want to prove
that 2t! > (k 4+ 1)2. We start with

2L =2 2k S k2

We would have a proof if we could show that 2k> > (k + 1)? or that 2k*> > k> 4+ 2k + 1.
There are several convincing ways to show that 2k> > k? + 2k + 1 for integers k > 5.
Here’s one way:

Observe that 2k> = k> + k> = k> + k- k > k* + 5k since k > 5. Also k* + 5k =
k? + 2k 4+ 3k > k> + 2k + 3 -5 = k* 4+ 2k + 15, again since k > 5. Finally, k> 4+ 2k +
15 > k> + 2k + 1. We now present a formal proof. (Here we are using the Principle of
Mathematical Induction with m = 5.) ¢

For every integer n > 5,

2" > p2.

We proceed by induction. Since 2° > 52, the inequality holds for n = 5. Assume that
2% > k% where k > 5. We show that 2¢t! > (k + 1)?. Observe that

K — 2 2k S U2 = K+ K > K+ 5k
=k 4+2k+3k >k +2k+15
>IKP+2k+1=Gk+1>%

Therefore, 211 > (k + 1)2. By the Principle of Mathematical Induction, 2" > n? for
every integer n > 5. ]

For every nonnegative integer n,

312 -1).

We proceed by induction. The result is true when n = 0 since in this case 22 — 1 = 0
and 3 | 0. Assume that 3 | (22k — 1), where k is a nonnegative integer. We show that
3] (2%+2 —1). Since 3 | (2% — 1), there exists an integer x such that 2% — 1 = 3x and
s0 2% = 3x + 1. Now,

2H#F2 _1=4.2% _1=40Bx+1)—1=12x+3 =34x + ).

Since 4x + 1 is an integer, 3 | (2%*2 — 1).
By the Principle of Mathematical Induction, 3 | (2** — 1) for every nonnegative
integer n. ]

Let’s review the preceding proof. As expected, to establish the inductive step, we as-
sumed that 3 | (2% — 1) for an arbitrary nonnegative integer k and attempted to show that
3| (2%F2 — 1). To verify that 3 | (2%%2 — 1), it was necessary to show that 222 — |



Result 6.12

Proof

6.2 A More General Principle of Mathematical Induction 165

is a multiple of 3, that is, we needed to show that 22**2 — 1 can be expressed as 3z for
some integer z. Since our goal was to show that 2272 — 1 can be expressed in a certain
form, it is natural to consider 2%*2 — 1 and see how we might write it. Since we knew
that 2% — 1 = 3x, where x € Z, it was logical to rewrite 222 — 1 so that 22 appears.
Actually, this is quite easy since

22k+2 — 22 . 22k =4. 22k.

Therefore, 2%+2 — 1 = 4. 2%k — 1. At this point, we need to be a bit careful because the
expression we are currently considering is 4 - 226 — 1, not 4(2%* — 1). That is, it would
be incorrect to say that 4 - 2%k _ 1 = 4(3x). Hence, we need to substitute for 2% in this
case, not for 22 — 1. This is the reason that in the proof we rewrote 2% _ 1 =3xas
2% = 3x + 1. ¢

While the proof of Result 6.11 used the Principle of Mathematical Induction, which
we are illustrating in this chapter, an even simpler proof exists. In Result 4.6(a), we
saw for an integer x that if 3 | x, then 3 | x*; while if 3 { x, then 3 | (x> — 1). For every
nonnegative integer n, the integer 2" is not a multiple of 3, that is, 3 t 2". Hence, by
Result 4.6(a), 3 | ((2")* — 1) or, equivalently, 3 | (2** — 1).

We reinforce proof by mathematical induction with another example.

For every nonnegative integer n,

91 (4" —1).

We proceed by induction. When n = 0, 4 — 1 = 0. Since 9 | 0, the statement is true
when n = 0. Assume that 9 | (43" - 1), where k is a nonnegative integer. We now show
that 9 | (43k+3 — 1). Since 9 | (43k — 1), it follows that 43 — 1 = 9x for some integer x.
Hence, 4% = 9x + 1. Now, observe that

43k+3_1:43'43k_1=64(9x+1)—1
= 9(64x + 7).
Since 64x + 7 is an integer, 9 | (4% —1).

By the Principle of Mathematical Induction, 9 | (43” — l) for every nonnegative
integer n. ]

As a final comment regarding the preceding proof, notice that we did not multiply
64 and 9 since we were about to factor 9 from the expression in the next step in any case.
For a positive integer n, the integer n factorial, denoted by n!, is defined as

nl=nn-1)---3-2-1.

In particular, 1! =1,2! =2-1=2and 3! =3-2-1 = 6. Also, 0! is defined as 0! = 1.
Among the many equalities and inequalities involving n! is the following.
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Result 6.13

Proof

For every positive integer n,

2n)!
1-3-5---2n—1)= ﬂ
2" . n!
First, observe that
Cen)!'=2n-2n—1)-2n—-2)---3-2-1. (6.7)

Of the 2n terms in the right side of expression (6.7), n of them are even, namely 2, 4, 6,
..., 2n. If we were to factor 2 from each of these numbers, we obtain2" - 1-2-3...-n =
2" . n!, while the remaining » integers, namely 1, 3, 5, ..., 2n — 1, are all odd. Thus

Q! =2"-nl-1-3.5--.2n—1).

Therefore,
2n)!
1.3.5..@n—1)= 20t
2m . pn!
This equality can also be established by induction. ¢
For every positive integer n,
2n)!
3.5 @n—1)= W
2m . pn!
We proceed by induction. Since
Q- 2
l = = -,
2110 2
the statement is true for n = 1. Assume, for a positive integer k, that
_ (2k)!
1-3.-5---(2k—-1)= TR
We show that
(2k +2)!
1-3.-5-2k+1)= ————.
(k+1) 2+ (k+ 1)!
Observe that
(2k +2)! Ck+2)2k+1)  (2k)!
= . =QRk+D[1-3-5---2k—1
260 (k+ 1) NG ( )]

=1-3.-5---(2k+1).
By the Principle of Mathematical Induction,
2n)!
2n . pnl

for every positive integer n. ]

1-3:.5---Q2n—1) =

We saw in Theorem 3.12 that for an integer x, its square x? is even if and only if x is

even. This is actually a consequence of Theorem 3.17, which states that for integers a and
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b, their product ab is even if and only if a or b is even. We now present a generalization
of Theorem 3.12.

Let x € Z. For every integer n > 2, x" is even if and only if x is even.

Assume, first, that x is even. Then x = 2y for some integer y. Hence,
F=x- X"l =y = 2(yx"_]).

Since yx"~! is an integer, x" is even.

We now verify the converse, namely if X" is even, where n > 2, then x is even. We
proceed by induction. If x? is even, then we have already seen that x is even. Hence, the
statement is true for n = 2. Assume that if x* is even for some integer k > 2, then x is
even. We show that if x**! is even, then x is even. Let x**! be an even integer. Then x - x*
is even. By Theorem 3.17, x is even or x* is even. If x is even, then the result is proved.
On the other hand, if x* is even, then, by the induction hypothesis, x is even as well. By
the Principle of Mathematical Induction, it follows, for every integer n > 2, that if x" is
even, then x is even. ]

Although it is impossible to illustrate every type of result where induction can be
used, we give two examples that are considerably different than those we have seen.
One of De Morgan’s laws (see Theorem 4.22) states that

AUB=ANB
for every two sets A and B. It is possible to use this law to show that
AUBUC=ANBNC
for every three sets A, B and C. We show how induction can be used to prove De Morgan’s
law for any finite number of sets.
IfA,A,, ..., A, are n > 2 sets, then
AlUA U UA, =A NA N - NA,.

We proceed by induction. For n = 2, the result is De Morgan’s Law and is therefore
true. Assume that the result is true for any k sets, where k > 2; that is, assume that if
By, B,, ..., By are any k sets, then

BiUB,U---UB, =B NB,N---NB;

We prove that the result is true for any k + 1 sets. Let Sy, S», ..., Sk+1 be k + 1 sets. We
show that

SIUS U U8 =85NSN-- NSy
LetT =S85, US,U---US;. Then

STUSH U U8 =S1USH U US)HUSk =T U Sk
Now, by De Morgan’s Law,
TUSk+] ZTmSk+1.
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Theorem 6.16

Proof

By the definition of 7" and by the inductive hypothesis, we have
T=5USHU---US=85N5N---NS.

Therefore,

SIUS U USiy1 =T U8k =T NSy
=851N8S N N8N Sipt.

By the Principle of Mathematical Induction, for every n > 2 sets A|, A, ..., Ay,

AJUAU---UA, =A NA,N---NA,,

as desired. [

A few comments may be useful concerning the notation used in the statement and the
proof of Theorem 6.15. First, the sets Aj, Ay, ..., A, were used in the statement of
Theorem 6.15 only as an aid to describe the result. Theorem 6.15 could have also been
stated as:

For every integer n > 2, the complement of the union of any n sets equals the
intersection of the complements of these sets.

To verify the inductive step in the proof of Theorem 6.15, we assumed that the
statement is true for any k > 2 sets, which we denoted by By, By, ..., By. The fact that
weused Ay, Ay, ..., A, to describe the statement of Theorem 6.15 did not mean that we
shoulduse Ay, Ay, ..., Ay for the k sets in the inductive hypothesis. In fact, it is probably
better that we do not use this notation. In the inductive step, we now need to show that

the result is true for any k + 1 sets. We used Sy, S», . . ., Sg+1 for these sets. It would have
been a bad idea to denote the k + 1 sets by By, By, ..., By because that would have
(improperly) suggested that k of the k + 1 sets must specifically be the sets mentioned
in the inductive hypothesis. ¢

We are now able to prove another well-known theorem concerning sets, to which
we earlier referred.

If A is a finite set of cardinality n > 0, then the cardinality of its power set P(A) is 2".

We proceed by induction. If A is a set with |[A| = 0, then A = (. Thus, P(A) = {#} and
s0 |P(A)| = 1 = 2°. Therefore, the theorem is true for n = 0. Assume that if B is any
set with |B| = k for some nonnegative integer k, then |P(B)| = 2. We show that if C is
a set with |C| = k + 1, then |P(C)| = 2*F!. Let

C={c1,¢2y...,Cry1}.

By the inductive hypothesis, there are 2% subsets of the set {c|, ca, . .., ¢}, that is, there
are 2* subsets of C not containing c;1. Any subset of C containing ¢ can be expressed
as DU {cgy1}, where D C {cy, c2, ..., ct}. Again, by the inductive hypothesis, there are
2k such subsets D. Therefore, there are 2% 4 28 = 2. 2k = 2&+1 gubsets of C.
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By the Principle of Mathematical Induction, it follows for every nonnegative integer
n that if |A| = n, then |P(A)| = 2". ]

Of course, Theorem 6.16 could also be stated as:

The number of subsets of a finite set with n elements is 2".

SECTION 6.2 EXERCISES

6.17.

6.18.

6.19.

6.20.

6.21.
6.22.
6.23.
6.24.

6.25.
6.26.
6.27.
6.28.

6.29.

6.30.

6.31.

Prove Theorem 6.7: For each integer m, the set S = {i € Z : i > m} is well-ordered. [Hint: For every
subset T of S, either 7 € N or T — N is a finite nonempty set.]

Prove that 2" > n? for every integer n > 10.

Prove the following implication for every integer n > 2: If x1, x5, . . ., x, are any n real numbers such that
X] " Xgeeeen x, = 0, then at least one of the numbers xi, x2, .. ., x, is 0. (Use the fact that if the product of
two real numbers is 0, then at least one of the numbers is 0.)

(a) Use mathematical induction to prove that every finite nonempty set of real numbers has a largest
element.

(b) Use (a) to prove that every finite nonempty set of real numbers has a smallest element.
Prove that 4 | (5" — 1) for every nonnegative integer 7.

Prove that 3" > n? for every positive integer n.

Prove that 7 | (3** — 2") for every nonnegative integer 7.

Prove Bernoulli’s Identity: For every real number x > —1 and every positive integer 7,
(I14+x)">1+4nx.

Prove that n! > 2" for every integer n > 4.

Prove that 81 | (10™*! — 91 — 10) for every nonnegative integer .

Prove that 1 4 % + % + o+ ”iz <2- % for every positive integer n.

In Exercise 4.6 of Chapter 4, you were asked to prove that if 3 | 2a, where a € Z, then 3 | a. Assume that
this result is true. Prove the following generalization: Let a € Z. For every positive integer n, if 3 | 2"a, then
3| a.

Prove thatif Ay, A, ..., A, are any n > 2 sets, then
AINA N NA, =AUAU---UA,.

Recall for integers n > 2, a, b, ¢, d, that if a = b (mod n) and ¢ = d (mod n), then both

a+ ¢ =b+d (mod n) and ac = bd (mod n). Use these results and mathematical induction to prove the
following: For any 2m integers a;, az, . . ., a,, and by, b, . . ., by, for which a; = b; (mod n) for 1 <i <m,
@ a+a+---+a,=by+by+---+ b, (mod n) and

(b) ayay - ay = blbz cee bm (mod n).

We saw in Exercise 5.7(a) that (a + b)(é + %) > 4 for every two positive real numbers a and b. Prove for
every n > 1 positive real numbers ay, ay, .. ., a, that

() (55 =+
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6.32. Prove for every n > 2 positive real numbers ay, ay, .. ., a, that
=Y a=2 Y aa; (6.8)
i=1 1<i<j<n

[Note: When n = 4, for example, (6.8) states that
3@} + a3+ ai + al) > 2(a1ax + ara; + aras + axaz + azas + azas).]

6.3 THE STRONG PRINCIPLE OF MATHEMATICAL INDUCTION

There is one last form of mathematical induction. This principle goes by many names: the
Strong Principle of Mathematical Induction, the Strong Form of Induction, the Alternate
Form of Mathematical Induction and the Second Principle of Mathematical Induction
are common names.

Theorem 6.17 (The Strong Principle of Mathematical Induction) For each positive integer n, let
P(n) be a statement. If

(a) P(1)is true and
(b) the implication
If P(i) for every integer i with 1 < i < k, then P(k 4 1).
is true for every positive integer k,

then P(n) is true for every positive integer n.

As with the Principle of Mathematical Induction (Theorem 6.2), the Strong Principle
of Mathematical Induction is also a consequence of the Well-Ordering Principle. The
Strong Principle of Mathematical Induction is now stated more symbolically below.

The Strong For each positive integer n, let P(n) be a statement. If
Principle of

Mathematical (1) P(1)is true and
Induction (2) VkeN, PA)APQ)A---AP(k) = Pk + 1) is true,

then Vi € N, P(n) is true.

The difference in the statements of the Principle of Mathematical Induction and
the Strong Principle of Mathematical Induction lies in the inductive step (condition 2).
To prove that Vi € N, P(n) is true by the Principle of Mathematical Induction, we are
required to show that P(1) is true and to verify the implication:

If P(k), then P(k + 1). (6.9)

is true for every positive integer k. On the other hand, to prove Vn € N, P(n) is true by
the Strong Principle of Mathematical Induction, we are required to show that P(1) is
true and to verify the implication:

If P(i) for every i with 1 < i <k, then P(k + 1). (6.10)
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is true for every positive integer k. If we were to give direct proofs of the implications
(6.9) and (6.10), then we are permitted to assume more in the inductive step (6.10) of the
Strong Principle of Mathematical Induction than in the induction step (6.9) of the Princi-
ple of Mathematical Induction and yet obtain the same conclusion. If the assumption that
P(k) is true is insufficient to verify the truth of P(k 4 1) for an arbitrary positive integer
k, but the assumption that all of the statements P(1), P(2), ..., P(k) are true is sufficient
to verify the truth of P(k + 1), then this suggests that we should use the Strong Princi-
ple of Mathematical Induction. Indeed, any result that can be proved by the Principle
of Mathematical Induction can also be proved by the Strong Principle of Mathematical
Induction.

Just as there is a more general version of the Principle of Mathematical Induction
(namely, Theorem 6.2), there is a more general version of the Strong Principle of Math-
ematical Induction. We shall also refer to this as the Strong Principle of Mathematical
Induction.

(The Strong Principle of Mathematical Induction) For a fixed integer m, let S =
{ieZ: i>m}.Foreachn € S, let P(n) be a statement. If

(1) P(m)is true and
(2) the implication

If P(i) for every integer i with m < i < k, then P(k + 1).
is true for every integer k € S,

then P(n) is true for every integer n € S.

We now consider a class of mathematical statements where the Strong Principle of
Mathematical Induction is commonly the appropriate proof technique.

Suppose that we are considering a sequence aj, as, as, ... of numbers, also ex-

pressed as {a,}. One way of defining a sequence {a,} is to specify explicitly the nth term
. . _‘l n

ay (as a function of n). For example, we might have a, = —, a, = (—2) ora,=n’+n

for each n € N. A sequence can also be defined recursi\r'lely. Ina r’écursively-deﬁned
sequence {a,}, only the first term or perhaps the first few terms are defined specifically,
say ay, aa, ..., a; for some fixed k € N. These are called the initial values. Then a;
is expressed in terms of a;, a, . . ., a; and, more generally, for n > k, a, is expressed in
terms of ay, ay, ..., a,—;. This is called the recurrence relation.

A specific example of this is the sequence {a,} defined by a; = 1,a; =3 and
a, = 2a,-1 — a,—» for n > 3. In this case, there are two initial values, namely a; = 1
and a, = 3. The recurrence relation here is

a, = 2a,_1 — a,_, forn > 3.

Letting n = 3, we find that a3 = 2a; — a; = 5; while letting n = 4, we have a4 = 2a3 —
a, = 7. Similarly, as = 9 and ag = 11. From this information, one might well conjecture
(guess) that a, = 2n — 1 for every n € N. (Conjectures will be discussed in more detail
in Section 8.1.) Using the Strong Principle of Mathematical Induction, we can, in fact,
prove that this conjecture is true.
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Example 6.20

Solution

Result 6.21

Proof

A sequence {a,} is defined recursively by
a=1,a, =3 and a, = 2a,_; — a,_, forn > 3.

Then a, =2n — 1 foralln € N.

We proceed by induction. Since a; =2-1—1 =1, the formula holds for n = 1.
Assume for an arbitrary positive integer k that @; = 2i — 1 for all integers i with 1 < i < k.
Weshow thatag, 1 =2(k+1)—1=2k+ 1.Ifk=1,thenaj,1 =a, =2-14+1=3.
Since a; = 3, it follows that a;+; = 2k + 1 when k = 1. Hence, we may assume that
k > 2. Since k + 1 > 3, it follows that

A1 = Zak — dg—1 = 2(2k— 1) — (2k— 3) = 2k+ l,

which is the desired result. By the Strong Principle of Mathematical Induction, a, =
2n — 1 foralln € N. ]

A few comments about the proof of Result 6.19 are in order. At one point, we assumed
for an arbitrary positive integer k that a; = 2i — 1 for all integers i with 1 <i < k. Our
goal was to show that a;+; = 2k 4 1. Since k is a positive integer, it may occur thatk = 1
ork > 2.If k = 1, then we need to show thatay,; =a, =2-1+1=3.Thata, = 3is
known because this is one of the initial values. If k > 2, then k + 1 > 3 and a4, can be
expressed as 2a; — a;_; by the recurrence relation. In order to show that a; = 2k + 1
when k > 2, it was necessary to know that a; = 2k — l and thata;_y =2(k— 1) — 1 =
2k — 3. Because we were using the Strong Principle of Mathematical Induction, we knew
both pieces of information. If we had used the Principle of Mathematical Induction, then
we would have assumed (and therefore knew) that a; = 2k — 1 but we would not have
known that a;_; = 2k — 3, and so we would have been unable to establish the desired
expression for ay ;. ¢

A sequence {a,} is defined recursively by
a=1,ap =4and a, = 2a,_; —a,_» +2forn > 3.

Conjecture a formula for a, and verify that your conjecture is correct.

We begin by finding a few more terms of the sequence. Observe that a3 = 2a; —
a;+2=29, while a4 =2a3 —a, +2 = 16 and as = 2a4 — a3 + 2 = 25. The obvious
conjecture here is that a, = n> for every positive integer n. We verify that this conjecture
is correct in the next result. ¢

A sequence {a,} is defined recursively by
a=1,ap =4and a, = 2a,_1 — a,—» + 2 forn > 3.

Then a, = n? forall n € N.

We proceed by induction. Since a; = 1 = 12, the formula holds for n = 1. Assume for
an arbitrary positive integer k that a; = i> for every integer i with 1 < i < k. We show
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that ai,1 = (k4 1)2. Since a, = 4, it follows that a;;; = (k + 1)> when k = 1. Thus,
we may assume that k > 2. Hence, k + 1 > 3 and so

Qrpy = 2ax — ag— +2 =2k — (k— 1) +2
=27 — (K —=2k+1D)+2=k +2k+1=(k+ 1)>.

By the Strong Principle of Mathematical Induction, a, = n® for all n € N. |

Although we mentioned that problems involving recurrence relations are commonly
solved with the aid of the Strong Principle of Mathematical Induction, it is by no means
the only kind of problem where the Strong Principle of Mathematical Induction can be
applied. Although the best examples of this require a knowledge of mathematics beyond
what we have covered thus far, we do present another type of example, namely an exam-
ple of the type given in Result 5.26. Indeed, the following result appears as Exercise 5.51
but here we give a proof using the Strong Principle of Mathematical Induction.

For each integer n > 8, there are nonnegative integers a and b such that n = 3a + 5b.

We proceed by induction. Since 8 =3 - 1 4 5 - 1, the statement is true for n = 8. Assume
for each integer i with 8 < i < k, where k > 8 is an arbitrary integer, that there are non-
negative integers s and ¢ such that i = 3s + 5¢. Consider the integer k 4+ 1. We show that
there are nonnegative integers x and y such thatk + 1 = 3x 4 5y. Since9 =3-34+5-0
and 10 =3-0+5-2,thisistrueif k + 1 = 9 and k + 1 = 10. Hence, we may assume
thatk 4+ 1 > 11. Thus, 8 < (k+ 1) — 3 < k. By the induction hypothesis, there are non-
negative integers a and b such that

(k+1)—3=3a+5bandsok+1=3(a+ 1)+ 5b.

Letting x = a + 1 and y = b, we have the desired conclusion.
By the Strong Principle of Mathematical Induction, for every integer n > §, there
are nonnegative integers a and b such that n = 3a + 5b. ]

We close this section with a result of a different type whose proof uses the Strong
Principle of Mathematical Induction. First, we observe that for the irrational number

r= 3+Tﬁ, it follows that r + % =3.

If 7 is a nonzero real number such that r + % is an integer, then r" + ri is an integer for
every positive integer n.

We use the Strong Principle of Mathematical Induction. Let r be a nonzero real number
such that r + % is an integer. Since r + % =rl+ ril is an integer, the statement is true
for n = 1. Assume for an arbitrary integer k > 1 that m; = r + % is an integer for every
integer i with 1 < i < k. We show that r**! 4 # is an integer. Observe that

1 1 1 1
k+1 ok —1
r ~|—m—(r +ﬁ)<r+;)—<rk +rk_1>

= mm; — my_| € Z.
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By the Strong Principle of Mathematical Induction, if r is a nonzero real number such
that r + % € Z, then r"* + ri € Z for every positive integer n. [

SECTION 6.3 EXERCISES

6.33.

6.34.

6.35.

6.36.

6.37.

6.38.

6.39.

6.4

A sequence {a,} is defined recursively by a; = 1 and a,, = 2a,_; for n > 2. Conjecture a formula for a,
and verify that your conjecture is correct.

A sequence {a,} is defined recursively by a; = 1, a, = 2 and a, = a,—1 + 2a,_; for n > 3. Conjecture a
formula for a, and verify that your conjecture is correct.

A sequence {a,} is defined recursively by a; = 1, a, =4, a3 =9 and
ayp = ap_1| — Gy + a3 +2(2n —3)

for n > 4. Conjecture a formula for a,, and prove that your conjecture is correct.
Consider the sequence F, F», F3, ..., where

F=1,KF=1FK=2F=3F=5and F; =8.
The terms of this sequence are called Fibonacci numbers.
(a) Define the sequence of Fibonacci numbers by means of a recurrence relation.
(b) Prove that2 | F, if and only if 3 | n.

Exercise 5.52 asked for a proof of the following statement: For each integer n > 12, there exist nonnegative
integers a and b such that n = 3a + 7b. Use the Strong Principle of Mathematical Induction to give an
alternative proof of this statement.

Use the Strong Principle of Mathematical Induction to prove the following. Let S = {i € Z : i > 2} and let
P be a subset of S with the properties that 2, 3 € P and if n € S, then either n € P or n = ab, where a, b € S.
Then every element of S either belongs to P or can be expressed as a product of elements of P. [Note: You
might recognize the set P of primes. This is an important theorem in mathematics which appears as
Theorem 12.17 in Chapter 12.]

Prove that there exists an odd integer m such that every odd integer n with n > m can be expressed either as
3a + 11b or as 5S¢ + 7d for nonnegative integers a, b, ¢ and d.

PROOF BY MINIMUM COUNTEREXAMPLE

Suppose that P(n) is a statement for each positive integer n. We have seen that induction
is a natural proof technique that can be used to verify the truth of the quantified statement

Vn e N, P(n). (6.11)

There are certainly such quantified statements where induction does not work or does
not work well. If we would attempt to prove (6.11) using a proof by contradiction, then
we would begin such a proof by assuming that the statement Vn € N, P(n) is false. Con-
sequently, there are positive integers n such that P(n) is a false statement. By the Well-
Ordering Principle, there exists a smallest positive integer n such that P(n) is a false
statement. Denote this integer by m. Therefore, P(m) is a false statement and for any
integer k with 1 < k < m, the statement P(k) is true. The integer m is referred to as
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a minimum counterexample of the statement (6.11). If a proof (by contradiction) of
Vn € N, P(n) can be given using the fact that m is a minimum counterexample, then
such a proof is called a proof by minimum counterexample.

We now illustrate this proof technique. For the example we are about to describe, it
is useful to recall from algebra that

(a+b)? =da +3a*b+ 3ab> + b°.

Suppose that we wish to prove that 6 | (n> — n) for every positive integer . An induction
proof would probably start like this:

If n =1, then n®> —n = 0. Since 6 | 0, the result is true for n = 1. Assume that
6 | (k* — k), where k is a positive integer. We wish to prove that 6 | [(k + 1)* — (k + 1)].
Since 6 | (k3 - k), it follows that k> — k = 6x for some integer x. Then

(k+17 —(k+ D)=k +3k>+3k+1—-k—1
= (kK — k) + 3k + 3k
= 6x + 3k(k + 1).
If we can show that 6 | 3k(k 4 1), we have a proof. To show this, we need only verify
that k(k 4+ 1) is an even integer for every positive integer k. A lemma could be introduced
to verify this. This lemma could be proved in two cases (k is even and k is odd) or even

induction could be used. Although such a lemma would not be difficult to prove, we give
an alternative proof that avoids the need for a lemma.

For every positive integer n,

6|(n3—n).

Assume, to the contrary, that there are positive integers n such that 6 { (n* — n). Then
there is a smallest positive integer n such that 6 ¢ (n3 - n) Let m be this integer. If n = 1,
then n® — n = 0; while if n = 2, then n® —n = 6. Since 6 | 0 and 6 | 6, it follows that
6 | (n* — n) forn =1 and n = 2. Therefore m > 3. So, we can write m = k + 2, where
1 < k < m. Observe that

m—m=(k+27>—(k+2)= (K +6k>+ 12k +8) — (k+2)
= (k> — k) + (6k> + 12k + 6).

Since k < m, it follows that 6 | (k* — k). Hence, k> — k = 6x for some integer x. So, we
have

m —m = 6x~+6(k> +2k+1)=6(x + k> + 2k + 1).

Since x + k2 + 2k + 1 is an integer, 6 | (m3 — m), which produces a contradiction. m

Let’s see how this proof was constructed. In this proof, m is a positive integer such that
6 1 (m* — m); while for every positive integer n with n < m, we have 6 | (n* — n). We
are trying to determine just how large m needs to be to obtain a contradiction. We saw
that 6 | (13 — 1) and 6 | (2> —2); so m > 3. Knowing that m > 3 allowed us to write
m as k+ 2, where 1 < k < m. Because 1 < k < m, we know that 6 | (k3 — k) and so



176

Chaptel‘ 6 Mathematical Induction

Result 6.25

Proof

Result 6.26

k*® — k = 6x, where x € Z. So, in the proof, we wrote
m—m=(k+27>—(k+2)= (K +6k>+ 12k +8) — (k+2)
= (K’ — k) + (6k* + 12k + 6) = 6x + 6k> + 12k + 6.

The fact that we can factor 6 from 6x + 6k> + 12k + 6 is what allowed us to conclude
that 6 | (m3 — m) and obtain a contradiction. But how did we know that we wanted
m > 371If we had only observed that 6 | (13 — 1) and not that 6 | (2° — 2), then we would
have known only that m > 2, which would have allowed us to write m = k + 1, where
1 < k < m. Of course, we would still know that 6 | (k* — k) and so k* — k = 6x, where
x € Z. However, when we consider m> — m, we would have

m—m=k+1P - k+1)=E +32+3k+1)—(k+1)
= (K —k)+3Kk> + 3k = (k> — k) + 3k(k + 1)
= 6x 4 3k(k + 1).
As it stands, we can factor 3 from 6x + 3k(k + 1) but cannot factor 6 unless we can

prove that k(k 4 1) is even. This is the same difficulty we encountered when we were
considering an induction proof. In any case, no contradiction is obtained. ¢

If a result can be proved by induction, then it can also be proved by minimum coun-
terexample. It was proved in Result 6.11 that 3 | (22” — 1) for every nonnegative integer
n. We now give a proof of this result by minimum counterexample.

For every nonnegative integer n,

3127 —1).

Assume, to the contrary, that there are nonnegative integers n for which 3 { (2" — 1). By
Theorem 6.7, there is a smallest nonnegative integer n such that 3 ¢ (22” - 1). Denote
this integer by m. Thus 3 ¢ (22’” — 1) and 3 | (22" - 1) for all nonnegative integers n for
which 0 < n < m. Since 3 | (22” — 1) when n = 0, it follows that m > 1. Hence, m can
be expressed by m = k + 1, where 0 < k < m. Thus, 3 | (22 — 1), which implies that
2%k — 1 = 3x for some integer x. Consequently, 2% = 3x + 1. Observe that

22m_] 222(k+l)_1=22k+2_1=22.22k_1
—4Bx+1)— 1= 12x+3 = 3(4x+ 1).

Since 4x + 1 is an integer, 3 | (22’” — 1), which produces a contradiction. n

Even though a proof by minimum counterexample is really a proof by contradiction,
this has a close connection to an induction proof. While a proof by minimum counterex-
ample occurs rarely in more elementary mathematics, it can be quite useful in more
advanced mathematics. We give one additional example, a familiar one, using a proof
by minimum counterexample.

For every positive integer n,

nn+1)

T42434 4= ——
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Proof Assume, to the contrary, that

nn+1
1+2+3+~-~+n#¥

for some positive integers n. By the Well-Ordering Principle, there is a smallest positive
integer n such that

1+2+3+--'+n¢@.
Denote this integer by m. Therefore,

1+2+3+-~-+m#@,
while

1+2+3+~-~+n:@

for every integer n with 1 < n < m. Since 1 = 1(1 + 1)/2, it follows that m > 2. Hence,
we can write m = k + 1, where 1 < k < m. Consequently,

_ k(k+1)

14+2+43+ - +k 5

Observe that

T+2434+ - 4m=14243+--+k+D=0+2+3+ -+ +*k+1)

k(k+1 k(k+1)+2(k+ 1
JHEED gy D264 D
_(k+1D)(k+2)  m@m+1)
B 2 2
which produces a contradiction. ]

SECTION 6.4 EXERCISES

6.40. Use the method of minimum counterexample to prove Result 6.23: If r is a nonzero real number such that
r—+ % is an integer, then r" + % is an integer for every positive integer n.

6.41. Give a proof by minimum counterexample that 1 +3 4+ 54 ... 4+ (2n — 1) = n? for every positive
integer n.

6.42. Prove that 5 | (n5 — n) for every integer n.

6.43. Use proof by minimum counterexample to prove that 3 | (2” + 2”“) for every nonnegative integer n.

6.44. Give a proof by minimum counterexample that 2" > n? for every integer n > 5.

6.45. Prove that 12 | (n* — n?) for every positive integer n.

6.46. Let S = {2" : n € Z, n > 0}. Use proof by minimum counterexample to prove that for every n € N, there
exists a subset S, of S such that ) ;¢ i = n.

6.47. Use proof by minimum counterexample to prove that 6 | 7n (n2 — 1) for every positive integer n.
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6.48.

6.49.
6.50.
6.51.

6.52.

6.53.

6.54.

6.55.

6.56.

6.57.

Provethat1-242-343.-44..-4+nn+1)= W for every positive
integer n.

Prove that 4" > n? for every positive integer 7.
Prove that 24 | (52" — 1) for every positive integer 7.
By Result 6.5,

1)(2 1
12+22+32+“.+n2=w (6.12)

for every positive integer 7.
(a) Use (6.12) to determine a formula for 22 + 42 + 6% 4 - - . 4 (2n)? for every
positive integer n.

(b) Use (6.12) and (a) to determine a formula for 12 + 3% + 5% + ... + (2n — 1)? for
every positive integer n.

(c) Use (a) and (b) to determine a formula for
12 _ 22 _"_32 _42 4 +(_1)Vl+|n2
for every positive integer n.
(d) Use mathematical induction to verify the formulas in (b) and (c).

Use the Strong Principle of Mathematical Induction to prove that for each integer
n > 28, there are nonnegative integers x and y such that n = 5x + 8y.

Use the Principle of Mathematical Induction to show that there exists a positive
integer m such that for each integer n > m, there are positive integers x and y such
that n = 3x + 5y.

Use the Principle of Mathematical Induction to show that there exists a positive
integer m such that for each integer n > m, there are integers x, y > 2 such that
n = 2x + 3y.

A sequence {a,} of real numbers is defined recursively by a; = 1, a; = 2 and
a, = Z;:ll(i — 1)a; for n > 3. Prove that a, = (n — 1)! for every integer n > 3.
Consider the sequence a; = 2,a; =5, a3 =9, as = 14, etc.

(a) Find a recurrence relation that expresses a, in terms of a,_; for every integer
n>2.

(b) Conjecture an explicit formula for a, and then prove that your conjecture is
correct.

The following theorem allows one to prove certain quantified statements over some
finite sets.

The Principle of Finite Induction For a fixed positive integer m, let
S=1{1,2,...,m}. Foreachn € S, let P(n) be a statement. If

(a) P(1)is true and
(b) the implication
If P(k), then P(k + 1).

is true for every integer k with 1 < k < m,
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then P(n) is true for every integer n € S.

Use the Principle of Finite Induction to prove the following result.

Let S ={1,2,...,24}. For every integer ¢t with 1 <t < 300, there exists a subset
S, C Ssuchthat} ¢ i=t.

Evaluate the proposed proof of the following result.

Result  For every positive integer n,
14345+---+@2n—1)=n

Proof  We proceed by induction. Since 2 - 1 — 1 = 12, the formula holds forn = 1.
Assume that 1 43 4+ 5 + - .- + (2k — 1) = k? for a positive integer k. We prove that
143454+ 2k+1) = (k+ 1)2. Observe that

143454+ -+ Qk+1)=(k+1)
14345+ +Qk—D+Qk+1) = (k+ 1)
B+ Qk+1)=(k+1)7

(k+1)* = (k+1)". n

Below is given a proof of a result. Which result is being proved and which proof
technique is being used?

Proof  Assume, to the contrary, that there is some positive integer n such that

81 (32" — 1). Let m be the smallest positive integer such that 8 1 (3*" — 1). For
n=1,3% —1=8.Since 8 | 8, it follows that m > 2. Let m = k + 1. Since

1 <k < m, it follows that 8 | (3%% — 1). Therefore, 3% — 1 = 8x for some integer x
and so 3%% = 8x + 1. Hence,

32m_1:32(k+1)_1:32k+2_1:9'32k_1
=9@8x+1)—1=72x+8=80Ox+1).

Since 9x + 1 is an integer, 8 | (3*" — 1), which produces a contradiction. [ ]

Below is given a proof of a result. Which result is being proved and which proof
technique is being used?

Proof First observe thata; =8 =3-1+5anda; = 11 =3 -2+ 5. Thus,
a, =3n+5forn = 1andn = 2. Assume that a; = 3i 4 5 for all integers i with
1 <i <k, where k > 2. Since k + 1 > 3, it follows that

k1 = Say —4ap—1 —9 =506k +5) —43CBk+2) -9
=15k +25-12k—8—-9=3k+8=3(k+1)+5. [

By an n-gon, we mean an n-sided polygon. So, a 3-gon is a triangle and a 4-gon is a
quadrilateral. It is well known that the sum of the interior angles of a triangle is 180°.
Use induction to prove that for every integer n > 3, the sum of the interior angles of
an n-gon is (n — 2) - 180°.

Suppose that {a,} is a sequence of real numbers defined recursively by a; = 1,

a, =2,a; = 3 and a, = 2a,_1 — a,_3 for n > 4. Prove that a,, = a,,_; + a,_, for
every integer n > 3.
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6.63.

6.64.
6.65.

6.66.
6.67.
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6.69.

6.70.

6.71.

6.72.

6.73.

Suppose that {a,} is a sequence of real numbers defined recursively by a; = 1,
a, =2and a, = a,_/a,—, forn > 3.

(a) Prove that

1 ifn=1,4(mod 6)
a, =12 ifn=2,3(mod 6)
1/2 ifn=0,5 (mod 6)

for every positive integer n.
(b) Prove, for each nonnegative integer j, that Z?zl ajri=".

Let x € R where x > 3. Prove that (1 + x)" > [W] x> for every integer n > 3.

Prove that Z:’z | ( {z . i) = W for every positive integer n.

Prove that 3 ;_, (Z,jzl (2i — 1)) = M for every positive integer n.

Prove that there exists an odd integer m such that every odd integer n with n > m can
be expressed as 3a + 5b + 7c¢ for positive integers a, b and c.

Since2-1+3-145-1 = 10, there exist three positive integers a, b, ¢ such that
2a + 3b+ 5¢ = 10.

(a) Prove that there do not exist three positive integers a, b, ¢ such that
2a+3b+5c =11.

(b) Use Mathematical Induction to prove for every integer n > 12, there exist three
positive integers a, b, ¢ such that 2a + 3b + 5¢ = n.

Let {a,} be a sequence of all rational numbers. For each rational number a, (n € N),
P(a,) is a statement. Suppose that it is known that P(a,) is a true statement and that
whenever P(ay) is a true statement for an arbitrary rational number gy, then P(a;)
is a true statement for the rational number a; . Is P(a,) true for every rational
number a,,?
(a) Compute each of the numbers % + % % + % + # and 1% + % + # + %.
(b) Based on your answers in (a), give a conjecture for a simplified formula for
1 1 1 1 e

3tsstss+-+ e yTpre for every positive integer 7.
(c) Use the Principle of Mathematical Induction to verify your conjecture in (b).
LetS=24+7+12+---+ (5n— 3) where n € N.

(a) Write Sas (5n —3)+ (5n—8) + --- + 7 + 2 to obtain a formula for S.

(b) Use the Principle of Mathematical Induction to verify your formula for §
obtained in (a).

(a) Since (3, 4, 5) is a Pythagorean triple, 3% + 4> = 5% = 25. What is the value of
(30)% + (40)*?

(b) Show that there are distinct positive integers a and b such that
(1) @® + b* =10, (2) a* 4+ b* = 10% and (3) a* + b* = 10°.

(c) Use the Principle of Mathematical Induction to prove for every positive integer n
that there exist distinct positive integers a and b such that a> + b> = 10".

We saw in Result 4.6(a) that if x is an integer such that 3 { x, then 3 | (x> — 1).In
particular, if x = 1 (mod 3), then x> = 1 (mod 3). Use the method of minimum
counterexample to prove that if x is a positive integer such that x = 1 (mod 6), then
x> =1 (mod 18).



Reviewing Proof Techniques

Now that you have been introduced to the proof techniques described in Chapters 36,
it is appropriate to review these techniques once more to be certain that you have
a clear understanding of them. Of course, it’s important not only that you understand
these techniques but know how and when to use them.

The examples that we have provided to illustrate these techniques have, for the most
part, involved properties of numbers (integers, rational numbers and real numbers) and
sets. Where you will encounter these techniques in the future will likely be in more
advanced courses such as abstract algebra, number theory and advanced calculus and
possibly in courses such as combinatorics and topology. It is not unusual for you to be
expected to read and understand a proof of a statement or to perform the more challeng-
ing task of verifying the truth of a statement yourself. This is part of the reason you have
been learning and applying the various proof techniques presented in Chapters 3—6. You
need to know what constitutes a proof.

When faced with a statement whose truth is to be verified, there are several questions
to be asked before attempting to give a proof. First, do you have a clear understanding
of the statement? Do you know the definitions of all mathematical concepts mentioned
in the statement? What properties of these concepts and related results do you know?
If you’re not certain or don’t recall them, then this should be reviewed. Is it clear what
information you are permitted to use in an attempt to verify the statement? A proof of a
statement will be of no value if it can’t be understood. Consequently, any proof must be
carefully and clearly written so that a well-prepared student will be convinced that the
statement is true.

Often, the way that a statement is worded will suggest a proof technique that may be
successful. Typically, the first technique to try is a direct proof. If it appears that you’re
not having success with a direct proof, then you need to determine whether another
approach might work.

It is easy to become frustrated when you’re trying to verify a statement. We all
go through this. It’s part of the learning process. Taking a single course dealing with
mathematical proofs will not make you an expert on proofs. You need added practice in
what you have learned so far. After taking a course dealing with mathematical proofs,
you might find a professor in a follow-up course disappointed that the students are hav-
ing difficulty proving theorems in the course. Indeed, you might be disappointed with

181
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yourself because of the difficulty you are having. However, expectations you and your
professor have should not be too high. Having said this though, you should know and
should recall the various proof techniques and how these are applied to verify statements.
When you are taking a new course, you have different concepts to understand and it takes
some time (and study) to get a feeling for these.

As you gain more experience, you might find yourself thinking of questions that a
given exercise suggests and then trying to answer your own questions. While we will
encounter this sort of thing in the next chapter, let’s get to the main point of this chapter,
namely to review the proof techniques we’ve already introduced and see how they can
be used to verify statements.

7.1 REVIEWING DIRECT PROOF AND PROOF BY CONTRAPOSITIVE

Result to Prove

Let’s first review the two proof techniques direct proof and proof by contrapositive,
which were discussed in Chapters 3 and 4. Here we have two open sentences P(x) and
Q(x) defined over some domain S. That is, for each x € S, both P(x) and Q(x) are state-
ments. What we’re interested in is verifying the implication

Vx €S, P(x) = Q(x): Let x € S. If P(x), then Q(x). (7.1)

To give a direct proof of this quantified statement, we assume that P(x) is true for an
arbitrary element x € S and attempt to show that Q(x) is true for this element x. The
direct proof is the most common and most used proof technique. Typically, a direct proof
is used when the assumption that P(x) is true provides us with sufficient information to
show that Q(x) is true.

We have seen that the contrapositive of a given implication is logically equivalent
to the implication. Consequently, if the implication (7.2) below

Vx € S, ~ Q(x) = ~ P(x): Let x € S. If not Q(x), then not P(x)., (7.2)

which is the contrapositive of the implication in (7.1), can be verified, then the implica-
tion in (7.1) is verified. In a proof by contrapositive then, we assume that Q(x) is false for
an arbitrary element x € S and attempt to show that P(x) is false for such an element x.
Typically, one thinks of using a proof by contrapositive rather than a direct proof if it
appears more useful to assume that Q(x) is false and thereby show that P(x) is false
rather than assume that P(x) is true and attempt to show that Q(x) is true.

Many results encountered involve biconditionals:

Vx € S, P(x) & Q(x): Let x € S. Then P(x) if and only if Q(x).

In this case, a proof consists of proving both the implication in (7.1) as well as its con-
verse stated in (7.3):

Vx € S, O(x) = P(x). (7.3)

It’s not unusual in a proof of a biconditional to use both a direct proof and a proof by
contrapositive. Let’s consider the following example.

Let n € Z. Then 3n* + 7 is odd if and only if n is even.
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The phrase “if and only if”” in the wording of this result tells us that this result is a
biconditional and can therefore be expressed symbolically as

Vn € Z, P(n) < Q(n), where
P(n): 3n* +7is odd. and Q(n): n is even.

Therefore, to prove this result we need to verify the following two implications for an
integer n:

P(n) = Q(n): If 3n* + 7 is odd, then n is even.
Q(n) = P(n): If n is even, then 3n* + 7 is odd.

Let’s see then how we might prove this result.

The order in which we prove these two implications doesn’t matter. Proving the impli-
cation “If n is even, then 3n* + 7 is odd.” seems quite straightforward. We use a direct
proof. Consequently, we assume that n is an even integer and so n = 2x for some integer x.
Substituting n = 2x for n in 3n* 4+ 7 and showing that we can express this as 2z + 1 for
some integer z will verify the implication. To verify the converse “If 3n* + 7 is odd, then
n is even.”, it is appropriate to use a proof by contrapositive, where the contrapositive of
this implication is then “If n is odd, then 3n* + 7 is even.” Here it appears that we need
to assume that » is odd and so n = 2y + 1 for some integer y. This gives us

3t +7 =32y + D +7=3(16y" +32y° +24y> + 8y + 1)+ 7
= 48y* + 96y° + 72y + 24y + 10 = 2(24y* + 48y° + 36y* + 12y + 5).
Since 24y* 4 48y + 36y% + 12y + 5 is an integer, 3n* + 7 is even.

Although this approach results in a correct proof of the converse, the main difficulty
may be in the step that requires us to expand (2y + 1)*. It’s quite possible that we can’t
recall how this is done and a mistake is made. Therefore, we might wonder if there is
a simpler way to handle this step. In this particular part of this proof, we have assumed

that 7 is odd and we are trying to show that 3n* + 7 is even. Here it would be useful to
recall Theorem 3.12 or, better yet, the equivalent formulation of this theorem in (3.4):

Let x € Z. Then x? is odd if and only if x is odd.

Of course, in our case, the odd integer is being denoted by n. By (3.4), n? is odd, as is
(n?)?* = n*. So, we can provide a different (and simpler) proof of the converse mentioned
above. ¢

Let n € Z. Then 3n* + 7 is odd if and only if n is even.

Assume first that n is even. Then n = 2x for some integer x. Therefore,
3t 4+ 7=32x)*+7=48x*+7=2024x* +3)+ 1.

Since 24x* 4 3 is an integer, 3n* 4 7 is odd.
For the converse, assume that n is odd. Applying Theorem 3.12 twice, we have that
n* and (n?)> = n* are both odd. So n* = 2y + 1 for some integer y. Hence,

3t +7=3Qy+1)+7 =6y +10 =23y + 5).

Since 3y + 5 is an integer, 3n* + 7 is even. ]
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Result 7.2

Proof

There are occasions when knowing that an element x belongs to a certain set S is
not sufficiently useful to prove a given statement. However, it may occur that there is a
partition {S, S»} of S into two (or possibly more) subsets of S such that knowing x € §;
orx € S, provides us with more information that allows us to give a proof. This approach
is a proof by cases. Let’s consider an example that illustrates this.

Leta,b € Z. Then 3 | (Sa + 8b) if and only if 3 | (a + b).
Once again, we have a biconditional to verify, which consists of verifying the two
implications:

If 3| (5a+ 8b), then 3 | (a + b).
If 3| (a+ b), then 3 | (5a + 8b).

Let’s look at how we might do this.

To verify the second implication “If 3 | (a + b), then 3 | (5a + 8b).”, it seems reasonable
to use a direct proof, where we would begin by assuming that 3 | (a + b), which implies
that a + b = 3¢ for some integer ¢ and so b = 3¢ — a. Our goal is to show that 5a + 8b
can be written as 3d for some integer d. To verify the converse, “If 3 | (5a + 8b), then

3| (a+ b).”, itappears that a proof by contrapositive should be used, resulting in a direct
proof of the following:

If 34 (a + b), then 3 t (5a + 8b).
After assuming that 3 1 (a + b), we know that eithera + b=3¢+ lora+b=3q+2
for some integer ¢q. Let’s see how this works. ¢

Leta,b € Z. Then 3 | (Sa + 8b) if and only if 3 | (a + b).

Assume first that 3 | (@ + b). Then a + b = 3¢ for some integer ¢. Thus, b = 3¢ — a and
5a+8b=>5a+8Bc —a) =5a+ 24c — 8a = 24c — 3a = 3(8¢c — a).

Since 8¢ — a is an integer, 3 | (5a + 8b).
For the converse, assume that 3 1 (a + b). Therefore, either a+b =3¢+ 1 or
a + b = 3qg + 2 for some integer g. We consider these two cases.

Casel.a+ b =3q+ 1, where g € Z. Thus, b = 3¢+ 1 — a. Then

Sa+8h=5a+83qg+1—a)=5a+24g+ 8 — 8a
=24g—3a+8=38g—a+2)+2.

Since 8¢ — a + 2 is an integer, 3 { (5a + 8b).
Case 2. a+ b =3q+ 2, where q € Z. Thus, b = 3¢ + 2 — a. Then

S5a+8b=5a+83g+2—a)=5a+24qg+ 16 — 8a
=24qg—3a+16=38g—a+5)+ 1.

Since 8¢ — a + 5 is an integer, 3 t (5a + 8b). (]
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Although the proof of Result 7.2 appeared to work well, it may be a good idea to
look at what we’re trying to prove once more to see if there may be a simper, clearer way
to do this.

In the proof of the implication “If 3 | (a + b), then 3 | (5a + 8b).”, we have a + b = 3¢
where ¢ € Z. Perhaps, this can be done more simply by noticing that 5a 4 80 =
Sa+ 5b + 3b. ¢

Assume that 3 | (a + b). Then a + b = 3¢ for some integer ¢q. Then

5a+8b = (5a+ 5b) +3b = 5(a + b) + 3b = 5(39) + 3b = 3(5¢ + b).

Since 5q + b is an integer, 3 | (5a + 8b).
For the converse, assume that 3 1 (a + b). Therefore, either a +b =3g+ 1 or
a+ b = 3q + 2 for some integer g. We consider these two cases.

Case 1. a4+ b =3q+ 1, where g € Z. Then
Sa+8b=5(a+b)+3b=53q+1)+3b
=36g+b+1)+2

Since 5¢ + b+ 1 is an integer, 3 t (5a + 8b).
Case 2. a+ b =3q + 2, where q € Z. Then

Sa+8b=5(a+b)+3b=53q+2)+3b
=305q+b+3)+1.
Since 5 + b + 3 is an integer, 3 1 (5a + 8b). ]
Another alternate proof of Result 7.2 can be given by attempting a direct proof of “If

3| (5a + 8b),then 3 | (a + b).” If we first assume that 3 | (5a + 8b), then 5a + 8b = 3x
for some x € Z. Then observing that

a+b=6a+9b— (5a+ 8b) = 6a+ 9b — 3x = 3(2a + 3b — x),
we have 3 | (a + b). ¢

7.2 REVIEWING PROOF BY CONTRADICTION
AND EXISTENCE PROOFS

Another useful proof technique that we discussed in Chapter 5 is proof by contradiction,
which is especially helpful when we are attempting to prove a negative-sounding result.
In such a situation, we assume, for an open sentence R(x) defined over a domain S,
that the statement V x € S, R(x) is false, which implies that the statement 3 x € S,
~ R(x) is true, that is, there exists some element x € S such that R(x) is false. If R(x)
can be expressed as an implication P(x) = Q(x), then ~ R(x) can be expressed as
P(x) A (~ Q(x)). Hence, to prove the statement V x € S, P(x) = Q(x) by contradic-
tion, we assume that there is some element x € S such that P(x) is true and Q(x) is false
and attempt to obtain a contradiction. Consider the following example.



186 Chaptel‘ 7 Reviewing Proof Techniques

Result to Prove
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1
There is no real number x such that x + — = 1.
X

Since this result is negative-sounding, this suggests trying a proof by contradiction,
where we would begin with: Assume, to the contrary, that there is a real number x such

1 . . - .
thatx + — = 1. Now we must determine how to obtain a contradiction. Certainly, x # 0,

X
for otherwise 1/x is not defined. One possibility would be to proceed by considering var-
ious cases for x, say x < 0,x > 1 and 0 < x < 1, for example. Notice that if x < 0, then

1 1
x4+ —-<0;ifx>1,thenx+ — > 1;andif 0 <x < 1,then — > landsox+ — > 1.
X X X X
Therefore, we arrive at a contradiction in each of these cases. On the other hand, since

1
x + — = 1, this might suggest attempting a proof that involves solving this equation. ¢
X

1
There is no real number x such that x + — = 1.
X

1
Assume, to the contrary, that there exists a real number x such thatx + — = 1. Sox # 0.
X
Multiplying this equation by x, we obtain x> + 1 = xorx> — x + 1 = 0. By the quadratic
formula, the solutions to this equation are
1yl -4-1-1 1++4-3
= 5 = > .

X

. . . 1 . .
Since x is not a real number, the equation x + — = 1 has no real number solution, which
X
is a contradiction. [

There are occasions when considering a certain statement (whether the statement is true
or false) suggests a question of whether a related statement may be true. It is always good
to be inquisitive. For example, we now know that there is no real number x such that

x4+ — = 1. If x = 1, then x + — = 2; that is, there does exist a real number x such that
X X

1
x + — = 2. This brings up another question: For which real numbers ¢, does there exist
X

1
a real number x such that x + — = ¢ or, equivalently, x> + 1 = cx? Using the quadratic
X

formula to solve the equation x> — cx 4+ 1 = 0, we have

cEAc?2—4
X =
2
Therefore, this equation has a real number solution only when ¢? > 4, thatis, whenc > 2
orc < —2. ¢

The discussion above provides a proof of the following statement: For every real
number ¢ with |c| > 2, there is a real number solution of the equation

1
x+—-=c. (7.4)
X
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In fact, for ¢ € R, the equation (7.4) has a real number solution if and only if |c| > 2.

Proofs of the statements 3x € S, P(x) are existence proofs, also discussed in Chap-
ter 5. Such a proof can be given either by exhibiting an element s € S such that P(s)
is true or perhaps showing that such an element s must exist even if we can’t actually
provide a specific element. Let’s look at examples of existence proofs.

There exist positive integers a and b such that a + b = ab.
Observe thatifa =b =2,thena+ b = ab ]

The question here is how one discovered this proof, that is, thought of values of a and b.
While it may have been simple enough to think of these values, we are interested in
solving a + b = ab for positive integers a and b. Thus, ab —a — b = 0. Adding 1 to
both sides, we have ab—a—b+1=1and so (a— 1)(b— 1) = 1. Clearly, a, b > 2.
Thus,a — 1 = 1 and b — 1 = 1; hence, a = b = 2 and the example given in the proof is
the only example. ¢

There exists a positive real number r such that 2 lies between r and r>.

Observe thatif r = 2, then 72 = 4 and * = 8 and so r < r? < 1. [

A proof of this result consists of searching for a number satisfying the given condition.
It turns out that the fact that r = 2 satisfies the condition is not surprising. Since we want
r? to lie between r and 1>, we have either (1) r < 2 < P or 2) * < r? < r. If we divide
by the positive real number r, we have either (1) 1 < r < r? or (2) r* < r < 1. Thus, any

positive real number different from 1 serves as a proof of the statement. ¢
There exists a 9-digit integer n consisting of the nine digits 0, 1, ..., 8 such that k | n
for each integer & in the 9-element set {2, 3, ..., 10}.

The integer n = 638, 157, 240 has the desired property. ]

Finding such a number 7 in this proof requires experimenting with the divisibility
requirements. ¢

In the existence proof below, it is shown that an example exists without actually
specifying one.

There exists a real number solution to the equation x® — 3x> + 1 = 0.

The equation p(x) = x® — 3x° + 1 = 0 is a polynomial equation. Since p(0) = 1 and
p(1) = —1 and every polynomial is continuous, it follows by the Intermediate Value
Theorem that there exists a real number solution » € (0, 1) such that p(r) = 0. ]
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7.3 REVIEWING INDUCTION PROOFS
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Proof

In Chapter 6, we saw that proof by induction is an especially useful proof technique
when the domain S is the set N of positive integers (or a closely related set). More specif-
ically, suppose that we wish to prove a statement of the type

Vn e N, P(n).

To prove such a statement by mathematical induction, we need to verify (1) that the
statement P(1) is true and (2) that the implication Yk € N, P(k) = P(k+ 1) is true.
Step (1) is referred to as the basis step and Step (2) as the inductive step. Here, we are
using the Principle of Mathematical Induction to prove this statement. Let’s now look
at an example.

Let n be a positive integer. If ay, a,, . . ., a, are n integers such that ¢; = 2 (mod 3) for
each integeri with 1 <i <n,thenaja;---a, =1 (mod3)ifnisevenandaa;---a, =
2 (mod 3) if n is odd.

Let’s first be certain that we understand what we need to prove. For each integer a;,
we know that @; = 2 (mod 3). Examples of such integers are 2, 5, 8 and 11. So, a; =
2 (mod 3). Since 1 is odd, the statement is true if n = 1. Suppose that n = 2. Then we
need to show thataja, = 1 (mod 3). Since a; = 2 (mod 3) and a, = 2 (mod 3), it follows
that a; = 3x + 2 and a, = 3y + 2 for integers x and y and so

aja; = Bx+2)By+2)=9%y+6x+6y+4
=3Cxy+2x+2y+1)+1.

Since 3xy + 3x + 3y + 1 is an integer, aja, = 1 (mod 3). Because we are required to
prove the statement is true for every integer n, an induction proof looks plausible. ¢

For each positive integer n, let a;, as, . . ., a, be n integers such that a; = 2 (mod 3) for
eachintegeriwith1 <i <n.Thenaja;---a, =1 (mod3)ifnisevenandaa; - --a, =
2 (mod 3) if n is odd.

We proceed by induction. Since a; = 2 (mod 3), the statement is true if n = 1. Assume
that the statement is true for an arbitrary positive integer k. We show that it’s true for
k + 1. We consider two cases.

Case 1. k is even. By assumption, ayay---ar =1 (mod3). Thus, ajay ---ar =
3x + 1 for some integer x. Since a1 = 2 (mod 3), it follows that a;; = 3y + 2 for
some integer y. Therefore,

ajay - - arp1 = (ar1az -+ - ap)agry = Bx + 1)(By +2)
=O0xy+6x+3y+2=3Cxy+2x+y)+2.

Since 3xy + 2x + y is an integer, a1a; - - - a1 = 2 (mod 3).

Case 2. k is odd. By assumption, aja;---ay =2 (mod3). Thus, ajay ---ar =
3w + 2 for some integer w. Since ai+; = 2 (mod 3), it follows that a; = 3z + 2 for
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some integer z. Therefore,

ajay - - agr = (a1 - - - ap)agyer = Gw +2)(3z+2)
=Owz+6w+62+4=3Cwz+2w+2z+1)+ 1.

Since 3wz 4 2w + 2z + 1 is an integer, aja; - - - ag+1 = 1 (mod 3).

The result then follows by the Principle of Mathematical Induction. L]

There are occasions when an attempt to verify the inductive step (2) in an induction
proof may fail because assuming that P(k) is true does not provide sufficient information
to show that P(k + 1) is true. In this case, there is another induction principle, called the
Strong Principle of Mathematical Induction, that might be an appropriate approach
to verify the given statement. In this case, to prove

Vn € N, P(n),

we need to verify the basis step (1) that the statement P(1) is true and the new inductive
step (2) that the implication Vk € N, P(1) A P(2) A --- A P(k) = P(k + 1)istrue. Let’s
see an example of this. First, we look at a famous sequence of integers that appears
in Exercise 6.36. The sequence F}, F», F3, ... of integers defined by F; = F, = 1 and
F, = F,_| + F,_, for n > 3 is called the Fibonacci sequence. Therefore, F} = F; = 1,
F3 :2,F4 :3,F5 =5andF6 = 8.

Result 7.9 Let r be a positive real number. The sequence ay, az, as, . .. of real numbers is defined
by a; = ay = rand a, = a,_a,_, for n > 3. Then a, = r for each n € N.

Proof We use the Strong Principle of Mathematical Induction. Since a; = r = r!' = rf, the
formula holds for n = 1. Assume for a positive integer k, that a; = r/ for every integer
i with 1 < i < k. We show that

Qyy = ri, (7.5)

We consider two cases.
Casel.k=1.Thenk+ 1 =2anda, = r = r' = r>. Hence, (7.5) holds for k = 1.
Case 2. k > 2. Since k + 1 > 3, it follows that

Apy1 = QAg—1 = rliepfict = phitFicr — pheer

Hence, (7.5) also holds for k > 2. By the Strong Principle of Mathematical Induction,
a, = rf for every positive integer . ]

7.4 REVIEWING EVALUATIONS OF PROPOSED PROOFS

There are numerous types of errors that are often made when attempting to give a proof
of a mathematical statement. For example, there can be mistakes in the logic of a proof
technique, mistakes in the knowledge of the concepts used, as well as computational or
algebraic mistakes. As we did in Section 3.5, let’s evaluate some proposed proofs of a
few statements.
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Example 7.10 Evaluate the proposed proof of the following statement.
If x is an integer such that 5x — 7 is even, then x is odd.

Proof First, assume that x is even. Then x = 2a for some integer a. Hence,
S5x—7=5QRa)—T7=10a — 7 = 2(5a — 4) + 1.

Since 5a — 4 is an integer, Sx — 7 is odd.
Next, assume that x is odd. Then x = 2b + 1 for some integer b. Therefore,

Sx=T7T=52b+1)—7=10b—-2=2(5b—1).

Since 5b — 1 is an integer, 5x — 7 is even. ]

Proof Evaluation If this “proof” had ended after the statement “Since 5a — 4 is an integer, 5x — 7 is odd.,”
then the proof would be complete and correct. However, by adding the paragraph fol-
lowing this, a proof is given of the the following biconditional:

An integer x is odd if and only if 5x — 7 is even.

This is not what Example 7.10 states. This “proof” makes it appear that its author is not
aware of what is required to prove this statement. ¢

For an integer n > 2, the symbol (g), often read as “n choose 2,” denotes the number
of 2-element subsets of an n-element set. It turns out that ('2’) = n(n — 1)/2. (This symbol
will be encountered often in Chapter 13.)
Example 7.11 Evaluate the proposed proof of the following statement.

If n is an integer with n > 7, then (g) —(n—1)>3n-—6.

Proof Observe that

<n)—(n—1)=w—(n—l)>3n—6

2 2

and so
1= _
n(n )2t > 3n—6.
2

Therefore,

nn—1)—2n—1)>6n—12 = 6(n — 2).
Hence,

n—2)y(n—1)> 6(n—2).

Dividing by n — 2, we obtainn — 1 > 6 orn > 7. ]
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Proof
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The problem here is that the “proof” begins with (3) — (n — 1) > 3n — 6, which we
don’t know to be true, and concludes by showing that n > 7, which is part of the hy-
pothesis. The information above can be used, however, to give a correct proof of the
statement in Example 7.11 as follows:

Since n > 7, it follows thatn — 1 > 6 and so n — 2 > 0. Multiplying the inequality
n—1> 6by (n—2), we have

(n—2)n—1) > 6(n—2).
Hence,
nn—1)—2n—1) > 6m— 12.
Dividing by 2, we obtain ('2') —(n—1)>3n—6. ¢

Evaluate the proposed proof of the following statement.

There exists an odd integer x > 5 such that 3 | (5x — 1).

Let x = 6a + 5 for some positive integer a. Since x = 6a+5 =23a+2)+ 1 and
3a + 2 is an integer, it follows that x is odd. Because

Sx—1=506a+5)—1=30a+ 24 =3(10a + 8)
and 10a + 8 is an integer, it follows that 3 | (5x — 1). [ ]
In a certain sense, this “proof” is correct. However, to verify the statement in Exam-
ple 7.12, all one needs is a single odd integer x > 5 for which 3 | (5x — 1). The integer
x = 11 has the property that 5x — 1 =5(11) — 1 = 54 = 3(18) and so x = 11 is such
an integer. ¢
Evaluate the proof of the following statement.

For an integer x, 3 | (8x + 1) if and only if x = 3¢ + 1 for some integer g. (7.6)

We consider two cases.
Case 1. x = 3q + 1 for some integer q. Then
8x+1=83g+1)+1=24g+9 =3(8gq + 3).
Since 8¢q + 3 is an integer, it follows that 3 | (8x + 1).

Case 2. There is no integer q such that x = 3q + 1. Therefore, either x = 3q for
some integer g or x = 3¢ + 2 for some integer q. We consider these two subcases.

Subcase 2.1. x = 3q for some integer q. Then
8x+1=83g)+1=24g+1=3(8q) + 1.

Since 8¢ is an integer, it follows that 3 1 (8x + 1).
Subcase 2.2. x = 3q + 2 for some integer q. Then

8x+1=83Bg+2)+1=24g+17=38q+5)+2.
Since 8¢q + 5 is an integer, it follows that 3 1 (8x + 1). ]
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Proof Evaluation

Example 7.14

Proof

Proof Evaluation

Example 7.15

Since the statement is a biconditional, a proof of this statement should not be by cases.
Instead, one needs to prove the following two implications:

If x = 3¢ + 1 for some integer ¢, then 3 | (8x 4 1). (7.7)
and
If3 ] (8x+ 1), then x = 3¢ + 1 for some integer q. (7.8)

Although the necessary information is presented in the proposed proof, the logic is in-
correct. We can begin a correct proof as follows: First, assume that x = 3¢ + 1 for some
integer g. We can then proceed as above to verify implication (7.7). We can then say the
following: For the converse, assume that there is no integer ¢ such that x = 3¢ + 1. We
can then verify implication (7.8) using two cases: Case 1. x = 3¢ for some integer g. and
Case 2. x = 3¢ + 2 for some integer q. We can then proceed as above to obtain a correct
proof of the statement (7.6). ¢

Evaluate the proposed proof of the following statement.

For every nonnegative integer n, 2" + 3" > n”> 4 2n + 2.

We proceed by induction. Since 2° + 3% = 0% + 2 - 0 + 2, the statement is true forn = 0.
Assume, for an arbitrary nonnegative integer k, that 2k 4 3k > k2 4 2k + 2. We show
that

2 43 > (k1) +2(k+ 1) +2 = k> + 4k +5.
Observe that
2kl gkl —p ok 3.3k > 0.0k 2.3k = 22k 4 3%

> 20> +2k+2) =2k +4k+4 =K +4k+5+ K —1)
> k> + 4k + 5.

By the Principle of Mathematical Induction, 2" + 3" > n? 4 2n + 2 for every nonnega-
tive integer n. ]
The proposed proof contains an error. The inequality

(kK 44k +5)+ (K> — 1) = k> + 4k +5

in the inductive step requires that k > 1. However, it is only known that £ > 0. Hence,
the case when k£ = 0 needs to be handled separately, that is, okl 3ktl — 9 4 3 =5=
02 4+ 4 -0+ 5. Once this has been observed, we can assume that k > 1 and proceed as
above. ¢

Evaluate the proposed proof of the following statement.

Leta, b, c € R Ifatleast one of a + b, a + c and b + c is irrational, then at least
one of a, b and c is irrational.
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Proof Assume, to the contrary, that none of a + b, a 4+ ¢ and b + ¢ are irrational. Then p = a + b,
q = a+ c and r = b + c are all rational. Therefore, p + g + r = 2a + 2b + 2c is ratio-
nal. Since 2r = 2b 4 2c is rational, (p + g + r) — 2r = 2a is rational, as is 2a/2 = a.
Similarly, b and c are rational and so all of a, b and ¢ are rational. This is a contradiction. m

Proof Evaluation The proposed proof attempts to prove the given statement using a proof by contradiction.

However, there are logical errors here. In a proof by contradiction, it should be assumed,
to the contrary, that at least one of a + b, a + c and b + c is irrational but none of a, b and
c are irrational. This would then imply that all of a, b and ¢ are rational, from which it can
be shown that all of a + b, a + ¢ and b + ¢ are rational. This would be a contradiction. ¢

EXERCISES FOR CHAPTER 7

7.1.

7.2.

7.3.

7.4.
7.5.

7.6.

7.7.

We saw in Result 4.8 for integers a and b that 3 | ab if and only if 3 | a or 3 | b. Use this fact to prove that if
m is an integer such that 10 | m and 12 | m, then 60 | m.

Leta, b, m € Z with m > 2 such that a = b (mod m).

(a) According to Result 4.11, if ¢, d € Z such that c = d (mod m), then ac = bd (mod m). Show that
a* = b* (mod m) and a® = b* (mod m).

(b) Is it true that a*> = b (mod m)?

(c) Prove that a” = b" (mod m) for every positive integer n.

(d) Use (c) to prove that 8 | (32" — 1) for every positive integer .

(e) According to Result 4.6(b), if x is an odd integer, then 8 | (% — 1). Use this fact to prove that
8 | (32" — 1) for every positive integer n.

(a) Letm € Z. Prove that if m is the product of four consecutive integers, then m + 1 is a perfect square
(that is, m 4+ 1 = k2 for some k € Z).

(b) Prove, for every positive integer n, that neither n(n + 1) nor n(n + 2) is a perfect square.

(c) Prove that the product of three consecutive integers is always divisible by 6 but not always divisible by 9.
When will it be divisible by 12?

Let a, b € N. Prove that if a + b is even, then there exist nonnegative integers x and y such that x> — y?> = ab.

It follows from Result 4.6(b) that if a is an odd integer, then > = 1 (mod 8). Use this fact to prove that if b
is an odd integer, then »*' = 1 (mod 2"+2) for every positive integer .

We saw in Exercise 4.90 that
Ifa, b,c,d € R* such that a > b and ¢ > d, then ac > bd. (7.9)

(a) Use (7.9) to prove that if a, b € RT such that a > b, then \/a > /b.

(b) Without using (7.9), prove that if a, b € RT such that a > b, then \/a > +/b.

(a) Let m = 2k be an even integer where k € Z. Prove that if @ and b are integers such that a + b > m, then
eithera > korb > k+ 1.

(b) Let m = 3k for some k € N. Prove that if a, b, c € Nsuchthata+ b+ ¢ > m,thena > k, b > k or
c>k+2.

(c) A set S consists of 20 positive integers whose sum is an even integer. Prove that at least 4 elements of §
are congruent to 0 modulo 4, at least 5 are congruent to 1 modulo 4, at least 7 are congruent to 2
modulo 4 or at least 8 are congruent to 3 modulo 4.
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. (a) Express the following statement in words: Vn € {3, 4,5, ...}, 3a;, as, ..., a, € N with
ay <ay < --- <ansuchthata'fl+£+-~-+é =1.
(b) Express in words the negation of the statement in (a).
(c) One of the statements in (a) and (b) is true. Determine, with proof, which is true.

. Prove for every positive integer m that is a multiple of 8, there exist two positive integers a and b that differ
by m such that ab is a perfect square.
A sequence {a,} is defined recursively by a; = 7 and a, = 4a,—; — 9 for n > 2. Conjecture a formula for

a, and verify your conjecture for every positive integer n.

. The triples (3, 4, 5), (5, 12, 13) and (7, 24, 25) are called Pythagorean triples because 32 4 4> = 52,
52 4+ 122 = 132 and 7 + 24% = 252, There are infinitely many Pythagorean triples.

(a) Prove for every odd integer @ > 3 that there exists an even integer b such that (a, b, b+ 1) is a
Pythagorean triple.

(b) Prove for every odd integer a > 3 and positive integer n, that there exist n positive even integers
by, by, ..., b, such that @* + b + b3 + - - - + b2 = ¢? for some positive integer c.

Use induction to prove that 11" = 1 (mod 8) or 11" = 3 (mod 8) for every nonnegative integer n.

Prove for every three integers a, b and c that an even number of the integers a + b, a + ¢ and b + ¢ are odd.
Evaluate the proof of the following statement.

Statement  If x is an integer such that 3 | (x — 5), then 3 | (7x — 2).

Proof The integer x = 5 has the property that 3 | (x — 5). Furthermore, for x =5, 3 | (7x — 2). ]
Evaluate the proof of the following statement.

Statement Letx, y, z € Z such that 3x + S5y = 7z. If at least one of x, y and z is odd, then at least one of
X, y, z1s even.

Proof Letx,y,z € Z such that 3x 4+ 5y = 7z. Assume, to the contrary, that none of x, y and z is odd and
that none of x, y and z is even. This is impossible. [

Evaluate the proof of the following statement.

Statement A sequence {a,} of integers is defined recursively by a; = 1, a, = 3, a3 = 6 and
a, = ap— + 3a,—» + 6a,_3 forn > 4. Then 3 | a, for every integer n > 2.

Proof We proceed by induction. Since a, = 3, it follows that 3 | @ for k = 2. Assume that 3 | @, for an
integer k > 2. Thus, a; = 3x for some integer x. We show that 3 | ;. Now

Arr1 = ap + 3ar-1 + 6ar_» = 3x + 3ap_1 + 6a;_»

=3(x+ ak—1 + 2a;-2).

Since x + ay—; + 2a;_; is an integer, 3 | ai,;. By the Principle of Mathematical Induction, 3 | a, for every
integer n > 2. [
Evaluate the proof of the following statement.
Statement Leta € RT andlet S ={2":r € Q}.If a ¢ S, then log, a is irrational.

Proof  Assume, to the contrary, that log, a is rational. Then log, a = b € Q and so a = 2°. Since b € Q,
it follows that a € S, which is a contradiction. n

Evaluate the proof of the following statement.

Statement Leta, b, c € Z. If all of the integers 3a + 4b, 5b + 6¢ and 7c¢ + 8a are odd, then all of a, b, ¢
are odd.
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Proof  Assume, to the contrary, that not all of the integers 3a + 4b, 5b + 6¢ and 7¢ + 8a are odd, say

3a + 4b is not odd. Then 3a + 4b is even and so 3a + 4b = 2d for some integer d. Hence,

3a =2d — 4b = 2(d — 2b). Since d — 2b € Z, it follows that 3a is even. This, however, implies that a is
even and so not all of a, b, ¢ are odd. [

7.19. Evaluate the proof of the following statement.
Statement Leta, b, c € Z. Then ab + ac + bc is even if and only if at most one of a, b and ¢ is odd.
Proof  We consider the following cases.

Case 1. None of a, b and c is odd. Then all of a, b and c are even. Hence, ab, ac and bc are even, as is
ab + ac + bc.

Case 2. Exactly one of a, b and c is odd, say a is odd. Then b and c are even. Hence, all of ab, ac and bc are
even, as is ab + ac + bc.

Case 3. Exactly two of a, b and c are odd, say a and b are odd and c is even. Then ab is odd and ac and bc
are even. Hence, ab + ac + bc is odd.

Case 4. All of a, b and c are odd. Hence, ab, ac and bc are odd, as is ab + ac + bc.
Therefore, ab + ac + bc is even if and only if at most one of @, b and c is odd. ]
7.20. In Result 6.5, it was shown that
42y gt 2 DD

for every positive integer n.
Evaluate the proof of the following statement.
Statement  For every integer n > 3,

3
12+22+---+(n—1)2<%—n.

Proof  Assume, to the contrary, that
3

P42+t n— 17> %—n
for every integer n > 3. By Result 6.5, it follows that

1) (2 1
12+22+...+n2:w.

6
Therefore,
_ _ 3
(n—1)nn—-1) _n W
6 -3
and so
203 =32 +n P —3n
>
6 - 3
Hence, 213 — 3n”> 4+ n > 213 — 6n and so 3n®> — 7n = n(3n — 7) < 0. Since n is a positive integer, n < 7/3,
which is a contradiction. [ ]

7.21. Let A and B be nonempty sets. Prove that A x B = B x A if and only if P(A) = P(B).

7.22. The Fibonacci sequence Fi, F», F3, ... of integers is defined recursively by F; = F, = 1 and
F, = F,_| + F,_, for each integer n > 3. (This sequence also occurred in Exercise 6.36.) Prove that if
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aop, aj, as, ... is a sequence of rational numbers such that ay = %, a = % and a, = Z*f for every integer
3 o
n > 2, then for every positive integer n,
3fn . .
Ly if n is even

a, =

Far1 . .
it if nis odd.

Prove that if the real number r is a root of a polynomial with integer coefficients, then 2r is a root of a
polynomial with integer coefficients.

Prove that if the real number r is a root of a polynomial with integer coefficients, then /2 is a root of a
polynomial with integer coefficients.

Prove, for every nonnegative integer n, that
520 2% = 22"+ (mod 21).
Let n € Z. Prove that n + 1 and n? + 3 are of the same parity.

Prove that an integer m equals n(n + 1)/2 for some n € N if and only if 8m + 1 is a perfect square (that is,
8m + 1 = 12 for some t € N).

By Result 4.8, if a, b € Nand 3 | ab, then 3 | a or 3 | b. Let a and n be positive integers. Prove each of the

following statements.

(a) If 3| a",then3 | a.

(b) If 3| @", then 3" | a".

Prove that there do not exist two odd integers a and b with a # b(mod 4) such that 4 | (3a + 5b).

Prove that there exist three distinct integers a, b, ¢ > 2 such that a = b(mod c), b = c¢(mod a) and

a+ ¢ =0(mod b).

(a) Prove that there exists a 10-digit integer a = ajoay - - - a1, all of whose digits are distinct, with the
property that k divides aya;_; - - - a; for each k with 1 < k < 10.

(b) Prove that there exists a 10-digit integer b = b b, - - - by, all of whose digits are distinct, with the
property that k divides b1b; - - - by for each k with 1 < k < 10.

(c) The number n = 2468 is a 4-digit integer with distinct digits such that the first and last digits are
divisible by 1 (of course), the first and last 2-digit numbers of n, namely 24 and 68, are divisible by 2,
the first and last 3-digit numbers of n are divisible by 3, and n itself is divisible by 4. Is there a 5-digit
number m with the corresponding properties?

Let S = {1, 2,3, 4,5, 6}. Prove that there exists a collection T of five subsets of S such that for every two
sets A and B in T, there is a unique set C in T for which [ANC| = |BNC| = 1.

According to Result 3.16, for two integers a and b, a + b = 0(mod 2) if and only if a = b(mod 2). Let

a, b, c € Z. Prove that a + b 4+ ¢ = 0(mod 3) if and only if either every two integers in {a, b, c} are
congruent modulo 3 or no two integers in {a, b, c} are congruent modulo 3.

We have seen that a triple (a, b, c) of positive integers is a Pythagorean triple if > + b*> = ¢2. Therefore, if
(a, b, c) is a Pythagorean triple, then (?)2 + (?)2 =1.

(a) Show that if u and v are real numbers such that > +v> = 1, then (u + v)*> + (u — v)> = 2.

(b) We saw in Result 5.30 that there are no rational solutions to the equation x> 4 y?> = 3. Prove that there
are infinitely many rational solutions to the equation x> 4+ y? = 2.

(c) How many rational solutions to the equation x> 4 y> = 4 are there?

Prove, for every integer n > 4, that n! > n2.

An office contains two tables, called Table 1 and Table 2. There are n cards on Table 1. On the bottom of
each card is written a positive rational number. A total of k cards are randomly selected from Table 1 and
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placed on Table 2. Each of these k cards is turned over and the number on it is multiplied by +/2 and turned
over again. The k cards on Table 2 are then returned to Table 1 and all n cards on Table 1 are shuffled. Then
once again, k cards from Table 1 are randomly selected from Table 1 and placed on Table 2. Each of these k
cards is turned over and the number on it is multiplied by /2. This time, however, these k cards are left on
Table 2. Suppose now that a; of the cards on Table 1 contain an irrational number and a, of the cards on
Table 2 contain an irrational number. Which of the following can be said about a; and a,?

N ag<a @ a=a ) a>a
(4) Itis impossible to determine any relationship between a; and a,.

Below is given a proof of a result. Which result is being proved and which proof technique is being used?
Proof  Assume that 3x 4+ 5y is odd. Then 3x + 5y = 2z + 1, where z € Z. Then
Tx — 11y = B3x 4+ 5y) + (4x — 16y) = 2z + 1) + (4x — 16y)
=2(z+2x—8y)+ 1.
Since z + 2x — 8y is an integer, 7x — 11y is odd.
For the converse, assume that 7x — 11y is odd. Then 7x — 11y = 2w + 1 for some integer w. Then
3x+ 5y = (Tx — 11y) + (—4x + 16y) = Cw + 1) + (—4x + 16y)
=2(w—2x+8y)+ 1.
Since w — 2x + 8y is an integer, 3x + Sy is odd. ]
Below is given a proof of a result. Which result is being proved and which proof technique is being used?

Proof  Assume, to the contrary, that there are integers a and b such that a> — 4b? = 2. Certainly, a is not
odd, for otherwise, a2 and a*> — 4b? are odd and so a® — 4b* # 2. Thus, a must be even and so a = 2¢ for
some integer c. Therefore,

a> —4b* = (2c)* —4b* =47 — 4P = 4P - D) =2.
Since ¢ — b is an integer, 4 | 2, which is impossible. [
Prove that there exist three distinct real number solutions to the polynomial equation x> — 3x + 1 = 0.

Prove that there exists no integer a for which a = 17 (mod 35) and 2a = 43 (mod 49).

. nn+1) o .
We have seen that Z i= T — for every positive integer n. The statement below suggests that there is

i=1
another expression for this sum. Evaluate the proof of the following statement.
n+ 1)

n
Statement  For every positive integer n, Zi = 2

i=1
Proof  We proceed by induction. First, observe that the statement is true for n = 1. Assume that the

k k+1
2k 4 1)? 2k + 3)?
statement is true for a positive integer k. Thus, E = % We show that Z i= % Now,

i=1 i=1
k+1 k 2
. . 2k +1)
i = i|+k+1)=—+(k+1)
2= (3] ;
A 4k +14+8Kk+1) 4P +12k+9  (2k+3)°
- 8 N 8 - g

2 1)?
Thus, i= % for every positive integer n by the Principle of Mathematical Induction. ]
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Evaluate the proof of the following statement.
Statement  For each positive integer n, every set of n real numbers consists only of equal numbers.

Proof  We proceed by induction. Certainly, if a set consists of a single real number, then all numbers in
the set are equal. Assume, for a positive integer k, that the numbers in every set of k real numbers are equal.
Let S be a set of k + 1 real numbers, say S = {a;, aa, ..., ar+1}. Let S; = {ay, az, ..., a} and

Sy ={ap, a3, ..., ar11} be two subsets of S, each consisting of k real numbers. By the induction hypothesis,
all numbers in §; are equal and numbers in S, are equal, thatis, a; = a; = --- = q; and

a, =az = --- = ay4+1. Therefore, a; = ap = - -+ = a; = ax+1 and so all numbers in S are equal. By the
Principle of Mathematical Induction, every set of n real numbers consists only of equal numbers for every
positive integer n. L]

Evaluate the proof of the following statement.
Statement  For every nonnegative integer n, ¢" = 1.

Proof We proceed by the Strong Principle of Mathematical Induction. First, since ¢® = 1, the statement
is true for n = 0. Assume, for a nonnegative integer k, that ¢’ = 1 for every integer i with 0 < i < k. We
show that ¢! = 1. Observe that

ko k
. 1-1
M=
ok—1
By the Strong Principle of Mathematical Induction, ¢” = 1 for every nonnegative integer n. n

Prove that if a is a real number such that |a| < r for every positive real number r, then a = 0.

Below is given a proof of a result. Which result is being proved and which proof technique is being used?

Proof  First, observe that 30+ 1 =2 > 12 = 1, which verifies the basis step. Assume that
3 4+ 1 > (k + 1)? for some nonnegative integer k. We show that 3**! + 1 > (k 4 2)>. When k = 0, we
have 3! + 1 = 4 = 22, Hence, we may assume that k is a positive integer. Observe that

3 1 =33 1 >3[(k+ 1) —1]+1
=3k +2k)+ 1 =3k +6k+ 1 = (k¥ +4k) + Qk* +2k) + 1
> KP4k +242+1> K +4k+4 = (k+2)°. .

Evaluate the proof of the following statement.

Statement If ay, ay, ..., a, are n real numbers such that a;a; - - - a, = 0, then a; = 0 for some i with
1<i<n.

Proof We proceed by induction. Certainly, the statement is true for n = 1. Assume that the statement is
true for some positive integer k. Now, let by, b, ..., byt be k + 1 real numbers such that

blbz e bk+1 =0. ThUS, (b1b2 cee bk)bk—H = 0 and hence either b1b2 cee bk =0or bk+1 =0.1If

b1b; - - - by = 0, then it follows by the induction hypothesis that b; = 0 for some integer i with 1 <i < k. If
this is not the case, then by = 0. Hence, b; = 0 for some integer i with 1 < i < k + 1. Therefore, the
statement is true by the Principle of Mathematical Induction. L]

Evaluate the proof of the following statement.
Statement  If n > 10 is an integer, then > > 100 + 9n?.

Proof  First, observe that if n = 10, then n® = 1000 and 100 + 9% = 100 + 900 = 1000 and so
n® = 100 4+ 9n2. More generally, observe that n® > 100 4+ 9x2 can be written as n* — 91> > 100 and so
n*(n —9) > 100. Since n > 10, we have n®> > 100 and n — 9 > 1. Therefore, n*(n — 9) > 100 - 1 = 100. m
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It is clear that 3 + 4 > 5 and 3% 4 4% = 52. Prove that 3" + 4" < 5" for every integer n > 3.

Prove that if a;, ay, as, . .. is a sequence of numbers such that a; = 1 and a, = n=1 4., for each integer

n
n > 2, then a, = L for every positive integer n.
n

For positive real numbers a, b, ¢ and d, it follows that

A+ ++d>#a+b+c+d.

For example,ifa=1,b=c=2andd =4, thena+b+c+d =9 while v/a?2 +b?> + 2 +d?>=5.In

fact, in this case,
Va2 +b+32+d><a+b+c+d<2vVa?+b%+c2+d2.

(a) Prove for every four positive real numbers a, b, ¢ and d that

@2+ +c+d> <atb+c+d

(b) Prove for every four positive real numbers a, b, ¢ and d that

a+b+c+d<2Va?+ b+ +d?, (7.10)
Furthermore, show that equality holds in (7.10) if and only if a = b = ¢ = d.

D The Chapter Presentation for Chapter 7 can be found at goo.gl/7ysHA3



Prove or Disprove

In every mathematical statement that you have seen so far, you have been informed
of its truth value. If the statement was true, then we have either provided a proof or
have asked you to provide one of your own. What you didn’t know (perhaps) was how
we or you were to verify its truth. If the statement was false, then here too we either
verified this or asked you to verify that it was false. As you proceed further into the
world of mathematics, you will more and more often encounter statements whose truth
is in question. Consequently, each such statement presents two problems for you: (1)
Determine the truth or falseness of the statement. (2) Verify the correctness of your belief.

8.1 CONJECTURES IN MATHEMATICS

200

In mathematics, when we don’t know whether a certain statement is true but there is
good reason to believe that it is, then we refer to the statement as a conjecture. So, the
word “conjecture” is used in mathematics as a sophisticated synonym for an intelligent
guess (or perhaps just a guess). Once a conjecture is proved, then the conjecture becomes
a theorem. If, on the other hand, the conjecture is shown to be false, then we made
an incorrect guess. This is the way mathematics develops — by guessing and showing
that our guess is correct or wrong and then possibly making a new conjecture and then
repeating the process (possibly often). As we learn what’s true and what’s false about
the mathematics we’re studying, this influences the questions we ask and the conjectures
we make.

Let’s consider an example of a conjecture (although there is always the possibility
that someone has settled the conjecture between the time it was written here and the
moment you read it). A word is called a palindrome if it reads the same forward and
backward (such as deed, noon and radar). Indeed, a sentence is a palindrome if it reads
the same forward and backward, ignoring spaces (Name no one man). A positive integer
is called a palindrome if it is the same number when its digits are reversed. (It is con-
siderably easier to give an example of a number that is a palindrome than a word that is
a palindrome.) For example, 1221 and 47374 are palindromes. Consider the integer 27.
It is not a palindrome. Reverse its digits and we obtain 72. Needless to say, 72 is not a
palindrome either. Adding 27 and 72, we have:
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27
+ 72
99
A palindrome results. Consider another positive integer, say 59. It is not a palindrome.
Reverse its digits and add:

59
+ 95
154

The result is not a palindrome either. Reverse its digits and add:

154
+ 451
605

Once again we arrive at a number that is not a palindrome. But reverse its digits and add:

605
+ 506
1111

This time the result is a palindrome. It has been conjectured that if we begin with any
positive integer and apply the technique described above to it, then we will eventually
arrive at a palindrome. However, no one knows if this is true. (It is known to be true for
all two-digit numbers.)

Some conjectures have become famous because it has taken years, decades or even
centuries to establish their truth or falseness. Other conjectures remain undecided still
today. We now consider four conjectures in mathematics, each of which has a long his-
tory.

In 1852, a question occurred to the British student Francis Guthrie when he was col-
oring a map of the counties of England. Suppose that some country (real or imaginary)
has been divided into counties in some manner. Is it possible to color the counties in this
map with four or fewer colors such that one color is used for each county and two coun-
ties that share a common boundary (not simply a single point) are colored differently?
For example, the map of the “country” shown in Figure 8.1 has eight “counties,” which
are colored with the four colors red (R), blue (B), green (G) and yellow (Y), according
to the rules described above. This map can also be colored with more than four colors
but not less than four.

-

Figure 8.1  Coloring the counties in a country with four colors
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The Four Color
Conjecture

The Four
Color Theorem

Fermat’s Last
Theorem

Within a few years, some of the best known mathematicians of the time had become
aware of Francis Guthrie’s question and eventually a famous conjecture developed from
this.

Every map can be colored with four or fewer colors.

Many attempted to settle this conjecture. In fact, in 1879 an article was published
containing a reported proof of the conjecture. However, in 1890, an error was discov-
ered in the proof and the “theorem” returned to its conjecture status. It was not until 1976
when an actual proof by Kenneth Appel and Wolfgang Haken, combining both mathe-
matics and computers, was presented. The period between the origin of the problem and
its solution covered some 124 years. This is now a theorem.

Every map can be colored with four or fewer colors.

‘We now describe a conjecture with an even longer history. One of the famous math-
ematicians of the 17th century was Pierre Fermat. He is undoubtedly best known for one
particular assertion he made. He wrote that for each integer n > 3, there are no nonzero
integers x, y and z such that x" + y" = z". Of course, there are many nonzero integer
solutions to the equation 2+ y2 = 72. For example, 32442 =5252 4 122 = 132 and
82 + 152 = 17°. A triple (x, y, z) of positive integers such that x> + y> = z? is often
called a Pythagorean triple. Therefore, (3,4,5), (5,12,13) and (8, 15,17) are
Pythagorean triples. Indeed, if (a, b, ¢) is a Pythagorean triple and k € N, then (ka, kb, kc)
is also a Pythagorean triple. Fermat’s assertion was discovered, unproved, in a margin of
a book of Fermat’s after his death. In the margin it was written that there was insufficient
space to contain his “truly remarkable demonstration.” Consequently, this statement
became known as Fermat’s Last Theorem. It would have been more appropriate, however,
to have referred to this statement as Fermat’s Last Conjecture as the truth or falseness of
this statement remained in question for approximately 350 years. However, in 1993, the
British mathematician Andrew Wiles settled the conjecture by giving a truly remarkable
proof of it. Hence, Fermat’s Last Theorem is at last a theorem.

For each integer n > 3, there are no nonzero integers x, y and z such that x" 4+ y" = 7.

The final two conjectures we mention concern primes. Although we have mentioned
primes from time to time, we have not yet presented a formal definition. We do this now.
An integer p > 2 is a prime if its only positive integer divisors are 1 and p. A Fermat
number (Yes, the same Fermat!) is an integer of the form F, = 27 4+ 1, where ¢ is a
nonnegative integer. The first five Fermat numbers are

=3 Fi=5, F,=17, /=257, F; = 65,537,

all of which happen to be primes.

In 1640 Fermat wrote to many (including to the famous mathematician Blaise Pas-
cal) that he believed every such number (he didn’t call them Fermat numbers) was a
prime but he was unable to prove this. Hence, we have the following.
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Every Fermat number is a prime.

Nearly one century later (in 1739), the famous mathematician Leonhard Euler proved
that F5 = 4,294,967,297 is divisible by 641, thereby disproving Fermat’s Conjecture.
More specifically, Euler proved the following.

If p is a prime factor of F;, then p = 2'*'k + 1 for some positive integer k.

Letting = 5 in Euler’s Theorem, we see that each prime factor of Fs is of the form
64k + 1. The first five primes of this form are 193, 257, 449, 577 and 641, the last of
which divides Fs.

In recent decades, other Fermat numbers have been studied and have been shown
not to be prime. Indeed, many students of this topic now lean toward the opposing view-
point (and conjecture): Except for the Fermat numbers Fy, Fi, - - -, Fy (all of which were
observed to be prime by Fermat), no Fermat number is prime.

The last conjecture we describe here has its origins around 1742. The German math-
ematician Christian Goldbach conjectured that every even integer exceeding 2 is the
sum of two primes. Of course, this is easy to see for small even integers. For exam-
ple,4=2+4+2,6=3+4+3,8=543and 10=7+ 3 =5+ 5. The major difference
between this conjecture and the three preceding conjectures is that this conjecture has

never been resolved. Hence, we conclude with the following.

Goldbach’s Every even integer at least 4 is the sum of two primes.
Conjecture

SECTION 8.1 EXERCISES

8.1.

8.2.

Consider the following sequence of equalities:
1=0+1

2434+4=1+8
5+464+74+8+9=8+27
0+11+124+134+144+154+16 =27+ 64

(a) What is the next equality in this sequence?
(b) What conjecture is suggested by these equalities?
(c) Prove the conjecture in (b) by induction.

Consider the following statements:

(14+2)*—1>=23

(1+24372—-(1+42)?>=3

(14243447 —(1+2+3) =4

(a) Based on the three statements given above, what is the next statement suggested by these?
(b) What conjecture is suggested by these statements?

(c) Verify the conjecture in (b).
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8.3. A sequence {a,} of real numbers is defined recursively by a; = 2 and for n > 2,
2+ 1-a3+2-a3+- -+ (n—1)d

n—1

an
n

(a) Determine a,, a3 and ay.
(b) Clearly, a, is a rational number for each n € N. Based on the information in (a), however, what
conjecture does this suggest?

8.4. It has been stated that the German mathematician Christian Goldbach is known for a conjecture he made
concerning primes. We refer to this conjecture as Conjecture A.

Conjecture A Every even integer at least 4 is the sum of two primes.
Goldbach made two other conjectures concerning primes.

Conjecture B Every integer at least 6 is the sum of three primes.
Conjecture C Every odd integer at least 9 is the sum of three odd primes.

Prove that the truth of one or more of these three conjectures implies the truth of one or two of the other
conjectures.

8.5. By an ordered partition of an integer n > 2 is meant a sequence of positive integers whose sum is n. For
example, the ordered partitions of 3are 3,1 +2,24+ 1,14+ 1+ 1.
(a) Determine the ordered partitions of 4.
(b) Make a conjecture concerning the number of ordered partitions of an integer n > 2.
8.6. Two recursively-defined sequences {a,} and {b,} of positive integers have the same recurrence relation,
namely a, = 2a,_| + a,—, and b, = 2b,_| + b,_, for n > 3. The initial values for {a,} are a; = 1 and
ap = 3, while the initial values for {b,} are by = 1 and b, = 2.
(a) Determine a3 and ay.
(b) Determine whether the following is true or false:
Conjecture: a, =2""2.-n+ 1 for every integer n > 2.
(c) Determine b3 and by.
(d) Determine whether the following is true or false:

_ (V2 —(1=v2)" ;
= WA for every integer n > 2.

8.7. We know that 1 4243 =1 -2 - 3, that is, there exist three positive integers whose sum equals their
product. Prove or disprove (a) and (b).

Conjecture: b,

(a) There exist four positive integers whose sum equals their product.
(b) There exist five positive integers whose sum equals their product.
(c) What conjecture does this suggest to you?

8.8. Observethat3=14+2,6=1+4+2+3,9=4+5and 12=3+4+5.

(a) Show that 13 and 14 can be expressed as the sum of two or more consecutive positive integers.

(b) Make a conjecture as for which integers n > 3 can be expressed as the sum of two or more consecutive
positive integers.

(c) Prove your conjecture in (b). [Note that every positive integer n can be expressed as n = 2"s, where r is a
nonnegative integer and s is a positive odd integer.]
8.9. A sequence ay, a3, da, . . . of real numbers is defined recursively by a; = 1 + %, a, = a,_1 + % forn > 3.

(a) Determine a; and ay.

(b) Certainly, a, is a rational number for n > 2. Based on the information in (a), what conjecture is
suggested?
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8.2 REVISITING QUANTIFIED STATEMENTS

Example 8.1

As we review the conjectures described in the preceding section, we see that each con-
cerns the truth or falseness of a quantified statement: for every positive integer, for every
map, for every integer n > 3, every Fermat number, every even integer at least 4. In-
deed, most of the statements we have encountered and will encounter in the future are
quantified statements. Because of the obvious importance of quantified statements, it
is of value to review these in greater detail. For an open sentence P(x) over a domain
S, we have often considered a quantified statement with a universal quantifier as the
following:

Vx € §, P(x): Forevery x € S, P(x). or If x € §, then P(x);
while a quantified statement with an existential quantifier is:
dx € S, P(x): There exists x € S such that P(x).

Recall that Vx € S, P(x) is a true statement if P(x) is true for every x € S; while 3x €
S, P(x) is a true statement if P(x) is true for at least one x € S. Let’s look at several
examples of this.

Let S = {1, 3,5, 7} and consider
P(n): n*> +n+ 1 is prime.
for each n € S. Then both
Vn € S, P(n): Forevery n € S, n* +n+ 1 is prime.
and
3n € S, P(n): There exists n € S such that n> + n + 1 is prime.

are quantified statements. Since

P(1): 124+ 141 =3isprime. is true,
P(3): 32 +3+4 1 =13isprime. is true,
P(5): 5 +5+4 1 =31isprime. is true,
P(7): 7+ 7+ 1 =>57isprime. is false,

it follows that Vn € S, P(n) is false and dn € S, P(n) is true. On the other hand, the
statement

QO : 323 is prime.
is not a quantified statement but Q is false (as 323 = 17 - 19 is not prime). ¢

Let P(x) be a statement for each element x belonging to some domain S. Recall that
the negation of Vx € S, P(x) is

~(¥xeS§ Px)=3dxe S, ~ Px).
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Example 8.2

and the negation of 3x € S, P(x) is
~((3x e S, P(x))=Vx e S, ~ PXx).
Again, consider
P(n): n> +n+ 1 is prime.

from Example 8.1, which is a statement for each n in S = {1, 3, 5, 7}. The negation of
Vn e S, P(n)is

dn € S, ~ P(n): There exists n € S such that n> + n + 1 is not prime.

is true as 7 € S but 72 4+ 7 4+ 1 = 57 is not prime. On the other hand, the negation of
dn e S, P(n)is

Vn e S, ~ P(n): Ifn € S, then n®> +n + 1 is not prime.

is false since, for example, 1 € S and 12 + 1 + 1 = 3 is prime.
In Section 2.10 we began a discussion of quantified statements containing two quan-
tifiers. We expand this discussion here.

Consider
P(s,t): 2° 4+ 3" is prime.

where s is a positive even integer and ¢ is a positive odd integer. If we let S denote the
set of positive even integers and 7 the set of positive odd integers, then the quantified
statement

ds e S, eT,P(s,t)

can be expressed in words as

There exist a positive even integer s and a

positive odd integer ¢ such that 2* + 3’ is prime. 8.1

The statement (8.1) is true since
P(2,1): 22 + 3! = 7 is prime.
is true. On the other hand, the quantified statement
Vs e S, YVt €T, P(s,t)

can be expressed in words as

For every positive even integer s and every positive odd integer 7, 2° + 3’ is prime.
8.2)
The statement (8.2) is false since
P(6,3): 26 4+ 3% = 91 is a prime.

is false, as 91 = 7 - 13 is not a prime. ¢
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Let P(s,t) be an open sentence, where the domain of the variable s is S and the
domain of the variable ¢ is 7. Recall that the negations of the quantified statements 3s €
S, 3t eT,P(s,t)and Vs € S,Vt € T, P(s,t) are

~@@seS,IHteT, P(s,t)=Vse S, VteT,~ P(s,t)
and
~(seSVteT, P(s,t)=3se S, It eT,~ P(s, t).
Therefore, the negation of the statement (8.1) is
For every positive even integer s and every positive odd integer ¢, 2° 4 3’ is not prime.
which is a false statement. On the other hand, the negation of the statement (8.2) is

There exist a positive even integer s and a
positive odd integer # such that 2° + 3’ is not prime.

which is a true statement.

We have seen that quantified statements may also contain different kinds of quanti-
fiers. For example, it follows by the definition of an even integer that for every even in-
teger n, there exists an integer k such that n = 2k. There is another mathematical symbol
with which you should be familiar. The symbol > denotes the phrase such that (although
some mathematicians simply write s.t. for “such that”). For example, let S denote the set
of even integers again. Then

VneS, dkeZ>n=2k @8.3)
states:
For every even integer n, there exists an integer k such that n = 2k.
This statement can be reworded as:
If n is an even integer, then n = 2k for some integer k.
If we interchange the two quantifiers in (8.3), we obtain, in words:
There exists an even integer n such that for every integer k, n = 2k.
This statement can also be reworded as
There exists an even integer n such that n = 2k for every integer k.
This statement can be expressed in symbols as
dne S,Vk e Z,n = 2k. 8.4)

Certainly, the statements (8.3) and (8.4) say something totally different. Indeed, (8.3) is
true and (8.4) is false.
Another such example of this is

For every real number x, there exists an integer n such that |x — n| < 1. 8.5)
This statement can also be expressed as

If x is a real number, then there exists an integer n such that |x — n| < 1.
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Result 8.3

Proof

Result 8.4

Proof

In order to state (8.5) in symbols, let
Px,n): |x—n| <1

where the domain of the variable x is R and the domain of the variable n is Z. Thus, (8.5)
can be expressed in symbols as

Vx e R,3n € Z, P(x, n).

The statement (8.5) is true, as we now verify. In the proof of the following result, we
will refer to the ceiling [x] of a real number, which is the smallest integer greater than
or equal to x.

For every real number x, there exists an integer » such that |x — n| < 1.
Let x be areal number. If weletn = [x],then |x —n|=|x—[x]|=[x] —x<1. =

Another example of a quantified statement containing two different quantifiers is
There exists a positive even integer m such

L1l <1 (8.6)

m

that for every positive integer n,
Let S denote the set of positive even integers and let

Ponwy: |3~ 1] < 1.

where the domain of the variable m is S and the domain of the variable n is N. Thus,
(8.6) can be expressed in symbols as
dm € S,V¥n € N, P(m, n).

The truth of the statement (8.6) is now verifed.

There exists a positive even integer m such that for every positive integer n,

I 1 1
7

=
m n

Consider m = 2. Let n be a positive integer. We consider three cases.

Case 1. n = 1. Then |~

A=li-1l=13
Case2.n=2 Then|l—l|=|l—l|=0<l
: : m n 2 2 2°
Case3.n>3.Then |+ — 1| =]1 -1 =1-1_1
Thus, %— H < %foreveryneN. [

Let P(s, t) be an open sentence, where the domain of the variable s is S and the
domain of the variable ¢ is 7. The negation of the quantified statement Vs € S, 3t €
T, P(s,t)is

~((seS,Hel, P(s,t))y=3se€S,~ @t eT, P(s, 1))
=dse S, VireT,~ P(s,t);
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while the negation of the quantified statement 3s € S, V¢ € T, P(s, t) is

~@@3seSVteT,P(s,t))y=VseS,~ NVt eT,P(s, 1))
=VseS,IteT, ~ P(s,t).

Consequently, the negation of the statement (8.5) is
There exists a real number x such that for every integer n, |x — n| > 1.
This statement is therefore false. The negation of the statement (8.6) is

For every positive even integer m, there exists a positive integer n such that
1_ 1 1
w—al >
This too is false.
Let’s consider the following statement, which has more than two quantifiers.

For every positive real number e, there exists a positive real number d

such that for every real number x, |x| < d implies that |2x| < e. 8.7)
If we let
P(x,d): |x| <d and Q(x,e): |2x] < e

where the domain of the variables e and d is R™ and the domain of the variable x is R,
then (8.7) can be expressed in symbols as

Ve ¢ RT,3d € R, Vx € R, P(x,d) = Q(x, e).

The statement (8.7) is in fact true, which we now verify.

Result 8.5 For every positive real number e, there exists a positive real number d such that if x is a
real number with |x| < d, then |2x| < e.
Proof Let e be a positive real number. Now choose d = ¢/2. Let x be a real number with |x| <
d = e/2. Then
12x| = 20x| < 2d =2 (g) =,
as desired. ]
SECTION 8.2 EXERCISES

8.10. (a) Express the following quantified statement in symbols:
For every odd integer n, the integer 3n + 1 is even.

(b) Prove that the statement in (a) is true.

8.11. (a) Express the following quantified statement in symbols:
There exists a positive even integer n such that 3n + 2"~2 is odd.

(b) Prove that the statement in (a) is true.
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Express the following quantified statement in symbols:
For every positive integer n, the integer n"~" is even.

Show that the statement in (a) is false.

Express the following quantified statement in symbols:

There exists an integer n such that 3n* — 5n + 1 is an even integer.
Show that the statement in (a) is false.

Express the following quantified statement in symbols:

For every integer n > 2, there exists an integer m such thatn < m < 2n.
Prove that the statement in (a) is true.

Express the following quantified statement in symbols:

There exists an integer n such that m(n — 3) < 1 for every integer m.
Prove that the statement in (a) is true.

Express the following quantified statement in symbols:

For every integer n, there exists an integer m such that (n — 2)(m — 2) > 0.
Express in symbols the negation of the statement in (a).

Show that the statement in (a) is false.

Express the following quantified statement in symbols:

There exists a positive integer n such that —nm < 0 for every integer m.
Express in symbols the negation of the statement in (a).

Show that the statement in (a) is false.

Express the following quantified statement in symbols:

For every positive integer a, there exists an integer b with |b| < a such that |bx| < a for every real
number Xx.

Prove that the statement in (a) is true.

Express the following quantified statement in symbols:

For every real number x, there exist integers a and b such thata < x < bandb —a = 1.
Prove that the statement in (a) is true.

Express the following quantified statement in symbols:

There exists an integer n such that for two real numbers x and y, x* + y* > n.

Prove that the statement in (a) is true.

Express the following quantified statement in symbols:

For every even integer a and odd integer b, there exists a rational number c¢ such that eithera < c < b
orb<c<a.

Prove that the statement in (a) is true.
Express the following quantified statement in symbols:
. . .. . 1
There exist two integers a and b such that for every positive integer n, a < ;. < b.
Prove that the statement in (a) is true.
Express the following quantified statement in symbols:
There exist odd integers a, b and ¢ such thata + b+ c = 1.
Prove that the statement in (a) is true.
Express the following quantified statement in symbols:
For every three odd integers a, b and c, their product abc is odd.
Prove that the statement in (a) is true.
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8.25. Consider the following statement.

R : There exists a real number L such that for every positive real
number e, there exists a positive real number d such that

if x is a real number with |x| < d, then [3x — L| < e.

(a) Use P(x,d): |x| <d and Q(x, L, e): |3x — L| < e to express the statement R in symbols.

(b) Prove that the statement R is true.

8.26. Prove the following statement. For every positive real number a and positive rational number b, there exist a
real number ¢ and irrational number d such that ac + bd = 1.

8.27. Prove the following statement. For every integer a, there exist integers b and ¢ such that |a — b| > cd for

every integer d.

8.3 TESTING

STATEMENTS

Example 8.6

Strategy

Solution of
Example 8.6

Example 8.7

Strategy

‘We now turn our attention to the main topic of this chapter. For a given statement whose
truth value is not provided to us, our task is to determine the truth or falseness of the
statement and, in addition, show that our conclusion is correct by proving or disproving
the statement, as appropriate.

Prove or disprove: There is a real number solution of the equation
X422 4+1=0.

Observe that x5 and x? are even powers of x. Thus, if x is any real number, then x® > 0
and x2 > 0, so 2x2 > 0. Adding 1 to X0 + 242 shows that x® + 2x2 + 1 > 1. Hence, it is
impossible for x% 4 2x? 4+ 1 to be 0. These thoughts lead us to our solution. We begin
by informing the reader that the statement is false, so the reader knows what we will be
trying to do. ¢

The statement is false. Let x € R. Since x® > 0 and x2 > 0, it follows that x® 4+ 2x% +
1> 1andsox®+2x>+1#0. ¢

For the preceding example, we wrote “Strategy” rather than “Proof Strategy” for two
reasons: (1) Since the statement may be false, there may be no proof in this case. (2) We
are essentially “thinking out loud,” trying to convince ourselves whether the statement
is true or false. Of course, if the statement turns out to be true, then our strategy may
very well turn into a proof strategy.

Prove or disprove: Let x, y, z € Z. Then two of the integers x, y and z are of the same
parity.

For any three given integers, either two are even or two are odd. So, it certainly seems
as if the statement is true. The only question appears to be whether what we said in the
preceding sentence is convincing enough to all readers. We try another approach. ¢
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Solution

Proof

Example 8.8

Strategy

Solution of
Example 8.8

Result 8.9

Proof

Example 8.10
Strategy

Solution of
Example 8.10

Proof

The statement is true.

Consider x and y. If x and y are of the same parity, then the proof is complete. Thus, we
may assume that x and y are of opposite parity, say x is even and y is odd. If z is even,
then x and z are of the same parity; while if z is odd, then y and z are of the same parity. m

Of course, the preceding proof could have been done by cases as well.

Prove or disprove: Let A, B and C be sets. If A x C = B x C, then A = B.

The elements of the set A x C are ordered pairs of elements, namely they are of the form
(x,y),wherex e Aandy € C.Let (x,y) € A x C.If A x C = B x C, then it follows that
(x, y) must be an element of B x C as well. This says that x € B and y € C. Conversely,
if (x,y) € B x C, then (x,y) € A x C, which implies that x € A as well. These obser-
vations certainly seem to suggest that it should be possible to show that A = B under
these conditions. However, this argument depends on A x C containing an element (x, y).
Could it happen that A x C contains no elements? If A or C is empty, this would
happen. However, if C # ) and A x C = (J, then A must be empty. But B x C = A X
C = ) would mean that B must also be empty and so A = B. This suggests a different
response. ¢

The statement is false. Let A = {1}, B={2}andC = @. Then A x C = B x C = {4, but
A # B. Hence, these sets A, B and C form a counterexample. ¢

In some instances, we might consider modifying a false statement so that the re-
vised statement is true. Our preceding discussion seems to suggest that if the set C were
required to be nonempty, then the statement would have been true.

Let A, B and C be sets, where C £ 3. If A x C = B x C,then A = B.

Assume that A x C = B x C. Since C # , the set C contains some element c. Letx € A.
Then (x,c¢) € A x C. Since A x C = B x C, it follows that (x, ¢) € B x C. Hence,x € B
and so A C B. By a similar argument, it follows that B € A. Thus, A = B. ]

Prove or disprove: There exists a real number x such that x* < x < x2.

If there is a real number x such that x> < x < x2, then this number is certainly not 0.
Consequently, any real number x with this property is either positive or negative. If x > 0,
then we can divide x> < x < x? by x, obtaining x> < 1 < x. However, if x > 1, then
x? > 1. Therefore, there is no positive real number x for which x* < x < x>. Hence, any
real number x satisfying x> < x < x?> must be negative. Dividing x> < x < x? by x gives
us x> > 1 > x or x < 1 < x?. Experimenting with some negative numbers tells us that
any number less than —1 has the desired property. ¢

The statement is true.

Consider x = —2. Then x> = —8 and x? = 4. Thus, x° < x < x2. n
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Example 8.12

Strategy

Solution of
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Proof

Example 8.13

Strategy
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Prove or disprove: For every positive irrational number b, there exists an irrational num-
ber a such that 0 < a < b.

We begin with a positive irrational number b. If this statement is true, then we must
show that there is an irrational number a such that 0 < a < b. If we let a = b/2, then
certainly 0 < a < b. The only question is whether b/2 is necessarily irrational. We have
seen, however, that /2 is irrational (in Exercise 5.18 in Section 5.2). ¢

The statement is true.

Let b be a positive irrational number. Now leta = b/2. Then 0 < a < band aisirrational
by Exercise 5.18. n

Prove or disprove: Every even integer is the sum of three distinct even integers.

This statement can be reworded in a variety of ways. One rewording of this statement
is: If n is an even integer, then there exist three distinct even integers a, b and ¢ such that
n = a+ b+ c. What this statement does not say is that the sum of three distinct even
integers is even; that is, we do not begin with three distinct even integers and show that
their sum is even. We begin with an even integer n and ask whether we can find three
distinct even integers a, b and ¢ such that n = a + b + c. This is certainly true forn = 0
since 0 = (—2) + 0 + 2. Itis also true forn = 2 since 2 = (—2) + 0 + 4. If n = 4, then
4 = (=2) + 2 4 4. This last example may suggest a proof in general. For every even
integer n, we can write n = 2 + (—2) + n. Certainly, n, 2 and —2 are even. But are they
distinct? They are not distinct if n = 2 or n = —2. This provides a plan for a proof. ¢

The statement is true.

Let n be an even integer. We show that n is the sum of three distinct even integers by
considering the following three cases.

Case 1. n = 2. Observe that 2 = (=2) + 0 + 4.

Case 2. n = —2. Observe that —2 = (—4) + 0 + 2.
Case3.n#2,—2. Thenn=2+4 (-2)+n. [ ]

Prove or disprove: Let k € N. If k? + Sk is odd, then (k 4+ 1)? + 5(k + 1) is odd.

One idea that might occur to us is to assume that k> 4 5k is an odd integer, where k € N,
and see if we can show that (k + 1)® + 5(k + 1) is also odd. If k% + 5k is odd, then we
can write k> + 5k = 2¢ + 1 for some integer £. Then
(k+ 1245k +1) = k> + 2k + 1+ 5k +5 = (K> + 5k) + 2k + 6)
=20+ 1)+ Q2k+6)=20+2k+6)+1
=2l +k+3)+1,

which is an odd integer and we have a proof. ¢
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Solution of
Example 8.13

Proof

Example 8.14

Strategy

Solution of
Example 8.14

The statement is true.

Assume that k% 4 5k is an odd integer, where k € N. Then k* 4+ 5k = 20 + 1 for some
integer £. Hence,

k+ 12 +5(k+1)=k>+2k+14+5k+5= (k* + 5k) + (2k + 6)
=2+ +2k+6)=2¢+2k+6)+ 1
=2l+k+3)+ 1.
Since £ + k + 3 is an integer, (k + 1)*> 4+ 5(k + 1) is an odd integer. ]

Prove or disprove: For every positive integer n, n> + 5n is an odd integer.

What seems like a reasonable thing to do is to investigate n®> + 5 for a few values of n.
For n = 1, we have n> +5n = 1 + 5 - 1 = 6. We have already solved the problem! For
n = 1, n> 4 5n is not an odd integer. We have discovered a counterexample. ¢

The statement is false. Forn = 1, n2 +5n =145 -1 = 6, which is even. Thus, n = 1
is a counterexample. ¢

Looking at Examples 8.13 and 8.14 again, we might be wondering what exactly
is going on. Certainly, these two examples seem to be related. Perhaps the following
thought may occur to us. For each positive integer n, let

P(n): The integer n’> + 5n is odd.
and consider the (quantified) statement
For every positive integer n, n> + 5n is odd.
or in symbols,
Vn € N, P(n). (8.8)

We might ask whether (8.8) is true. Because of the domain, a proof by induction seems
appropriate. In fact, the statement in Example 8.13 is the inductive step in an induc-
tion proof of (8.8). By Example 8.13, the inductive step is true. On the other hand, the
statement (8.8) is false as n = 1 is a counterexample. This emphasizes the importance
of verifying both the basis step and the inductive step in an induction proof. Return-
ing to Example 8.13 once again, we can show (using a proof by cases) that k> 4+ 5k
is even for every k € N, which would provide a vacuous proof of the statement in
Example 8.13.

In this chapter we have discussed analyzing statements, particularly understanding
statements, determining whether they are true or false and proving or disproving them.
All of the statements that we have analyzed were provided to us. But how do we obtain
statements to analyze for ourselves? This is an important question and concerns the
creative aspect of mathematics —how new mathematics is discovered. Obviously, there is
no rule or formula for creativity but creating new statements often comes from studying
old statements.
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Let’s illustrate how we might create statements to analyze. In Exercise 4.6 in Chap-
ter 4, you were asked to prove the following:

Letae Z.1f3 | 2a,then 3 | a. (8.9)

What other statements does this suggest? For example, is its converse true? (The answer
is yes, but the converse is not very interesting.) Is (8.9) true if 3 and 2 are interchanged?
What integers can we replace 2 by in (8.9) and obtain a true statement? That is, for which
positive integers k is it true that if 3 | ka, then 3 | a? Of course, this is true for k = 1. And
we know that it’s true for k = 2. It is not true for k = 3; that is, it is not true that if 3 | 3a,
then 3 | a. The integer a = 1 is a counterexample. On the other hand, it is possible to
prove that if 3 | 4a, where a € Z, then 3 | a. What we are attempting to do is to extend
the result in (8.9) so that we have a result of the type:

Leta e Z.1f3 | ka, then 3 | a. (8.10)

for a fixed integer k greater than 2. We would like to find a set S of positive integers such
that the following is true:

Leta € Z.1f 3 | ka, where k € S, then 3 | a. (8.11)

Surely 2 € S. Result (8.9) then becomes a special case and a corollary of (8.11). For this
reason (8.11) is called a generalization of (8.9). Ideally, we would like S to have the
added property that (8.11) is true if k € S; while (8.11) is false if k ¢ S. What we are
seeking then is a set S of integers such that the following is true:

Leta € Z. Then 3 | ka implies that 3 | a if and only if k € S.

If we were successful in finding this set S, then we might start all over again by replacing
3 in (8.9) by some other positive integer.

In mathematics it is often the case that a new result is obtained by looking at an old
result in a new way and extending it to obtain a generalization of the old result. Hence,
it frequently happens that: Today’s theorem becomes tomorrow’s corollary.

We conclude this chapter with a quiz consisting of fifteen “prove or disprove” prob-
lems. Solutions to these problems are given following the quiz.

Prove or disprove each of the following statements.

1. There are integer solutions to the equation x*> + y> = 1; in particular,
1740>=(—=1)24+0>=0%+1>=0% + (—1)> = 1. If x, y is a real solution
to the equation x*> 4+ y* = 1 that is not an integer solution, then x and y are
both irrational.

2. A well-known number dealing with a positive integer »n is (g), which is
n(n — 1)/2. (The number (;) equals the number of 2-element subsets of an
n-element set.) If (;) is a perfect square, that is, if ('2') = a? for some positive
integer a, thena = 1.

3. Let A be a finite set with n > 1 elements. If we are given a set S of subsets of
A such that |S| > 2"~!, then we can determine the set A.

4. For each irrational number r, there exists an irrational number s such that rs
is a rational number.
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Solutions for
Quiz

10.

11.

12.

13.
14.

15.

Let a, b, c € N. There exists an integer k > 2 such that the number of pairs of
integers in {ka, kb, kc} of opposite parity equals the number of pairs of
integers in S = {a, b, c} of opposite parity.

For each irrational number 7, there exists a positive integer N such that 7" is a
rational number for all integers n > N.

According to Fermat’s Last Theorem, for every three distinct positive
integers a, b, c, there exists no integer n > 3 such that " 4+ b" = ¢". For
every three distinct positive integers a, b, c, there exists no positive integer n
such that n® 4+ n® = n°.

For every nonnegative integer n, 3 1 (2" + 5").

If a, b, c are any three distinct positive integers such that % + % + % =1,
then a + b + c is a prime.

There exist positive integers a and b for which each is a multiple of both 2
and 3 and such that a/2 exceeds b/3 and b/2 exceeds a/3.

If A and B are subsets of a universal set U such that A Z B and B € A, then
AZ Band B £ A.

There exist distinct irrational numbers a and b such that a + b, ab and % are
(a) three distinct rational numbers.

(b) three distinct irrational numbers.

(c) one rational number and two distinct irrational numbers.

(d) one irrational number and two distinct rational numbers.

For every two sets A and B, P(A N B) = P(A) N P(B).

The numbers —3, —1, 1, 3 are four consecutive odd integers whose product
is the perfect square 9 = 32. There is no other perfect square that is the
product of four consecutive odd integers.

Let S = {a, b, c, d, e} be a set of five distinct integers. If 3 divides the sum of
every two elements of S, then 3 divides the sum of every three elements
of S.

The statement is false. Let x = */73 andy = % Then x is irrational, y is

rational and x% + y2 = 1. That is, (‘/7§, %) is a point on the circle whose
equation is x> 4+ y> = 1.

The statement is false. If n = 9, then (;) =(9-8)/2 =36 =6and
a=6%#1.

The statement is false. Let A = {1, 2, a} and let S = {@J, {1}, {2}, {1, 2}}.
Then n = 3 and |S| = 237! = 4 and we cannot determine the element a in
the set A.

The statement is true.

Proof 1If ris an irrational number, then s = % is also irrational and rs = 1
is rational. [

The statement is true.
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11.

12.
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Proof Letk > 3 be any odd positive integer. Then kx is odd if and only if x
is odd for each x € S. Thus, the number of pairs of integers in {ka, kb, kc} of
opposite parity equals the number of pairs of integers in S of opposite parity. m

The statement is false. For example, r = /2 is irrational. Let n = 2k + 1 be
an odd integer for some positive integer k. Then ” = (v/2)%+! = 2K/2 is
irrational. Hence, there is no positive integer N such that 7 is a rational
number for all integers n > N.

The statement is true.

Proof Leta, b, c be three distinct positive integers. Assume, to the
contrary, that there exists a positive integer n such that n® + n” = n°.
Certainly, n # 1; thus, n > 2. Necessarily, c is the largest of the three
integers a, b, c. We may assume that a < b < c. Dividing n* + n” = n¢ by
n®, we obtain 1 4+ n?~@ = n°~%. Hence, n°~¢ — n®~% = 1 and so

n?= (=% — 1) = 1. Also, n[n*=*"'(n°~? — 1)] = 1. Since

n?=4=1(n*=* — 1) € Z, it follows that n | 1. This is a contradiction. n

The statement is true.

Proof We proceed by induction. Since 2° + 5° = 2 and 3 1 2, the statement
is true for n = 0. Assume that 3 { (2F + 5%) for some nonnegative integer k.
We show that 3  (2¢+! + 541 Since 3 1 (2% 4 5%), it follows that 2% 4 5% =
3q + r, where g € Z and r € {1, 2}. Then 5¥ = 3g + r — 2*. Observe that

Rl skl — g ok 4 5.5k = 2. 2Kk 4 53¢ 4 r —25)
=224+ 15¢+5r—5-2k=15¢—-3-2" +3r+2r
=3(5¢ -2+ r)+2r.

Since 5q—2k+r€ Z and 3 1 2r, where r € {1, 2}, it follows that

3t (2K 4 5%+1). By the Principle of Mathematical Induction, 5 1 (2" + 3")
for every nonnegative integer n. ]

The statement is true.

Proof Leta, b, c be three distinct positive integers such that

é—i—%—}—%: 1. We may assume thata < b < c.Soé > % > %.In
particular, L'~ 1 Wwhich implies that a = 2. Since LS Landb # 2,1t
a 3 b 4

follows that b = 3. Thus, % =1- % — % = é and so ¢ = 6. Therefore,

a=2,b=3andc = 6;thus,a+ b+ c = 11 is a prime. ]
The statement is true.

Proof The integers a = 24 and b = 18 have the desired properties. L]
The statement is true.

Proof  Suppose that A  B. Then there is a € A such that a ¢ B. Thus,

a € B. Since a € A, it follows that a ¢ A. Hence, A £ B. Similarly, if B £ A,
then B £ A. ]
The statement is true.

(@ a=+2andb=—+2. (b) a=+/2andb=+/3.

() a=+2+1andb=+v2-1. ) a=+2andb=22.
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13.

14.

15.

The statement is true.

Proof First, we show that P(A N B) € P(A) N P(B). Since AN B C A and
AN B C B, it follows that P(A N B) C P(A) and P(A N B) C P(B). Hence,
PANB) < PA)NP(B).

Next, we show that P(A) N P(B) C P(ANB).Let S € P(A) NP(B). Then
S e P(A)and S € P(B). So, S is a subset of A and S is a subset of B. Hence,
SCANBandsoS € P(AN B). Therefore, P(A) N P(B) C P(ANB).

Since P(ANB) € P(A)NP(B) and P(A) N P(B) € P(A N B), it follows
that P(A N B) = P(A) N P(B). [ ]

The statement is true.

Proof Letx—3,x—1,x+ 1,x+ 3 be four consecutive odd integers
whose product is a*. Then

(¥ =3 = D+ D +3) = (¢ = D& = 9)
=x*— 10> +9 =%
Therefore, x* — 10x?> + (9 — a®) = 0. By the quadratic formula,

,  10£/100—4(9 —a?) 10+ 4a®> + 64
o 2 o 2
=5++a%+16.

Thus, b = +/a% + 16 is an integer and so b* = a* + 16. Hence,
P —a*=bh+a)(b—a)=16.

Sincebe Nandb+a > b —a, it followsthatb+a=8and b —a = 2,
which implies that b = 5 and a = 3 is the only solution. L]

X

The statement is true.

Proof Consider any three elements of S, say a, b, ¢ € S. We show that

3| (@4 b+ c). Since 3 divides the sum of every two elements of S, it
follows that 3 | (a+ b),3 | (a+ c) and 3 | (b + ¢). Hence, 3 divides
(a+b)+(@a+c)+b+c)=2(a+ b+ c) = 2x, where
x=a+b+ceZ. Since 3 | 2x and 3 1 2, it follows from Result 4.8 that
3|xandso3 | (a+b+c). [ ]
Note: It therefore follows that 3 divides the sum of every k elements of S for
every integer k with 1 <k < 5.

SECTION 8.3 EXERCISES

8.28. For the set S = {1, 2, 3, 4}, let
P(n): 2" (—=1)"*! (2" 4 2"7") is prime. and Q(n): 2n + 3 is prime.

Prove or disprove: Vn € S, P(n) = Q(n).
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Let P(n): n> 4+ 3n + 1 is even. Prove or disprove:

(a) Yk e N, P(k) = P(k+1).

(b) Vn € N, P(n).

For each of the exercises 8.30-8.81: Prove or disprove.

Letx € Z. If 4x + 7 is odd, then x is even.

For every nonnegative integer n, there exists a nonnegative integer k such that k < n.

Every even integer can be expressed as the sum of two odd integers.

If x, y, z € Z such that x + y + z = 101, then two of the integers x, y and z are of opposite parity.
For every two sets A and B, (AU B) — B = A.

Let A be a set. If A N B = @ for every set B, then A = 0.

There exists an odd integer, the sum of whose digits is even and the product of whose digits is odd.
For every nonempty set A, there exists a set B such that AU B = {J.

If x and y are real numbers, then |x + y| = |x| + [y|.

Let S be a nonempty set. For every proper subset A of S, there exists a nonempty subset B of S such that
AUB=SandANB=4.

There is a real number solution of the equation x* + x> + 1 = 0.
There exists an integer a such that a - ¢ > 0 for every integer c.
There exist real numbers a, b and ¢ such that % = %.

If x,y € Rand x> < y%, then x < y.

Letx,y, z € Z.If z = x — y and z is even, then x and y are odd.

Every odd integer can be expressed as the sum of three odd integers.

Letx,y,z € Z.If z = x+ y and x is odd, then y is even and z is odd.

For every two integers a and c, there exists an integer b such thata + b = c.

Every even integer can be expressed as the sum of two even integers.

For every two rational numbers a and b with a < b, there exists a rational number r such that a < r < b.
Let A, B, C and D be sets with A € C and B € D. If A and B are disjoint, then C and D are disjoint.

Let A and B be sets. If A U B # J, then both A and B are nonempty.

For every two positive integers a and c, there exists a positive integer b such thata + b = c.

For every odd integer a, there exist integers b and c of opposite parity such thata + b = c.

For every rational number a/b, where a, b € N, there exists a rational number ¢/d, where ¢ and d are
C a

positive odd integers, such that 0 < § < £.

The equation x> 4+ x> — 1 = 0 has a real number solution between x = 0 and x = 1.
There exists a real number x such that x> < x < x>.
LetAand Bbesets. fA—B=B—A,thenA —B=0.
If x € Z, then )’?ff = .
For every positive rational number b, there exists an irrational number a with 0 < a < b.
Let A be a set. If A — B = {J for every set B, then A = ().

LetA,BandCbesets. fANB=ANC,then B=C.
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For every nonempty set A, there exists a set B such that |A — B| = |B — A|.

Let A be a set. If A U B # ) for every set B, then A # .

There exist an irrational number @ and a rational number b such that 4 is irrational.

There exists a real number solution of the equation x> +x + 1 = 0.

For every two sets A and B, P(A U B) = P(A) U P(B).

Every nonzero rational number can be expressed as the product of two irrational numbers.

Let S be a set containing at least two elements. For every proper nonempty subset A of S, there exists a
proper nonempty subset B of S such that A and B are disjoint.

Let S be a nonempty set and let T be a collection of subsets of S. If A N B # @ for all pairs A, B of elements
of T, then there exists an element x € S such thatx e CforallC e T.

Let A, Band C be sets. ThenAU (B —-C)=(AUB)— (AUCQC).

Leta, b, c € Z.If ab, ac and bc are even, then a, b and ¢ are even.

Let n € Z. If n® + n is even, then n is even.

There exist three distinct integers a, b and ¢ such that al = be.

Let a, b, c € Z. Then at least one of the numbers a + b, a + ¢ and b + c is even.
Every integer can be expressed as the sum of two unequal integers.

There exist positive integers x and y such that x> — y> = 101.

2 —n 4 111is a prime.

For every positive integer n, n
For every odd prime p, there exist positive integers a and b such that a®> — b = p.
If the product of two consecutive integers is not divisible by 3, then their sum is.

The sum of every five consecutive integers is divisible by 5 and the sum of no six consecutive integers is
divisible by 6.

There exist three distinct positive real numbers a, b, ¢, none of which are integers, such that all of ab, ac, bc
and abc are integers.

Chapter 8 Supplemental Exercises

D The Chapter ~ 8.82. (a) Show that the following statement is false: For every positive integer x, there

Efsetntatgion f"g exists a positive integer y such that x < y < x2.

apter 8 can be .. ; .
foun% at (b) Make a small addition to the statement in (a) so that the new statement is true.
goo.gl/e5rR5L Prove the new statement.

8.83. (a) Show that the following statement is false: Every positive integer is the sum of
two distinct positive odd integers.
(b) Make a small addition to the statement in (a) so that the new statement is true.
Prove the new statement.

8.84. (a) Prove or disprove: There exist two distinct positive integers whose sum exceeds
their product.

(b) Your solution to (a) should suggest another problem to you. State and solve this
new problem.
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(a) Prove or disprove: If @ and b are positive integers, then v/a + b = /a + Vb.

(b) Prove or disprove: There exist positive real numbers a and b such that
Va+b=a+ Vb.

(c) Complete the following statement so that it’s true and provide a proof:
Leta, b € Rt U {0}). Then Va + b = \/a + /b if and only if

Consider the open sentence P(n) : n! > ( )n for n € N. Prove or disprove:

Vn € N, P(n).

Evaluate the proof of the following statement.

n
2

Result  Every even integer can be expressed as the sum of three distinct even
integers.

Proof Letn be an even integer. Since n + 2, n — 2 and —n are distinct even
integers and

n=n+2)+(n—2)+(-n),

the desired result follows. [

It is known (although challenging to prove) that for every nonnegative integer m,
the integer 8m + 3 can be expressed as a* + b* + ¢? for positive integers a, b and c.

(a) For every integer m with 0 < m < 10, find positive integers @, b and ¢ such that
8m+3 =a*+ b* + 2.

(b) Prove or disprove: If a, b and c are positive integers such that
a* + b* + ¢* = 8m + 3 for some integer m, then all of a, b and ¢ are odd.

In Exercise 4.6, you were asked to prove the statement
P: Letae Z.1f 3 | 2a,then 3 | a.

(a) Prove that the converse of P is true. Now state P and its converse in a more
familiar manner.

(b) Is the statement obtained by interchanging 2 and 3 in P true?

(c) Find a set S of positive integers with 2 € S and |S| > 3 such that the following
is true:

Leta € Z.1f 3 | ka, where k € S, then 3 | a.

Prove this generalization of the statement P.

(d) In Result 4.8, it was shown for integers a and b that 3 | ab if and only if 3 | a or
3 | b. How can this be used to answer (c¢)?

In Exercise 5.22, you were asked to prove that /2 4 /3 is irrational.

(a) Prove that ~/2 + /5 is irrational.

(b) Determine, with proof, another positive integer a such that V2+ Jais
irrational.

(c) State and prove a generalization of the result in (a).
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8.91.
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8.101.

In Exercise 3.27, you were asked to prove the statement:
P: Ifn € Z, then n® — n is even.
This can be restated as:
P: IfneZ,then2 | (n® — n).

(a) Find a positive integer a # 2 such that
IfneZ,thena| (n® —n).

is true and prove this statement.
(b) Find a positive integer k # 3 such that

Ifn € Z,then 2 | (n* —n).

is true and prove this statement.
(c) Ask a question of your own dealing with P and provide an answer.

Let A denote the set of odd integers. Investigate the truth (or falseness) of the
following statements.

(a) Forallx,y € A, 2| (x> + 3y%).
(b) There exist x, y € A such that 4 | (x> + 3y?).
(c) Forallx,y € A, 4| (x* + 3y%).
(d) There exist x, y € A such that 8 | (x> + 3y?).
(e) There exist x,y € A such that 6 | (x> + 3y?).

(f) Provide a related statement of your own and determine whether it is true or
false.

(a) Prove or disprove the following: There exist four positive integers a, b, ¢ and d
such that a* + b* + ¢* = d°.

(b) Prove or disprove the following: There exist four distinct positive integers
a, b, ¢ and d such that a* + b* + ¢* = d>.

(c) The problems in (a) or (b) above should suggest another problem that you can
solve. State and solve such a problem.

(d) The problems in (a) or (b) above should suggest a conjecture to you (that you
probably cannot solve). State such a conjecture.

For each of the exercises 8.94-8.105: Prove or disprove.

If n is a positive integer and s is an irrational number, then n/s is an irrational
number.

For every integer b, there exists a positive integer a such that |a — |b|| < 1.

If x and y are integers of the same parity, then xy and (x + y)? are of the same parity.
Leta,b € Z.1f 6 4 ab, then either (1) 2taand3 tbor (2)3taand 2 1 b.

For every positive integer n, 22" > 4™,

If A, B and C are sets, then (A —B)U(A—-C)=A — (BUC().

Letn € N.If (n+ 1)(n + 4) is odd, then (n + 1)(n + 4) + 3" is odd.

(a) There exist distinct rational numbers a and b such that (a — 1)(b— 1) = 1.
(b) There exist distinct rational numbers a and b such that é + % =1.
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Leta, b, c € Z. If every two of a, b and c are of the same parity, then a + b + c is
even.

If n is a nonnegative integer, then 5 divides 2 - 4" 4 3 - 9.

Recall that there are 2" subsets of an n-element set. For example, when n = 4, there
are 2* = 16 subsets of a 4-element set. Of these 16 subsets, 6 have two elements.
When n = 6, there are 2° = 64 subsets of a 6-element set. Of these 64 subsets, 15
have two elements and 15 have four elements, while 20 have three elements. The
maximum number of subsets of an n-element set, n > 3, such that no two subsets
are subsets of each other is (5) = n(n — 1)/2.

Letn € N. Then 5 | (2" 4+ 3") if and only if n is odd.



Equivalence Relations

wo real numbers x and y can be related in a variety of ways. For example, (1) x may
be less than y, (2) y may be 1 more than the square of x, or (3) x and y may be equal;
in symbols,

MHx<y, @Qy=x>+1o0orB)x=y.
In the case of integers a and b, we could have
(1)a | b, (2) a and b are of opposite parity or (3) a = b (mod 3).
In the subject of geometry, a line £ in 3-space can be related to a plane IT in 3-space if
(1) £ lies on I1, (2) € is parallel to IT or (3) £ intersects IT in exactly one point.
A triangle T can be related to a triangle 7" if
(1) T is congruent to 77, (2) T is similar to T’ or (3) T has the same area as T’.

In all of these examples, there are two sets A and B (where possibly A = B) and an
element of A is related to an element of B in some manner. The topic of relations turns
out to be important in mathematics. It is this topic we now turn to.

9.1 RELATIONS
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When one refers to a relation R from a set A to a set B, we simply mean some subset of
the Cartesian product A x B of A and B. That is, the relation R is a set of ordered pairs,
where the first coordinate of the pair belongs to A and the second coordinate belongs to B.
Whenever the ordered pair (a, b) € R, we say that a is related to b by R and write a R b.
If the ordered pair (a, b) ¢ R, then a is not related to b by R and we write a i b. For
example, suppose that A = {x, y, z} and B = {1, 2} are two sets and we are considering
the subset

R={(x,2),(». 1), (. 2)} .1

of A x B. Hence, R is arelation from A to B. In this case, x R 2 (x is related to 2) and x R 1
(x is not related to 1). For any two sets A and B, the sets ) and A x B are always subsets
of A x B and so ) and A x B are relations from A to B. (Indeed, these are the extreme
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examples.) For the relation ¢, no element of A is related to any element of B; while for
the relation A x B, each element of A is related to every element of B. Simply said then, a
relation from a set A to a set B tells us which elements of A are related to which elements
of B. Although this may seem like a fairly simple idea, it is nevertheless important that
we have a thorough understanding of it. There is some terminology dealing with relations
with which we need to be familiar.

Let R be a relation from set A to a set B. By the domain of R, which we denote by
dom(R), is meant the subset of A defined by

dom(R) ={a € A: (a,b) € R for some b € B};
while the range of R, denoted by range(R), is the subset of B defined by
range(R) = {b € B: (a,b) € Rfor some a € A}.

That is, dom(R) is that set of elements of A that occur as first coordinates among the or-
dered pairs in R and range(R) is the set of elements of B that occur as second coordinates
among the ordered pairs in R. The domain and range of the relation R given in (9.1) are
dom(R) = {x, y} and range(R) = {1, 2}. The reason that z ¢ dom(R) is because there is
no ordered pair in R whose first coordinate is z.

If R is a relation from a set A to a set B, then the inverse relation of R is the relation
R~! from B to A defined by

R '={(,a): (a,b)€R}.

That is, to obtain R~! from R, the first and second coordinates of each ordered pair in
R are interchanged. For example, the inverse relation of the relation R = {(x, 2), (y, 1),
(v,2)} from A = {x, y, z} to B = {1, 2} is the relation

R ={(1,y), 2,%), 2, )}

from B to A.

By a relation on a set A, we mean a relation from A to A. That is, a relation on a
single set A is a collection of ordered pairs whose first and second coordinates belong
to A. Therefore, {(1, 2), (1, 3), (2, 2), (2, 3)} is an example of a relation on the set A =
{1,2,3,4}.

If A = {1, 2}, then

AxA={(1,1),(1,2),(2,1),(2,2)}.

Since |A x A| = 4, the number of subsets of A x A is 2* = 16. Since a relation on A is,
by definition, a subset of A x A, it follows that there are 16 relations on A. Six of these 16
possible relations are

2. {1, 2)} {1, D, (1, 2)}, {(1,2), (2, D} {(1, 1), (1,2), (2, 2)}, A x A.

SECTION 9.1 EXERCISES

9.1. Forthe sets A = {a, b, ¢} and B = {r, s, t, u}, let R = {(a, s), (a, t), (b, t)} be a relation from A to B.
Determine dom(R) and range(R).

9.2. Let A be a nonempty set and let B be a subset of the power set P(A) of A. Define a relation R from A to B by
xRY if x € Y. Give an example of two sets A and B that illustrate this. What is R for these two sets?
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9.3.
9.4.

9.5.
9.6.
9.7.
9.8.
9.9.

9.10.
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Let A = {0, 1}. Determine all the relations on A.

LetA ={a,b,c} and B = {1, 2, 3,4}. Then R; = {(a, 2), (a, 3), (b, 1), (b, 3), (c, 4)} is a relation from A to
B, while R, = {(1, b), (1, ¢), (2, a), (2, b), (3, ¢), (4, a), (4, ¢)} is a relation from B to A. A relation R is
defined on A by x R y if there exists z € B such that x R; z and z R, y. Express R by listing its elements.

For the relation R = {(1, 1), (1,2), (1, 3), (2,2), (2, 3), (3, 3)} defined on the set {1, 2, 3}, what is R~!?
A relation R is defined on Nby a R b if a/b € N. For ¢, d € N, under what conditions is ¢ R 4d?
Determine the inverse relation R~! for the relation R = {(x, y) : x + 4y is odd} defined on N.

For the relation R = {(x, y) : x < y} defined on N, what is R~!?

Let A and B be sets with |A| = |B| = 4.

(a) Prove or disprove: If R is a relation from A to B where |R| =9 and R = R™!, then A = B.

(b) Show that by making a small change in the statement in (a), a different response to the resulting
statement can be obtained.

Let A be a set with |A| = 4. What is the maximum number of elements that a relation R on A can contain so
that RNR™! = @&?

9.2 PROPERTIES OF RELATIONS

If R is a relation defined on a single set A, then there are three properties that R may
possess and which will be of special interest to us.

A relation R defined on a set A is called reflexive if x R x for every x € A.

That is, R is reflexive if (x, x) € R for every x € A.
In order to illustrate this and two other properties that we will soon describe, let

S = {a, b, c} and consider the following six relations defined on S:

Ry = {(a, b), (b, a), (c, a)}

Ry = {(a, b), (b, b), (b, ¢), (¢, b), (c, )}

Ry = {(a, a), (a, c), (b, b), (c, a), (c, )}

Ry = {(a, a), (a, b), (b, b), (b, ¢), (a, c)}

Rs = {(a, a), (a, b)}

R6 = {(as b)a (a’ C)}
The relation R; is not reflexive since (a, a) ¢ R, for example. Since (a, a) ¢ R», it fol-
lows that R, is not reflexive either. In addition, none of the relations R4, Rs, Rg is reflexive.
Because (a, a), (b, b), (c, ¢) € R3, the relation Rj3 is reflexive, however.

Next, we consider a second important property that a relation on a single set may
possess.

A relation R defined on a set A is called symmetric if whenever x R y, then y R x
for all x, y € A.

Hence, for a relation R on A to be “not symmetric,” there must be some ordered pair
(w, z) in R for which (z, w) ¢ R. Certainly, if such an ordered pair (w, z) exists, then
w # z. The relation R; is not symmetric since (c, a) € Ry but (a, ¢) ¢ R;. Notice that
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(a,b) € Ry and (b, a) € R as well. However, this does not mean that R; is symmetric.
Recall that the definition of a symmetric relation R on a set A says that whenever x R y,
theny R x forall x,y € A.

The relation R3 is symmetric, however, since both (a, ¢) and (c, a) belong to Rj.
None of the ordered pairs (a, a), (b, b), (c, ¢) in R3 are relevant as to whether R3 is sym-
metric. None of the relations R,, R4, Rs, Rg are symmetric.

Finally, we describe the third important property that a relation defined on a single
set may possess.

A relation R defined on a set A is called transitive if whenever x R y and y R z,
then x R z, for all x, y, z € A.

Notice that in this definition, it is not required that x, y and z be distinct. Hence, for a re-
lation R on A to be “not transitive,” there must exist two ordered pairs (u, v) and (v, w) in
R such that (u, w) ¢ R. If this should occur, then necessarily # # v and v # w (although
perhaps u = w). For example, the relation R; is not transitive since (a, b), (b, ¢) € R, but
(a, c) ¢ R,. Actually, R, is not transitive either because (a, b), (b, a) € R but (a, a) ¢
R,. The example (counterexample) that shows that R, is not transitive illustrates the fact
that showing a relation is not transitive may not be easy. All of the relations Rz, R4, Rs,
Rg are transitive. It is not always easy to convince oneself that a relation is transitive
either. Let’s give a careful argument as to why the relations Rs and Ry are transitive.

For Rs to be transitive, it is required that (x, z) belongs to Rs whenever (x, y) and
(v, 2) belong to Rs for all x, y, z € A. To verify that the transitive property holds in Rs, we
must consider all possible pairs of ordered pairs of the type (x, ¥) and (y, z). We have two
choices for (x, y) in Rs, namely, (a, a) and (a, b), thatis, x = aand y = a, or x = a and
y=b.If (x,y) = (a, a), then y = a and so either (v, z) = (a, a) or (y, z) = (a, b). In the
first case, we have (a, a) € Rs and (a, a) € Rs, and (x, z) = (a, a) belongs to Rs. In the
second case, (a, @) € Rs and (a, b) € Rs, and (x, z) = (a, b) belongs to Rs. This example
suggests (correctly!) that if (x, y) and (y, z) belong to some relation R and x = y, then
certainly (x, z) € R. The same could be said if y = z. Thus, when checking transitivity,
we need only consider ordered pairs (x, ¥) and (y, z) for which x # y and y # z. Suppose
next that (x, y) = (a, b), so that y = b. Here there is no ordered pair of the type (y, z);
that is, there is no ordered pair of Rs whose first coordinate is b. Thus, there is nothing
to check when (x, y) = (a, b). For Rs, there are only two possibilities for two ordered
pairs of the type (x, y), (v, z) and in each case, (x, z) € Rs. Thus, Rs is transitive.

Let’s turn to Rg now. The relation R¢ does not contain two ordered pairs of the type
(x,¥), (y, 2) since if (x, y) = (a, b), no ordered pair has b as its first coordinate; while if
(x,y) = (a, ¢), no ordered pair has c as its first coordinate. Consequently, the hypothesis
of the transitive property is false and the implication “If (x, y) € R¢ and (y, z) € Rg, then
(x,2) € Rg.” is satisfied vacuously. Hence, Rg is transitive. Another way to convince
yourself that Rg is transitive is to think of what must happen if Ry is not transitive; namely,
there must be two ordered pairs (x, y), (v, z) in R¢ such that (x, z) ¢ Re. But there are no
such ordered pairs (x, y) and (y, z)!

In the preceding discussions, we have made use of an important point when testing
a relation for transitivity. It bears repeating here.

When we are attempting to determine whether a relation R is transitive and,
consequently, checking all pairs of the type (x, y) and (y, z), we need not consider
the situation where x =yory = z.
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In this case, the ordered pair (x, z) will always be present in R. If a relation R is not
transitive, then there must exist ordered pairs (x,y) and (v, z) in R, where x # y and
y # z, such that (x, z) is not in R. That is, (x, y) and (y, z) constitute a counterexample
to the implication “If (x, y) € R and (y, z) € R, then (x, z) € R,” which is a requirement
of R being transitive.

Let’s consider two additional relations R; and Rg defined on the set S = {a, b, c}:

R; = {(a,a), (a,b), (b, a), (b, D), (b, ¢), (c, c)}
RS = {(Cl, a)s (a’ 0)7 (Cv 61)}

Since (a, a), (b, b), (c, ¢) € Ry, it follows that Ry is reflexive. Because (b, ¢) € R; but
(c, b) ¢ R, the relation Ry is not symmetric. Since (a, b), (b, ¢) € R; but (a, c) ¢ Ry,
the relation R; is not transitive. Since (b, b) ¢ Rg, for example, the relation Rg is not re-
flexive. Because (a, ¢), (c, a) € Rg, the relation Rg is symmetric. Since (c, a), (a, ¢) € Rg
but (c, ¢) ¢ Rg, the relation Rg is not transitive.

Let’s summarize then what we have said about the properties of being reflexive,

symmetric and transitive that the relations Rj, R;, ..., Rg defined on S = {a, b, c}
possess.
Ri|Ry |R; | R4y | Rs | Re | R7 | Rg
reflexive * *
symmetric * *
transitive * * * *

We already mentioned that relations occur frequently in mathematics. Let R be the
relation defined on the set Z of integers by a R b if a < b; that is, R is the relation <.
Since x < x for every integer x, it follows that x R x for every x € Z; that is, R is reflexive.
Certainly, 2 R 3 since 2 < 3. However, 3 > 2; so 3 R 2. Therefore, R is not symmetric.
On the other hand, it is a well-known property of integers that if a < b and b < c, then
a < c¢. Therefore, if a R band b R ¢, then a R c. So, R is transitive.

Another relation R we could consider on the set Z is defined by a R b if a # b.
However, then 1 R 1 since 1 = 1. Consequently, this relation is not reflexive. If a and b
are integers such that a # b, then we also have b # a. So, if a R b, then b R a. This says
that this relation is symmetric. Notice that 2 # 3 and 3 # 2 but 2 = 2. Thatis, 2 R 3 and
3 R2but 2 R 2. Therefore, R is not transitive.

The distance between two real numbers a and b is |a — b|. So the distance be-
tween 2 and 4.5 is |2 — 4.5| = | — 2.5| = 2.5. Thus, if the real numbers (points) a and b
are plotted on the real number line (x-axis), then the length of this segment is the dis-
tance between them. This is illustrated in Figure 9.1 for the real numbers a = 3
and b = —2, where the distance between them is thus |[a —b| =13 —(-2)|=5=
[(=2) =3 =|b—al

Figure 9.1 The distance between 3 and —2
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Define a relation R on the set R of real numbers by a R b if |a — b| < 1, that is, a is
related to b if the distance between a and b is at most 1. Certainly, the distance from a
real number to itself is 0, that is, |[a —a| = 0 < 1 for every x € R. So, a R a and R is
reflexive. If the distance between two real numbers a and b is at most 1, then the distance
between b and a is at most 1. In symbols, if |a — b| < 1, then |b — a| = |a — b| < 1; that
is, if @ R b, then b R a. Therefore, R is symmetric. Now to the transitive property. If
a R band b R ¢, is a R ¢? That is, if the distance between a and b is at most 1 and
the distance between b and c is at most 1, does it follow that the distance between a
and c is at most 1? The answer is no. For example, 3 R2 and 2 R 1 since |3 — 2| < 1 and
|2 — 1] < 1. However, |3 — 1| = 2. So, 3 R 1 and R is not transitive.

SECTION 9.2 EXERCISES

9.11.

9.12.

9.13.

9.14.

9.15.

9.16.

9.17.

9.18.

9.19.

9.20.

9.21.

LetA = {a, b, c,d} and let R = {(a, a), (a, b), (a, ¢), (a,d), (b, b), (b, ¢), (b,d), (c, c), (c,d), (d,d)} bea
relation on A. Which of the properties reflexive, symmetric and transitive does the relation R possess? If R
does not possess one of these properties, explain why.

Let S = {a, b, c}. Then R = {(a, a), (a, b), (a, c)} is a relation on S. Which of the properties reflexive,
symmetric and transitive does the relation R possess? Justify your answers.

Let S = {a, b, c}. Then R = {(a, b)} is a relation on S. Which of the properties reflexive, symmetric and
transitive does the relation R possess?

Let A = {a, b, ¢, d}. Give an example (with justification) of a relation R on A that has none of the following
properties: reflexive, symmetric, transitive.

A relation R is defined on Z by a R b if |a — b| < 2. Which of the properties reflexive, symmetric and
transitive does the relation R possess? If R does not possess one of these properties, explain why.

Let A = {a, b, ¢, d}. How many relations defined on A are reflexive, symmetric and transitive and contain
the ordered pairs (a, b), (b, ¢), (¢, d)?

Let R = ¥ be the empty relation on a nonempty set A. Which of the properties reflexive, symmetric and
transitive does R possess?

LetA = {1, 2, 3, 4}. Give an example of a relation on A that is:

(a) reflexive and symmetric but not transitive.
(b) reflexive and transitive but not symmetric.
(c) symmetric and transitive but not reflexive.
(d) reflexive but neither symmetric nor transitive.
(e) symmetric but neither reflexive nor transitive.
(f) transitive but neither reflexive nor symmetric.

A relation R is defined on Z by x R y if x - y > 0. Prove or disprove the following: (a) R is reflexive,

(b) Rissymmetric, (c) R is transitive.

Determine the maximum number of elements in a relation R on a 3-element set such that R has none of the
properties reflexive, symmetric and transitive.

Prove or disprove: If there exists a relation R; on the set {a, a,} that is not reflexive, not symmetric and not
transitive, then there exists a relation R, on the set {b;, b», b3} that is not reflexive, not symmetric and not
transitive.
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9.22. Let S be the set of all polynomials of degree at most 3. An element s of S can then be expressed as

9.23.

s =ax’ 4+ bx*> + cx + d, where a, b, ¢, d € R. A relation R is defined on S by p R ¢ if p and ¢ have a root in
common. (For example, p = (x — 1)? and g = x> — 1 have the root 1 in common so that p R ¢.) Determine
which of the properties reflexive, symmetric and transitive are possessed by R.

A relation R is defined on N by a R b if either a | b or b | a. Determine which of the properties reflexive,
symmetric and transitive are possessed by R.

9.3 EQUIVALENCE RELATIONS

The most familiar relation in mathematics is probably the equals relation. Let R be that
relation on the set of integers; that is, R is the relation defined on Zby a R bif a = b.
Since a = a for every integer a, it follows that a R a. If a = b, then b = a. Hence, if
aRb,thenbRa. Also,ifa=band b =c,thena=c.SoifaRband bR c,thenaR c.
These observations tell us that the equals relation on the set of integers possesses all
three of the properties reflexive, symmetric and transitive. This suggests the question of
what other relations (on the set Z or indeed on any set) have these same three properties
possessed by the equals relation. These are the relations that will be our primary focus
in this chapter.

A relation R defined on a set A is called an equivalence relation if R is reflexive,
symmetric and transitive. Of course then, the equals relation R defined on Z by a R b
if a =b is an equivalence relation on Z. For another example, consider the set
A ={1,2,3,4,5, 6} and let R be the relation defined on A that consists of the following
ordered pairs:

R={(1,1),(2,2),3,3),(4,4),(5,5),(6,6),(1,3),(1,6), (6, 1), (6, 3),
(3,1),(3,6), (2,4), (4, 2)}. 9.2)

Since this relation has all three of the properties reflexive, symmetric and transitive, it is
an equivalence relation.

Suppose that R is an equivalence relation on some set A. If a € A, then a is related to
a since R is reflexive. Quite possibly, other elements of A are related to a as well. The set
consisting of all those elements that are related to a given element of A will turn out to
be important and, for this reason, these sets are given special names. For an equivalence
relation R defined on a set A and for an element a € A, the set

[al]={xe€eA: xRa},

consisting of all elements in A that are related to a, is called an equivalence class. In fact,
[a] is the equivalence class containing a since a € [a] (because R is reflexive). Loosely
speaking then, [a] consists of the “relatives” of a. For the equivalence relation R defined
in (9.2), the resulting equivalence classes are

(11={1,3,6}, [21={2,4}, [3]1={1,3,6},
[4] = {2, 4}, [51 = {5}, [6] = {1, 3, 6}. 9.3)

Since [1] = [3] = [6] and [2] = [4], there are only three distinct equivalence classes in
this case, namely [1], [2] and [5].
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Let’s return to the equals relation R defined on Z by a R b if a = b to determine the
equivalence classes in this case. For a € Z,

[al={xe€Z: xRa)={xeZ: x=a}={a};

that is, every integer is in an equivalence class by itself.
We now consider a similar relation on Z.

A relation R is defined on Z by x R y if |x| = |y|. This relation is also an equivalence
relation. In this case, for a € Z, the equivalence class [a] consists of the two integers a
and —a, unless a = 0, in which case [0] = {0}. ¢

We now consider two examples from geometry.

A relation R is defined on the set L of straight lines in the plane by £;R ¢, if either
£ = £, (the lines coincide) or ¢; is parallel to £,. Since every line coincides with itself,
R is reflexive. If a line £, is parallel to a line £, (or they coincide), then ¢, is parallel to £;
(or they coincide). Thus, R is symmetric. Finally, if ¢, is parallel to £, and ¢, is parallel
to £5 (including the possibility that such pairs of lines may coincide), then either ¢, is
parallel to ¢3 or they coincide. Indeed, it may very well occur that £; and ¢, are distinct
parallel lines, as are £, and ¢; but £; and ¢3 coincide. In any case, though, this relation
is transitive. Therefore, R is an equivalence relation. Hence, for £ € L, the equivalence
class

[l={xeL: xRt} ={xeL: x={orxis parallel to £}

consists of £ and all lines in the plane parallel to £. ¢

Let 7 be the set of all triangles in a plane. We now describe two relations R, and R,
defined on 7. The relation R; is defined by T Ry T’ if T is congruent to 7’ and the relation
R, is defined by T R, T’ if T is similar to 7’. Then both R; and R, are equivalence
relations. For a triangle 7' and the relation Ry, [T] is the set of triangles in 7 that are
congruent to T'; while for R;, [T'] is the set of triangles in 7 that are similar to 7. ¢

We now consider examples of relations defined on Z that may require some addi-
tional thought.

The relation R defined on Z by x R y if x + 3y is even is an equivalence relation.

Before proving this result, let’s be certain that we understand this relation. First,
notice that 5 R 7 since 5 + 3 - 7 = 26 is even. However, 8 R 9 since 8§ + 3 - 9 = 35 is not
even. On the other hand, 4 R 4 because 4 + 3 - 4 = 16 is even.

First, we show that R is reflexive. Let a € Z. Then a + 3a = 4a = 2(2a) is even since
2a € 7. Therefore, a R a and R is reflexive.

Next, we show that R is symmetric. Assume that a R b. Thus, a + 3b is even. Hence,
a + 3b = 2k for some integer k. So, a = 2k — 3b. Therefore,

b+3a =0b+ 32k —3b) = b+ 6k —9b = 6k — 8b = 2(3k — 4Db).

Since 3k — 4b is an integer, b 4 3a is even. Therefore, b R a and R is symmetric.
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PROOF ANALYSIS

Result 9.5

Proof

Finally, we show that R is transitive. Assume thata R b and b R c. Hence, a + 3b and
b+ 3careeven; soa + 3b = 2k and b + 3¢ = 24 for some integers k and £. Adding these
two equations, we obtain (a + 3b) + (b+ 3¢c) =2k +2¢. So a+4b+ 3¢ =2k + 24
and a + 3¢ = 2k + 20 — 4b = 2(k + £ — 2b). Since k + £ — 2b is an integer, a + 3c is
even. Hence, a R ¢ and so R is transitive. Therefore, R is an equivalence relation. n

A few remarks concerning the preceding proof are in order. Recall that a relation R
defined on a set A is reflexive if x R x for every x € A. The reflexive property may also
be reworded to read: For every x € A, x R x or: If x € A, then x R x. Hence, when we
proved that R is reflexive in Result 9.4, we began by assuming that a was an arbitrary
element of Z. (We’re giving a direct proof.) We were then required to show that a + 3a
is even, which we did. It would be incorrect, however, to assume that a + 3a is even or
that a R a. This, in fact, is what we want to prove. ¢

Since the relation defined in Result 9.4 is an equivalence relation, there are equiva-
lence classes, namely an equivalence class [a] for each a € Z. Let’s start with 0, say. The
equivalence class [0] is the set of all integers related to 0. In symbols, this equivalence
class is

[0O)]={x€eZ: xRO}={xeZ: x+3-0iseven}
={xeZ: xiseven} = {0, £2, +4,...};

that is, [0] is the set of even integers. It shouldn’t be difficult to see that if a is an even
integer, say a = 2k, where k € Z, then

[al={x€Z: xRa} ={xeZ: x4+ 3aiseven}
={xeZ: x+3Q2k)iseven} = {x € Z: x+ 6k is even}

is also the set of even integers. On the other hand, the equivalence class consisting of
those integers related to 1 is

[I]={xe€eZ: xR1}={xeZ: x+3-1iseven}
={xeZ: x+3iseven} = {£1, +£3, £5,...},

which is the set of odd integers. In fact, if a is an odd integer, then a = 2¢ + 1 for some
integer £ and

[al={xe€Z: x+3aiseven} ={xe€Z: x+32¢+ 1)iseven}
={xeZ: x+6f+3iseven}

is the set of odd integers. Therefore, if a and b are even, then [a] = [b] is the set of even

integers; while if @ and b are odd, then [a] = [b] is the set of odd integers. Hence, there

are only two distinct equivalence classes, namely [0] and [1], the sets of even and odd

integers, respectively. We will soon see that there is a good reason for this observation.
We consider some additional examples.

The relation R defined on Z by a R b if 3 | (2a + 7b) is an equivalence relation.

First, we show that R is reflexive. Let a € Z. Observe that 2a + 7a = 9a = 3(3a). Since
3a € Z, it follows that 3 | (2a 4+ 7a). Thus, a R a and R is reflexive.
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Next, we show that R is symmetric. Assume that a R b. Thus, 3 | (2a + 7b). Hence,
2a + 7b = 3x for some integer x. We show that b R a, that is, 3 | (2b + 7a). Since 2a +
7b = 3x, it follows that 4a = 6x — 14b. Hence,
2b+7a = 2b+ 3a+ 4a = 2b + 3a + (6x — 14b)
=3a+ 6x — 12b = 3(a + 2x — 4b).
Since a + 2x — 4b is an integer, 3 | (2b + 7a). Therefore, b R a and R is symmetric.

Finally, we show that R is transitive. Assume thata R band b R c. Hence, 2a + 7b = 3x
and 2b + 7c¢ = 3y for some integers x and y. Adding these two equations, we obtain

(2a +7b) + (2b+ Tc) = 3x + 3y.

So,2a+7c =3x+4 3y —9b = 3(x + y — 3b). Since x + y — 3bis an integer, 3 | (2b+ Tc).
Hence, a R ¢ and so R is transitive.
Therefore, R is an equivalence relation. ]

Let’s see what the equivalence classes look like for the equivalence relation defined
in Result 9.5. We begin with the integer 0. Here,

Ol={xeZ: xRO}={xeZ: 3| 2x+7-0)}
={xeZ: 3| 2x}={xeZ: 3]|x} ={0,£3,+£6,...}.
For the integer 1,
[ll={xe€Z: xR1}={xeZ: 3| 2x+7-1)}
={xeZ:3|2x+7)}={1,-2,4,-5,7,-8,10,...}.
In addition,
Rl={xeZ: xR2}={xeZ: 3| 2x+7-2)}
={xeZ:3|2x+14)}=1{2,-1,5,—-4,8,—-7,11, .. .}.

It turns out that these are the only distinct equivalence classes.

Let S = {kv/2 : k € Z}. The relation R defined on S by x R y if xy € Z is an equivalence
relation.

First, observe that if x and y are any two elements of S, then x = k+/2 and y= 02
for integers k and £. Furthermore, xy = (k+/2)(£~/2) = 2kt. Since 2kt € Z, it follows
that x R y. Hence, R is reflexive, symmetric and transitive and so R is an equivalence
relation. ]

For the equivalence relation defined in Result 9.6 and an arbitrary element a € S,
we have x R a for each element x € R. Thus, [a] = § and so there is a single equivalence
class in this case.

LetA = Z and B = Z — {0}. The relation R defined on A x B by (a,b) R (¢, d) ifad =
bc is an equivalence relation.
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Proof Let (a,b) € A x B. Since ab = ba, it follows that (a, b) R (a, b) and so R is reflexive.
Next, we show that R is symmetric. Let (a, b), (¢, d) € A x B such that (a, b) R (¢, d).
Then ad = bc. Consequently, ¢cb =da and so (c,d) R (a,b). Therefore, R is
symmetric.
Finally, we show that R is transitive. Let (a, b), (c, d), (e, f) € A x B such that
(a,b)R (c,d) and (c, d) R (e, f). Thus, ad=bc and c f=de. We show that (a, b) R (e, f).
Observe that

adf = (ad)f = (bc)f = b(cf) = b(de) = bde

and so adf = bde. Since d € B, it follows that d # 0. Dividing both sides of adf = bde
by d, we have af = be. Thus, (a, b) R (e, f) and so R is transitive.
Therefore, R is an equivalence relation. ¢

The primary interest in the equivalence relation defined in Result 9.7 lies in the
equivalence classes. For example, consider the equivalence class [(1, 2)], which consists
of all ordered pairs (x, y) € A x B that are related to (1, 2). By definition, (x, y) R (1, 2)
if y = 2x. That is, [(1, 2)] consists of all ordered pairs of integers, different from (0, 0),
whose second coordinate is twice the first coordinate. We can therefore think of (1, 2)
as representing the rational number % and [(1, 2)] consists of all of those representations
of %, such as %, %, :—15(), etc. In general, for a, b € Z with b # 0, the ordered pair (a, b)
represents the rational number % and [(a, b)] consists of all rational numbers equal to %

2a¢ 3a =5
such as i, 5“7, _—SZ, etc.
SECTION 9.3 EXERCISES
9.24. Let R be an equivalence relationon A = {a, b, ¢, d, e, f, g} suchthata Rc,c Rd,d R gand b R f. If there
are three distinct equivalence classes resulting from R, then determine these equivalence classes and
determine all elements of R.
9.25. LetA ={1,2,3,4,5, 6}. The relation
R={(1,1),(1,5),(2,2),(2,3),(2,6),(3,2),3,3),3,0), (4,4),
(5, 1), (5,5),(6,2), (6,3), (6,6)}
is an equivalence relation on A. Determine the distinct equivalence classes.
9.26. Let A = {1, 2, 3,4, 5, 6}. The distinct equivalence classes resulting from an equivalence relation R on A are
{1, 4,5}, {2, 6} and {3}. What is R?
9.27. Let R be a relation defined on Z by a R b if a® = b*. Show that R is an equivalence relation on Z and
determine the distinct equivalence classes.
9.28. (a) Let R be the relation defined on Z by a R b if a 4 b is even. Show that R is an equivalence relation and
determine the distinct equivalence classes.
(b) Suppose that “even” is replaced by “odd” in (a). Which of the properties reflexive, symmetric and
transitive does R possess?
9.29. Let R be an equivalence relation defined on a set A containing the elements a, b, ¢ and d. Prove that if

aRb,cRdandaRd,thenbR c.
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9.32.
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9.34.
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Let H = {2™ : m € Z}. A relation R is defined on the set QT of positive rational numbers by a R b if
a/be H.

(a) Show that R is an equivalence relation.

(b) Describe the elements in the equivalence class [3].

A relation R on a nonempty set A is defined to be circular if whenever x R y and y R z, then z R x for all
X, Y,z € A. Prove that a relation R on A is an equivalence relation if and only if R is circular and reflexive.

A relation R is defined on the set A = {a +b/2 : a,b € Q,a+ by2 # 0} byxRyifx/y € Q. Show that R
is an equivalence relation and determine the distinct equivalence classes.

Let H = {4k : k € Z}. A relation R is definedon ZbyaRbifa—b e H.

(a) Show that R is an equivalence relation.

(b) Determine the distinct equivalence classes.

Let H be a nonempty subset of Z. Suppose that the relation R defined on Zby a Rbifa — b € H is an
equivalence relation. Verify the following

(a) 0eH.

(b) Ifa € H,then —a € H.

(¢c) Ifa,be H,thena+ b € H.

Prove or disprove: There exist equivalence relations R; and R, on the set S = {a, b, c} such that Ry € R,,
R2 ZR] andR1 UR2 =S5 xS

9.4 PROPERTIES OF EQUIVALENCE CLASSES

You may have noticed that in the preceding examples of equivalence relations, we have
seen several situations where two equivalence classes are equal. It is possible to deter-
mine exactly when this happens.

Theorem 9.8 Let R be an equivalence relation on a nonempty set A and let a and b be elements of A.

Then [a] = [b] if and only if a R b.

Proof Assume that a R b. We show that the sets [a] and [b] are equal by verifying that [a] C [b]

and [b] C [a]. First, we show that [a] C [b]. Let x € [a]. Then x R a. Since a R b and

R is transitive, x R b. Therefore, x € [b] and so [a] C [b]. Next, let y € [b]. Thus, y R b.

Since a R b and R is symmetric, b R a. Again, by the transitivity of R, we have y R a.
Therefore, y € [a] and so [b] C [a]. Hence, [a] = [b].

For the converse, assume that [a] = [b]. Because R is reflexive, a € [a]. But, since

[a] = [b], it follows that a € [b]. Consequently, a R b. [

Corollary 9.9 Let R be an equivalence relation on a nonempty set A and let a and b be elements of A.

If [a] N [b] # 0, then [a] = [b].
Proof Since [a] N [b] # @, there is an element ¢ € A such that ¢ € [a] N [b]. Since ¢ € [a], it
follows that ¢ R a and since ¢ € [b], we have ¢ R b. Because R is symmetric, a R ¢ and

because R is transitive, a R b. By Theorem 9.8, [a] = [b]. [

Theorem 9.8 and Corollary 9.9 provide another corollary.
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Corollary 9.10

Proof

Theorem 9.11

Proof

Let R be an equivalence relation on a nonempty set A and let a and b be elements of A.
Then a R b if and only if [a] N [b] = @.

Suppose first that a R b. By Theorem 9.8 then, [a] # [b]. Hence, [a] N [b] = @ by Corol-
lary 9.9. For the converse, suppose that [a] N [b] = (. Thus, [a] # [b] and so a § b by
Theorem 9.8. L

Let’s return once more to the equivalence relation defined in (9.2) on the set A =
{1,2,3,4,5,6} and the equivalence classes given in (9.3). We observed earlier that [1] =
[3] = [6]. Since every two of the integers 1, 3, 6 are related to each other (according to
the definition of R), Theorem 9.8 tells us that the equality of [1], [3] and [6] is expected.
The same can be said of [2] and [4]. However, since (5, 6) ¢ R, for example, we know
not only that [5] 5 [6] but that [5] and [6] are disjoint. Therefore, as we also observed
earlier, there are only three distinct equivalence classes, namely,

[I1=[1B]=1[6]={1,3,6}, [2]1=[4]=1{2,4}, [5]={5}. 9.4

Now, you might have noticed one other thing. Every element of A belongs to exactly one
equivalence class. This observation might remind you of a concept we discussed earlier.

Recall that a partition P of a nonempty set S is a collection of nonempty subsets of S
with the property that every element of S belongs to exactly one of these subsets; that is,
P is a collection of pairwise disjoint, nonempty subsets of S whose union is S. Hence, the
set of the distinct equivalence classes in (9.4) is a partition of the setA = {1, 2, 3, 4, 5, 6}.
We now show that this too is expected.

Let R be an equivalence relation defined on a nonempty set A. Then the set of distinct
equivalence classes resulting from R is a partition of A.

Certainly, each equivalence class [a] is nonempty since a € [a] and so each element of
A belongs to at least one equivalence class. We show that every element of A belongs to
exactly one equivalence class. If some element x of A belongs to two equivalence classes,
say [a] and [b], then [a] = [b] by Corollary 9.9. Hence, every element of A belongs to a
unique equivalence class. ]

According to Theorem 9.11 then, whenever we have an equivalence relation R de-
fined on a nonempty set A, a partition of A into the associated equivalence classes of R
results. Perhaps unexpectedly, the converse is also true. That is, if we are given a parti-
tion of A, then there is an equivalence relation that can be defined on A whose resulting
equivalence classes are precisely the subsets in the given partition. For example, consider
the partition

P={{1,3,4},{2,7}, {5, 6}}

of the set A = {1, 2, 3,4, 5, 6,7}. (Necessarily then, every element of A belongs to ex-
actly one subset in P.) Then

R=A{(1,1),(1,3),(1,4),(2,2),(2,7,(3,1),3,3),3,4), (4, 1),
(4,3),(4,4),(5,5),(5,6),(6,5),(6,6),(7,2), (7, 1)}
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is an equivalence relation on A, whose distinct equivalence classes are
(11=1{1,3,4}, [2]1 ={2,7} and [5] = {5, 6},

and so P = {[1], [2], [5]}. We now establish this result in general. That is, if we have
a nonempty set A and a partition P of A, then it is possible to create an equivalence
relation R on A such that the distinct equivalence classes of R are precisely the subsets in
P. Since we are trying to verify this in general (and not for a specific example), we need
to describe the subsets in P with the aid of an index set. Since we will want every subset
in P to be an equivalence class, we will need every two elements in the same subset to be
related. On the other hand, since we will want two different subsets in P to be different
equivalence classes, we will need elements in distinct subsets not to be related.

Let P = {A, : « € I} be apartition of a nonempty set A. Then there exists an equivalence
relation R on A such that P is the set of equivalence classes determined by R, that is,
P={[a] : aeA}.

Define a relation R on A by x R y if x and y belong to the same subset in P; thatis, x Ry
if x,y € A, for some o € I. We now show that R is an equivalence relation. Let a € A.
Since P is a partition of A, it follows that a € Ag for some B € I. Trivially, a and a belong
to Ag; so a R a and R is reflexive.

Next, leta, b € A and assume that a R b. Then a and b belong to A, for some y € 1.
Hence, b and a belong to A, ; so b R a and R is symmetric.

Finally, leta, b and ¢ be elements of A such thata R b and b R c. Therefore, a, b € Ag
and b, c € A, for some B,y € I. Since P is a partition of A, the element b belongs to
only one set in P. Hence, Ag = A, and so a, ¢ € Ag. Thus, a R ¢ and R is transitive.
Therefore, R is an equivalence relation on A.

We now consider the equivalence classes resulting from R. Leta € A. Then a € A,
for some o € I. The equivalence class [a] consists of all elements of A related to a. From
the way that R is defined, however, the only elements related to a are those elements
belonging to the same subset in P to which a belongs, that is, [a] = A,. Hence,

{[al: ae A} ={A,: x€l} =P ]

With the added information we now have about equivalence classes, it is often easier
to determine the distinct equivalence classes resulting from a given equivalence relation.
To illustrate this, we consider another example of an equivalence relation defined on the
set of integers.

A relation R is defined on Z by x R y if 11x — Sy is even. Then R is an equivalence
relation.

Since we want to verify that R is an equivalence relation, we need to show that R is
reflexive, symmetric and transitive. Let’s start with the first of these. We begin with
an integer a. To show that a R a, we need to show that 11a — 5a is even. However,
11a — 5a = 6a = 2(3a), so this shouldn’t cause any difficulties.

To verify that R is symmetric, we begin with a R b (where a, b € Z, of course) and
attempt to show that b R a. Since a R b, it follows that 11a — 5b is even. To show that
b R a, we need to show that 115 — 5a is even. Since 11a — 5b is even, we can write
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11a — 5b = 2k for some integer k. At first thought, it might seem like a good idea to
solve for a in terms of b or solve for b in terms of a. However, because neither the
coeflicient of a nor the coefficient of bis 1 or —1 in 11a — 5b = 2k, fractions would be
introduced. We need another approach. Notice that if we write

116 — 5a = (11a — 5b) + (? a + ? b),
then we have
116 — 5a = (11a — 5b) 4 (—16a + 16b)
= 2k — 16a + 16b = 2(k — 8a + 8D).
This will work.

To verify that R is transitive, we begin by assuming that a R b and b R ¢ (and attempt
to show that a R ¢). Thus, 11a — 5b and 116 — 5S¢ are even and so

1la—5b =2k and 11b— 5¢=2¢, 9.5)

for integers k and £. To show that a R ¢, we must verify that 11a — 5c is even. We need to
work the expression 11a — 5c into the discussion. However, this can be done by adding
the expressions in (9.5). We’re ready to give a proof now. ¢

A relation R is defined on Z by x R y if 11x — Sy is even. Then R is an equivalence
relation.

First, we show that R is reflexive. Let a € Z. Then 11a — 5a = 6a = 2(3a). Since 3a is
an integer, 11a — 5a is even. Thus, a R a and R is reflexive.

Next we show that R is symmetric. Assume that a R b, where a, b € Z. Thus, 11a — 5b
is even. Therefore, 11a — 5b = 2k, where k € Z. Observe that

11b— 5a = (11a — 5b) + (—16a + 16b)
=2k — 16a + 16b = 2(k — 8a + 8b).
Since k — 8a + 8b is an integer, 11b — 5a is even. Hence, b R a and R is symmetric.
Finally, we show that R is transitive. Assume thata R b and b R c. Hence, 11a — 5b
and 115 — 5c¢ are even. Therefore, 11a — 5b = 2k and 115 — 5¢ = 2¢, where k, £ € Z.

Adding these equations, we obtain (1la — 5b) + (115 — 5¢) = 2k + 2£. Solving for
11a — 5¢, we have

1la —5¢ =2k + 20 — 6b =2(k+ £ — 3b).

Since k 4+ £ — 3bis an integer, 11a — 5c is even. Hence, a R ¢ and R is transitive. There-
fore, R is an equivalence relation. n

We now determine the equivalence classes for the equivalence relation just dis-
cussed. Let’s begin with the equivalence class containing 0, say. Then

[Ol]={xeZ: xRO}={xeZ: llxiseven}
={xeZ: xiseven} = {0, £2, £4,...}.

Recall that the distinct equivalence classes always produce a partition of the set involved
(in this case Z). Since the class [0] does not consist of all integers, there is at least one
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other equivalence class. To determine another equivalence class, we look for an element
that does not belong to [0]. Since 1 ¢ [0], the equivalence class [1] is distinct (and dis-
joint) from [0]. Thus,

[Il={xeZ: xR1}={xeZ: 1lx—5iseven}
={xeZ: xisodd} = {£1, £3, +5,...}.

Since [0] and [1] produce a partition of Z (that is, every integer belongs to exactly one
of [0] and [1]), these are the only equivalence classes in this case.

SECTION 9.4 EXERCISES

9.36

9.37.

9.38.

9.39.

9.40.

9.41.

9.42.
9.43.

Give an example of an equivalence relation R on the set A = {v, w, x, y, z} such that there are exactly three
distinct equivalence classes. What are the equivalence classes for your example?

A relation R is defined on N by a R b if a®> + b? is even. Prove that R is an equivalence relation. Determine
the distinct equivalence classes.

Let R be a relation defined on the set N by a R b if either a | 2b or b | 2a. Prove or disprove: R is an
equivalence relation.

Let S be a nonempty subset of Z and let R be a relation defined on Sby x Ry if 3 | (x + 2y).
(a) Prove that R is an equivalence relation.
(b) IfS={-7,—-6,-2,0,1,4,5,7}, then what are the distinct equivalence classes in this case?

A relation R is defined on Z by x R y if 3x — 7y is even. Prove that R is an equivalence relation. Determine
the distinct equivalence classes.

(a) Prove that the intersection of two equivalence relations on a nonempty set is an equivalence relation.

(b) Consider the equivalence relations R, and R3 definedon Z by a R, bif a = b (mod 2) and a R3 b if
a = b (mod 3). By (a), R = R, N Rj is an equivalence relation on Z. Determine the distinct
equivalence classes in R;.

Prove or disprove: The union of two equivalence relations on a nonempty set is an equivalence relation.
Let A = {u, v, w, x, y, z}. The relation
R = {(u,u), (u,v), (u, w), (v, u), v, v), (v, w), (w, u), (w, v),
(w, w), (x, %), (x,y), (v, %), (0, ¥), (2, 2)}

defined on A is an equivalence relation. In particular, [u] = [v] = [w] = {u, v, w}, [x] = [y] = {x, y} and
[z] = {z}: so [[ul| = |[v]| = |[w]| = 3 and |[x]| = |[y]| = 2, while |[z]| = 1. Therefore,
(L]l 4+ [IV]] 4 [Iw]] 4 [1x]] 4 111 + [2]] = 14.

LetA = {a;, az, ..., a,} be an n-element set and let R be an equivalence relation defined on A. Prove that
> 1 llai]l is even if and only if n is even.

9.5 CONGRUENCE MODULO #

Next, we describe one of the most important equivalence relations. If you have more
mathematics in your future, it is likely that you will see the equivalence relation we are
about to describe again — indeed often. Recall that for integers a and b, where a # 0,
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the integer a is said to divide b, written as a | b, if there exists an integer ¢ such that
b = ac. Also, for integers a, b and n > 2, a is said to be congruent to » modulo n,
written a = b (mod n), if n | (a — b). For example, 24 = 6 (mod 9) since 9 | (24 — 6);
while 1 = 5 (mod 2) since2 | (1 — 5). Also,4 = 4 (mod 5) since 5 | (4 — 4). However,
8 # 2 (mod 4) since 4 (8 — 2). These concepts were introduced in Chapter 4.

Let’s consider a few examples of pairs a, b of integers such that @ = b (mod 5). No-
tice that 7 =7 (mod 5), —1 = —1 (mod 5) and 0 = 0 (mod 5). Also,2 = —8 (mod 5)
and —8 = 2 (mod 5). Notice also that2 = 17 (mod 5). Therefore, both —8 = 2 (mod 5)
and 2 = 17 (mod 5). Furthermore, —8 = 17 (mod 5). These examples might suggest
that the reflexive, symmetric and transitive properties are satisfied here — a fact which
we are about to verify. This is the important equivalence relation we referred to at the
beginning of this section, not just for n = 5 but for any integer n > 2.

Letn € Z, where n > 2. Then congruence modulo 7 (that is, the relation R defined on Z
by a R bif a = b (mod n)) is an equivalence relation on Z.

Let a € Z. Since n | 0, it follows that n | (¢ — a) and so a = a (mod n). Thus, a R a,
implying that R is reflexive.

Next, we show that R is symmetric. Assume that a R b, where a, b € Z. Since a R b,
it follows that @ = b (mod n) and so n | (¢ — b). Hence, there exists k € Z such that
a — b = nk. Thus,

b—a=—(a—b)=—(nk) =n(—k).

Since —k € Z, it follows that n | (b — a) and so b = a (mod n). Therefore, b R a and R
is symmetric.

Finally, we show that R is transitive. Assume thata Rband b R ¢, where a, b, c € Z.
We show that a R ¢. Since a R b and b R c, it follows that that a = b (mod n) and
b = c (mod n). Thus, n | (a — b) and n | (b — ¢). Consequently,

a—b=nk and b—c=nl 9.6)
for some integers k and £. Adding the equations in (9.6), we obtain
(a—b)+ (b—c)=nk+nt =nlk+£);

soa—c=n(k+£).Sincek + £ € Z,wehaven | (a — c) and soa = ¢ (mod n). There-
fore, a R ¢ and R is transitive. ]

Theorem 9.14 describes a well-known equivalence relation. Let’s review how we verified
this. The proof we gave to show that congruence modulo 7 is an equivalence relation is
a common proof technique for this kind of result and we need to be familiar with it. To
prove that R is reflexive, we began with an arbitrary element of Z. We called this element
a. Our goal was to show that a R a. By definition, a R a if and only if a = a (mod n).
However, a = a (mod n) if and only if n | (@ — a), which is the same as the statement
n | 0. Clearly, n | 0 and this is where we decided to start.

To prove that R is symmetric, we started (as always) by assuming that a R b. Our
goal was to show that b R a. Since a R b, the definition of the relation R tells us that
a = b (mod n). From this, we knew that n | (a — b) and a — b = nk for some integer k.
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However, to show that b R a, we needed to verify that b = a (mod n). But this can only
be done if we can show thatn | (b — a) or, equivalently, that b — a = n¢ for some integer
£. Hence, we needed to verify that b — a can be expressed as the product of n and some
other integer. Since b — a is the negative of a — b and we have a convenient expression
for a — b, this provided us with a key step.

Finally, to prove that R is transitive, we began by assuming thata R b and b R ¢, which
led us to the expressions @ — b = nk and b — ¢ = nl, where k, £ € Z. Since our goal was
to show that a R ¢, we were required to show that a — ¢ is a multiple of n. Somehow
then, we needed to work the term a — ¢ into the problem, knowing that a — b = nk and
b — ¢ = nf. The key step here was to observe thata — c = (a — b) + (b — ¢). ¢

According to Theorem 9.14 then, congruence modulo 3 is an equivalence relation.
In other words, if we define a relation Ron Z by a R b if a = b (mod 3), then it follows
that R is an equivalence relation. Let’s determine the distinct equivalence classes in this
case. First, select an integer, say 0. Then [0] is an equivalence class. Indeed,

[0Ol={xeZ: xRO}={xeZ: x=0 (mod 3)}
={xeZ: 3|x}={0,43,+6,19,...}.
Hence, the class [0] consists of the multiples of 3. This class could be denoted by [3],
[6], [—300] or, in fact, by [a] for any integer a which is a multiple of 3. Since there
are integers not in [0], there must be at least one equivalence class distinct from [0]. In
particular, since 1 ¢ [0], it follows that [1] # [0], in fact, necessarily, [1] N [0] = @. The
equivalence class
[1l={xeZ: xR1}={xeZ: x=1 (mod 3)}
=xeZ:3|x-1D}={1,-2,4,-5,7,-8,...}.
Since 2 ¢ [0] and 2 ¢ [1], the equivalence class [2] is different from both [0] and [1]. By
definition,
Rl={xeZ: xR2}={xeZ: x=2 (mod 3)}
={xeZ:3|x-2)}=1{2,-1,5,-4,8,-7,...}.

Since every integer belongs to (exactly) one of these classes, we have exactly three dis-
tinct equivalence classes in this case, namely:

[0] = {0, £3, +£6,£9, ...},
[1] = {17 _2947 _57 75 _87 . '}’
21 ={2,-1,5,-4,8,-7,...}.

These equivalence classes have a connection with the familiar concepts of division
and remainders, which we encountered in Section 4.1 and which are useful to review
here. If m and n > 2 are integers and m is divided by n, then we can express this division
as m = nq + r, where ¢ is the quotient and r is the remainder. The remainder r has the
requirement that 0 < r < n. With this requirement, ¢ and r are unique and the result that
we have just referred to is the Division Algorithm. (The Division Algorithm will be
studied in considerably more detail in Chapter 12.) Consequently, every integer m can
be expressed as 3q + r, where r € {0, 1, 2}. Hence, every integer can be expressed as
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Result to Prove

PROOF STRATEGY

Result 9.15

Proof

3q, 3q + 1 or 3q + 2 for some integer q. In this case, the equivalence class [0] consists
of the multiples of 3, and so every integer having a remainder of 0 when divided by 3
belongs to [0]. Furthermore, every integer having a remainder of 1 when divided by 3
belongs to [1]; while every integer having remainder of 2 when divided by 3 belongs to
[2]. Since

73=24.34+1 and -22=(-8)-3+2,

for example, it follows that 73 € [1] and —22 € [2]. Infact, [73] = [1] and [—22] = [2].

In general, for n > 2, the equivalence relation of congruence modulo 7 results in n
distinct equivalence classes. In other words, if we define a R b by a = b (mod n), then
there are n distinct equivalence classes: [0], [1], ..., [# — 1]. In fact, for an integer r
with 0 < r < n, an integer m belongs to the set [7] if and only if there is an integer g (the
quotient) such that m = nqg + r. In fact, the equivalence class [r] consists of all integers
having a remainder of » when divided by n.

Let’s consider another equivalence relation defined on Z involving congruence but
which is seemingly different from the class of examples we have just described.

Let R be the relation defined on Z by a R b if 2a + b = 0 (mod 3). Then R is an equiv-
alence relation.

To prove that R is reflexive, we must show that x R x for every x € Z. This means that we
must show that 2x + x = 0 (mod 3) or that 3x = 0 (mod 3). This is equivalent to show-
ing that 3 | 3x, which is obvious. This tells us where to begin the proof of the reflexive
property.

Proving that R is symmetric is somewhat more subtle. Of course, we know where to
begin. We assume that x R y. From this, we have 2x +y = 0 (mod 3). So, 3 | 2x +y)
or 2x 4+ y = 3r for some integer r. Our goal is to show that y R x or, equivalently, that
2y + x = 0 (mod 3). Eventually then, we must show that 2y 4+ x = 3s for some integer s.
We cannot assume this of course. Since 2x 4+ y = 3r, it follows that y = 3r — 2x. So

2y+x=23r—2x)+x=6r —3x =3Q2r —x).

Since 2r —x € Z, we have 3| (2y + x) and the verification of symmetry is nearly
complete.
Proving that R is transitive should be as expected. ¢

Let R be the relation defined on Z by a R b if 2a + b = 0 (mod 3). Then R is an equiv-
alence relation.

Let x € Z. Since 3 | 3x, it follows that 3x = 0 (mod 3). So, 2x + x = 0 (mod 3). Thus,
x R x and R is reflexive.

Next we verify that R is symmetric. Assume that x R y, where x, y € Z. Thus, 2x +
y =0 (mod 3) and so 3 | (2x 4 y). Therefore, 2x 4+ y = 3r for some integer r. Hence,
y=3r—2x.So

2y+x=203r—2x)+x=6r —3x =3Q2r —x).

Since 2r — x is an integer, 3 | (2y 4 x). So, 2y + x = 0 (mod 3). Therefore, y R x and R
is symmetric.
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Finally, we show that R is transitive. Assume that x Ry and y R z, where x, y, z € Z.
Then 2x +y = 0 (mod 3) and 2y + z = 0 (mod 3). Thus, 3 | 2x+y)and 3 | 2y + 2).
From this, it follows that 2x + y = 3r and 2y + z = 3s for some integers r and s. Adding
these two equations, we obtain

2x + 3y + z = 3r 4 3s;
o)
2x+z=3r4+3s—3y=3(0r+s—y).

Since r + s — y is an integer, 3|(2x + z); so 2x + z = 0 (mod 3). Hence, x R z and R is
transitive. u

A few additional comments about the proof of the symmetric property in Result 9.15
might be helpful. At one point in the proof we knew that 2x + y = 3r for some integer r
and we wanted to show that 2y + x = 3s for some integer s. If we added these two equa-
tions, then we would obtain 3x 4+ 3y = 3r + 3s. Of course, we can’t add these because
we don’t know that 2y 4+ x = 3s. But this does suggest another idea.

Assume that x R y. Thus, 2x +y = 0 (mod 3). Hence, 3 | (2x + y); so 2x +y = 3r
for some integer r. Observe that

3x+3y=02x+y)+ 2y +x) =3r+ 2y +x).
Therefore,
2y4+x=3x+4+3y—-3r=3(x+y—r).

Becausex +y — r € Z, it follows that 3 | (2y + x). Consequently, 2y + x = 0 (mod 3),
y R x and R is symmetric. ¢

The distinct equivalence classes for the equivalence relation described in Result 9.15
are

[0]={xeZ: xRO}={xeZ: 2x=0 (mod 3)}
={xeZ: 3]|2x} ={0,+£3,£6,49,...},
[1l={xeZ: xR1}={xeZ: 2x+1 =0 (mod 3)}
={xeZ: 3| 2x+1)}={1,-2,4,-5,7,-8,...},
Rl={xeZ: xR2}={xeZ: 2x+2=0(mod 3)}
={xeZ: 3|2x+2)}={2,—-1,5,—-4,8,—7,...}.
Let’s discuss how we obtained these equivalence classes. We started with the integer
0 and saw that [0] = {x € Z : 3| 2x}. By trying various values of x (namely, O, 1, 2, 3,
4,5, etc. and —1, —2, —3, —4, etc), we see that we are obtaining the multiples of 3.
(Exercise 4.6 asks you to show that if 3 | 2x, then x is a multiple of 3.) The contents of
[1] and [2] can be justified, if necessary, in a similar manner.
We have seen that if we define a relation R; on Z by a R, b if a =b (mod 3),
then we have three distinct equivalence classes; while if we define a relation R, on Z

by a R, bif 2a + b = 0 (mod 3), then we also have three distinct classes — in fact, the
same equivalence classes. Let’s see why this is true.
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Result 9.16 Leta, b € Z. Then a = b (mod 3) if and only if 2a + b = 0 (mod 3).

Proof First, assume thata = b (mod 3). Then 3 | (a — b) and so a — b = 3x for some integer x.
Thus, a = 3x + b. Now

2a+b=20x+b)+b=6x+3b=302x+b).

Since 2x + b is an integer, 3 | (2a + b) and so 2a + b = 0 (mod 3).
For the converse, assume that 2a + b = 0 (mod 3). Hence, 3 | (2a + b), which im-
plies that 2a 4+ b = 3y for some integer y. Thus, b = 3y — 2a. Observe that

a—b=a— 3y—2a)=3a—3y=3(a—y).
Since a — y is an integer, 3 | (a — b) and so a = b (mod 3). [

We shouldn’t jump to the conclusion that just because we are dealing with an equiv-
alence relation defined in terms of the integers modulo 3, we will necessarily have three
distinct equivalence classes. For example, suppose that we define a relation R on Z by
a R b if a*> = b* (mod 3). Then, here too, R is an equivalence relation. In this case,
however, there are only fwo distinct equivalence classes, namely:

[0] = {0, £3, £6, £9, ..} and [1] = {&]1, £2, +4, 5, ...},

since whenever an integer 7 has a remainder 1 or 2 when it is divided by 3, then n? has
a remainder of 1 when it is divided by 3 (see Result 4.12).

SECTION 9.5 EXERCISES

9.44. Classify each of the following statements as true or false.
(a) 25 =9 (mod 8), (b) —17 =9 (mod 8), (¢c) —14 = —14 (mod 4), (d) 25 = —3 (mod 11).

9.45. A relation R is defined on Z by a R b if 3a + 5b = 0 (mod 8). Prove that R is an equivalence relation.

9.46. Let R be the relation definedon Zby a Rbif a + b = 0 (mod 3). Show that R is not an equivalence relation.

9.47. The relation R on Z defined by a R b if > = b? (mod 4) is known to be an equivalence relation. Determine
the distinct equivalence classes.

9.48. The relation R defined on Z by x R y if x> = y* (mod 4) is known to be an equivalence relation. Determine
the distinct equivalence classes.

9.49. A relation R is defined on Z by a R b if 5a = 2b (mod 3). Prove that R is an equivalence relation and
determine the distinct equivalence classes.

9.50. A relation R is defined on Z by a R b if 2a + 2b = 0 (mod 4). Prove that R is an equivalence relation and
determine the distinct equivalence classes.

9.51. Let R be the relation defined on Z by a R b if 2a + 3b = 0 (mod 5). Prove that R is an equivalence relation
and determine the distinct equivalence classes.

9.52. Let R be the relation defined on Z by a R b if a®> = b? (mod 5). Prove that R is an equivalence relation and
determine the distinct equivalence classes.

9.53. For an integer n > 2, the relation R defined on Z by a R b if a = b (mod n) is an equivalence relation.

Equivalently, a R b if a — b = kn for some k € Z. Define a relation R on the set R of real numbers by a R b
if a — b = km for some k € Z. Is this relation R on R an equivalence relation? If not, explain why. If yes,
prove this and determine [0], [r] and [+/2].
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9.6 THE INTEGERS MODULO #

We have already seen that for each integer n > 2, the relation R defined on Z by a R b if
a = b (mod n) is an equivalence relation. Furthermore, this equivalence relation results
in the n distinct equivalence classes [0], [1], ..., [n — 1]. We denote the set of these
equivalence classes by Z, and refer to this set as the integers modulo n. Thus, Z3 =
{[O], [1], [2]} and, in general,

Z,={[0],[1],...,[n—11}.

Hence, each element [r] of Z,, where 0 < r < n, is a set that contains infinitely many
integers; indeed, as we have noted, [7] consists of all those integers having the remainder
r when divided by n. For this reason, the elements of Z, are sometimes called residue
classes.

Although it makes perfectly good sense to take the union and intersection of two
elements of Z, since these elements are sets (in fact, subsets of Z), it doesn’t make
sense at this point to add or multiply two elements of Z,,. However, since the elements
of Z, have the appearance of integers, say [a] and [b], where a, b € Z, it does suggest
the possibility of defining addition and multiplication in Z,. We now discuss how these
operations can be defined on the set Z,.

Of course, we have seen addition and multiplication defined many times before.
When we speak of addition and multiplication being operations on a set S, we mean that
for x, y € S, the sum x + y and the product xy should both belong to S. For example, in
the set Q of rational numbers, the sum and product of two rational numbers a/b and c¢/d
(soa,b,c,d € Z and b, d # 0) are defined by

a c_ad+bc

a ¢ ac
+ - = and - - = —,

b d bd b d bd

both of which are rational numbers and so belong to Q.

As we mentioned, if addition and multiplication are operations on a set S, then
x+ye Sand xy € S for all x,y € S. Therefore, if 7 is a nonempty subset of S and
x,yeT,thenx+ye S and xy € S. The set T is closed under addition if x +y e T
whenever x,y € T. Similarly, T is closed under multiplication if xy € T whenever
x,y € T. Necessarily, if addition and multiplication are operations on a set S, then S
is closed under addition and multiplication.

For example, addition and multiplication are operations on Z. If A and B denote the
sets of even integers and odd integers, respectively, then A is closed under both addition
and multiplication but B is closed under multiplication only.

Regardless of how one might define addition and multiplication in Z,, we would
certainly expect that the sum and product of two elements of Z, is also an element of
Z,,. There appears to be a natural definition of addition and multiplication in Z,; namely,
for two equivalence classes [a] and [b] in Z,,, we define

[al +[b]=[a+b] and [a]-[b] = [ab]. 9.7

Let’s suppose that we are considering Zg, for example, where then Z¢ = {[0], [1],
..., [5]}. From the definitions of addition and multiplication that we just gave, [1] +
[31=1[14+3]=[4]and [1]-[3] =[1 - 3] = [3]. This certainly seems harmless enough
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Theorem 9.17

Proof

but let’s consider adding and multiplying two other equivalence classes, say [2] and [3].
Again, according to the definitions in (9.7), [2] 4+ [3] = [2 4+ 3] = [5] and [2] - [3] =
[2 - 3] = [6]. However, we have been expressing the elements of Zg by [0], [1], [2], [3],
[4] and [5] and we don’t explicitly see [2 - 3] = [6] among these elements. Since 6 = 0
(mod 6), it follows that 6 € [0], that is, [6] = [0]. Also, the remainder is O when 6 is
divided by 6 and so [6] = [0]. Therefore, [2] - [3] = [0]. By similar reasoning, [3] +
[5]1 = [2] and [3] - [5] = [3]. In fact, the complete addition and multiplication tables for
Z¢ are given in Figure 9.2.

+ [ [0 [1] [2] 3] [4 I[5] - [0 111 121 31 [41 [5]
(01 | o1 [11 [2] [31 [4] [5] (0] { [01 [0] [0l [O0] ([O] [O]
(1| (11 21 (31 [41 (51 [0] (1p o1 11 21 31 [41 [5]
(21 | [21 381 [4 [51 [0] [1] (21 | [01 [2] [4] [0 (2] (4]
(31| 31 [41 [51 (01 [1] [2] (31| (01 [31 [0] 3] [0] (3]
(41 | (41 [51 [0] (11 [2] [3] (41 | [0] [4] [2] [O] ([4] (2]
(51| (51 (o1 [1] [21 [3] [4] (51| [0T 51 (41 [31 (2] [1]

Figure 9.2 The Addition and Multiplication Tables for Zg

If we add [1] to [0], add [1] to [1] and continue in this manner, then we obtain [0] +
(11=0L01+ 01 =[2L 21+ [11=[3], ..., [S] + [1] = [6] = [0], [6] + [1] = [0O] +
[1] = [1], etc.; that is, we return to [0] and cycle through all the classes of Z¢ again (and
again). If, instead of Z¢, we were dealing with Z;,, we would have [0] + [1] = [1],
1+ 01 =121, 21+ [1]1 = [3], ..., (111 + [1] = [12] = [0], [12] + [1] = [0] + [1] =
[1], etc. and this should remind you of what occurs when a certain number of hours is
added to a time (in hours), where, of course, 12 o’clock is represented here as 0 o’clock.
(For example, if it is 11 o’clock now, what time will it be 45 hours from now?)

Although the definitions of addition and multiplication in Z, that we gave in (9.7)
should seem quite reasonable and expected, there is a possible point of concern here
that needs to be addressed. According to the definition of addition in Zg, [4] 4 [5] = [3].
However, the class [4], which consists of all integers x such that x = 4 (mod 6), need not
be represented this way. Since 10 € [4], it follows that [10] = [4]. Also, [16] = [4] and
[—2] = [4], for example. Moreover, [11] = [5], [17] = [5] and [—25] = [5]. This brings
up the question: Is adding the equivalence classes [4] and [5] the same as adding [10]
and [—25]? According to the definition we have given, [10] + [—25] = [—15]. Luckily,
[—15] = [3] and so we obtain the same sum as before. But will this happen every time?
That is, does the definition of the sum of the equivalence classes [@] and [b] that we gave
in (9.7) depend on the representatives a and b of these classes? If the sum (or product)
of two equivalence classes does not depend on the representatives, then we say that this
sum (or product) is well-defined. We certainly would want this to be the case, which,
fortunately, it is. More precisely, addition and multiplication in Z, are well-defined if
whenever [a] = [b] and [c] = [d] in Z,,, then [a + ¢] = [b + d] and [ac] = [bd].

Addition in Z,,, n > 2, is well-defined.

The set Z, is the set of equivalence classes resulting from the equivalence relation R
defined on Z by a R bif a = b (mod n). Let [a], [b], [c], [d] € Z,, where [a] = [b] and
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[c] = [d]. We prove that [a + c] = [b + d]. Since [a] = [P], it follows by Theorem 9.8
that a R b. Similarly, ¢ R d. Therefore, a = b (mod n) and ¢ = d (mod n). Thus, n |
(a—b)and n | (c — d). Hence, there exist integers x and y so that

a—b=nxand c —d = ny. 9.8)
Adding the equations in (9.8), we obtain
(@a—b)+ (c—d)=nx+ny=nkx+y),

so (a+c¢)—(b+d)=n(x+y). This implies that n|[(a+ c) — (b+d)]. Thus,
(a+c)=(b+d) (mod n). From this, we conclude that (a +c¢) R (b+ d), which
implies that [a 4 c] = [0+ d]. (]

If the proof of Theorem 9.17 looks a bit familiar, review Result 4.10 and its proof. As
an example, in Z7, [118] 4 [26] = [144]. Since the remainder is 4 when 144 is divided
by 7, it follows that [118] 4 [26] = [4]. Furthermore, [118] = [6] and [26] = [5]; so
[118] + [26] = [6] 4 [5] = [11] = [4].

As we have mentioned, the multiplication in Z, that we described in (9.7) is also
well-defined. The verification of this fact has been left as an exercise (Exercise 9.58).

Addition and multiplication in Z, satisfy many familiar properties. Among these
are:

Commutative Properties
[a] + [b] = [b] + [a] and [a] - [b] = [b] - [a] for all a, b € Z;

Associative Properties
([al + [b]) + [c] = [a] + ([6] + [c]) and ([a] - [b]) - [c] = [a] - ([D] - [c]) for all
a,b,ceZl;

Distributive Property
[a] - ([b] + [c]) = [a] - [b] + [a] - [c] foralla, b, c € Z.

Although we defined multiplication in Z, in a manner that was probably expected,
this is not the only way it could have been defined. For example, suppose that we are
considering the set Z3 of integers modulo 3. For equivalence classes [a] and [b] in Z3,
define the “product” [a] - [P] to equal [¢g], where [¢] is the quotient when ab is divided
by 3. Since the “product” of every two elements of Z3 is an element of Z3, this operation
is closed. In particular, [2] - [2] = [1] since the quotient is 1 when 2 - 2 = 4 is divided
by 3. However, [2] = [5] but [5] - [5] = [8] = [2]. Notice also that [5] - [2] = [3] = [0].
Hence, this multiplication is not well-defined.

SECTION 9.6 EXERCISES

9.54. Construct the addition and multiplication tables for Z4 and Zs.

9.55. In Zg, express the following sums and products as [r], where 0 < r < 8.
@ [2]+[6] (b) [2]-[6] (c) [-13]1+[138] (d) [—13]-[138]

9.56. In Z;;, express the following sums and products as [r], where 0 < r < 11.
@ [71+[51 () [71-15]1 (o) [-82]+[207] (d) [—82]-[207]
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9.57.

9.58.
9.59.

9.60.

9.61.
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LetS=7Zand T = {4k : k € Z}. Thus, T is a nonempty subset of S.

(a) Prove that T is closed under addition and multiplication.

(b) faeS—TandbeT,isabeT?

(c) faeS—TandbeT,isa+beT?

(d) Ifa,be S —T,isitpossible that ab € T?

(e) Ifa,b e S—T,isitpossible thata + b € T?

Prove that the multiplication in Z,,, n > 2, defined by [a][b] = [ab] is well-defined. (See Result 4.11.)
(a) Let [al, [b] € Zg. If [a] - [b] = [0], does it follow that [a] = [0] or [b] = [0]?

(b) How is the question in (a) answered if Zg is replaced by Zo? by Z¢? by Z,?

(c) For which integers n > 2 is the following statement true? (You are only asked to make a conjecture, not
to provide a proof.) Let [a], [b] € Z,, n > 2. If [a] - [b] = [0], then [a] = [O] or [b] = [O].

For integers m, n > 2 consider Z,, and Z,,. Let [a] € Z,, where 0 <a <m — 1. Thena,a + m € [a] in Z,,.
If a, a + m € [b] for some [b] € Z,, then what can be said of m and n?

(a) For integers m, n > 2 consider Z,, and Z,. If some element of Z,, also belongs to Z,, then what can be
said of Z,, and Z,,?

(b) Are there examples of integers m, n > 2 for which Z,, N Z,, = (?

Chapter 9 Supplemental Exercises

E;D The Chapter  9.62. Prove or disprove:
Presentation for

(a) There exists an integer a such that ab = 0 (mod 3) for every integer b.

Chapter 9 can be
found at (b) Ifa € Z, then ab = 0 (mod 3) for every b € Z.
goo.gl/Tch7Cf (c) For every integer a, there exists an integer b such that ab = 0 (mod 3).

9.63. A relation R is defined on Rby a R b if a — b € Z. Prove that R is an equivalence
relation and determine the equivalence classes [1/2] and [\/E].

9.64. A relation R is defined on Z by a R b if |a — 2| = |b — 2|. Prove that R is an
equivalence relation and determine the distinct equivalence classes.

9.65. Let k and ¢ be integers such that k + £ = 0 (mod 3) and let a, b € Z. Prove that if
a = b (mod 3), then ka + £b = 0 (mod 3).

9.66. State and prove a generalization of Exercise 9.65.

9.67. A relation R is defined on Z by a R b if 3 | (a® — b). Prove or disprove the following:
(a) Risreflexive. (b) R is transitive.

9.68. A relation R is defined on Zby a R bif a = b (mod 2) and a = b (mod 3). Prove or
disprove: R is an equivalence relation on Z.

9.69. A relation R is defined on Zby a Rbif a = b (mod 2) or a = b (mod 3). Prove or
disprove: R is an equivalence relation on Z.

9.70. Determine each of the following.
(a) [4] = [4][4][4]in Zs  (b) [7)° in Zyo

9.71. LetS={(a,b): a,b e R, a # 0}.

(a) Show that the relation R defined on S by (a, b) R (¢, d) if ad = bc is an
equivalence relation.
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9.73.

9.74.

9.75.

9.76.
9.71.
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(b) Describe geometrically the elements of the equivalence classes [(1, 2)] and
[(3,0)].

In Exercise 9.19, a relation R was defined on Z by x Ry if x - y > 0, and we were
asked to determine which of the properties reflexive, symmetric and transitive are
satisfied.

(a) How would our answers have changed if x - y > 0 was replaced by: (i) x -y <0,
(i) x-y>0, (fi)x-y#0, Gv)x-y>1, (v)x-yisodd, (vi)x-yiseven,
(vii) xy # 2 (mod 3)?

(b) What are some additional questions you could ask?

For the following statement .S and proposed proof, either (1) S is true and the proof is

correct, (2) S is true and the proof is incorrect or (3) S is false (and the proof is
incorrect). Explain which of these occurs.

S: Every symmetric and transitive relation on a nonempty set is an equivalence
relation.

Proof Let R be a symmetric and transitive relation defined on a nonempty set A.
We need only show that R is reflexive. Let x € A. We show that x R x. Let y € A such
that x R y. Since R is symmetric, y R x. Now x Ry and y R x. Since R is transitive,

x R x. Thus, R is reflexive. n

Evaluate the proposed proof of the following result.

Result A relation R is defined on Z by a R b if 3 | (a + 2b). Then R is an
equivalence relation.

Proof Assume thata R a. Then 3 | (a + 2a). Since a + 2a = 3aand a € Z, it
follows that 3 | 3a or 3 | (a + 2a). Therefore, a R a and R is reflexive.

Next, we show that R is symmetric. Assume that a R b. Then 3 | (a + 2b). So,
a + 2b = 3x, where x € Z. Hence, a = 3x — 2b. Therefore,

b+2a=b+203x—2b)=b+6x —4b=6x —3b=3(2x - D).

Since 2x — b is an integer, 3 | (b + 2a). So, b R a and R is symmetric.

Finally, we show that R is transitive. Assume thata R b and b R c. Then 3 | (a + 2b)
and 3 | (b + 2c¢). So, a 4+ 2b = 3x and b + 2¢ = 3y, where x, y € Z. Adding, we have
(a+2b)+ (b+ 2c) = 3x + 3y. So,

a+2c=3x+3y—-3b=3x+y—b).

Since x +y — b is an integer, 3 | (a 4+ 2¢). Hence, a R ¢ and R is transitive. [

(a) Show that the relation R defined on R x Rby (a, b) R (c, d) if |a| + |b] = |c| + |d|
is an equivalence relation.

(b) Describe geometrically the elements of the equivalence classes [(1, 2)] and
[(3,0)].

Letx € Z,, and y € Z,,, where m, n > 2. If x C y, then what can be said of m and n?

Let A be a nonempty set and let B be a fixed subset of A. A relation R is defined on

PA)bDYyXRYifXNB=YNB.

(a) Prove that R is an equivalence relation.

(b) LetA =1{1,2,3,4} and B = {1, 3, 4}. For X = {2, 3, 4}, determine [X].
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9.78.

9.79.

9.80.

9.81.

9.82.

9.83.

Let R, and R, be equivalence relations on a nonempty set A. Prove or disprove each
of the following.

(a) If Ry N R, is reflexive, then so are R; and R;.

(b) If R; N R, is symmetric, then so are R and R;.

(¢c) If Ry N R, is transitive, then so are R and R,.

Prove that if R is an equivalence relation on a set A, then the inverse relation R 'isan
equivalence relation on A.

Let R, and R, be equivalence relations on a nonempty set A. A relation R = R|R; is
defined on A as follows: For a, b € A, a R b if there exists ¢ € A such that a Ry ¢ and
¢ R, b. Prove or disprove: R is an equivalence relation on A.

A relation R on a nonempty set S is called sequential if for every sequence x, y, z of
elements of S (distinct or not), at least one of the ordered pairs (x, y) and (y, z)
belongs to R. Prove or disprove: Every symmetric, sequential relation on a nonempty
set is an equivalence relation.

Consider the subset H = {[3k] : k € Z} of Z15.

(a) Determine the distinct elements of H and construct an addition table for H.

(b) A relation R on Z,; is defined by [a] R [b] if [a — b] € H. Show that R is an
equivalence relation and determine the distinct equivalence classes.

For elements a, b € Z,, n > 2, a = [c] and b = [d] for some integers ¢ and d. Define
a — b = [c] — [d] as the equivalence class [c — d]. Let H = {x|, x», ..., x4} be a
subset of Z,,, n > 2, such that a relation R defined on Z, byaRbifa —b € H is an
equivalence relation.

(a) Foreach a € Z,, determine the equivalence class [a] and show that [a] consists
of d elements.

(b) Prove thatd | n.



Functions

f R is arelation from a set A to a set B and x is an element of A, then either x is related

to no elements of B or x is related to at least one element of B. In the latter case, it
may occur that x is related to all elements of B or perhaps to exactly one element of B.
If every element of A is related to no elements of B, then R is the empty set ¥J. If
every element of A is related to all elements of B, then R is the Cartesian product A x B.
However, if every element of A is related to exactly one element of B, then we have the
most studied relation of all: a function. Surely, you have encountered functions before,
at least in calculus and precalculus. But it is likely that you have not studied functions
in the manner we are about to describe here.

10.1 THE DEFINITION OF FUNCTION

Let A and B be nonempty sets. By a function f from A to B, written f : A — B, we mean
a relation from A to B with the property that every element a in A is the first coordinate
of exactly one ordered pair in f. Since f is a relation, the set A in this case is the domain
of f, denoted by dom(f). The set B is called the codomain of f.

For a function f: A — B, let (a, b) € f. Since f contains only one ordered pair
whose first coordinate is a, it follows that b is the unique second coordinate of an or-
dered pair whose first coordinate is a; that is, if (a, b) € f and (a, ¢) € f,then b = c. If
(a, b) € f,then we write b = f(a) and refer to b as the image of a under the function f.
Sometimes f is said to map « into b. Indeed, f itself is sometimes called a mapping.
The set

range(f) = {b € B : bis animage under f of some element of A} = {f(x) : x € A}

is the range of f and consists of the second coordinates of the elements of f. If A is a
finite set, then the function f is a finite set and the number of elements in f is |A| since
there is exactly one ordered pair in f corresponding to each element of A. Throughout
this chapter, as with earlier chapters, whenever we refer to cardinalities of sets, we are
concerned with finite sets only.

Suppose that f: A — B and g: A — B are two functions from A to B and a € A.
Then f and g contain exactly one ordered pair having a as its first coordinate, say (a, x) € f
and (a, y) € g. If the sets f and g are equal, then (a, x) belongs to g as well. Since g contains
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Example 10.1

only one ordered pair whose first coordinate is a, it follows that (a, x) = (a, y). But
this implies that x = y, that is, f(a) = g(a). Hence, it is natural to define two functions
f:A— Band g: A — Btobe equal, written f = g, if f(a) = g(a) forall a € A.

LetA = {1,2,3}and B = {w, x, y, z}. Then f; = {(1, y), (2, w), (3, y)} is a function
from A to B and so we may write f] : A — B. On the other hand, f, = {(1, x), (2, 2),
(3, ), (2, x)} is not a function since there are two ordered pairs whose first coordinate is 2.
In addition, f3 = {(1, 2), (3, x)} is not a function from A to B either because dom( f3) # A.
On the other hand, f; is a function from A — {2} to B.

It is often convenient to “visualize” a function f : A — B by representing the two
sets A and B by diagrams and drawing an arrow (a directed line segment) from an element
x € A to its image f(x) € B. This is illustrated for the function f; described above in
Figure 10.1. Therefore, in order to represent a function in this way, exactly one directed
line segment must leave each element of A and proceed to an element of B.

Figure 10.1 A function f; : A — B

In calculus, “functions” such as f(x) = x> are considered. This function f is from
R to R, that is, A = R and B = R. Although f(x) = 22 s commonly referred to as a
“function” in calculus and elsewhere, strictly speaking f(x) is the image of a real number
x under f. The function f itself is actually the set

f= {(x,x*) : xeR}.

So (2,4) and (=3, 9), for example, belong to f. The set {(x,x*) : x € R} of points
in the plane is the graph of f. In this case, the graph is a parabola. Here, the function
f : R = Rdefined by f(x) = x? can also be thought of as defined by a rule, namely the
rule that associates the number x> with each real number x.

Another function encountered in calculus is g(x) = ¢*. As we mentioned above, this
function is actually the set

g={(x,¢) : xeR}L

More precisely, this is the function g : R — R defined by g(x) = ¢* forall x € R. In gen-
eral, we will follow this latter convention for defining functions that are often described

by some rule or formula. Consequently, the function A(x) =

] from calculus is the

1
function 4 : R — {1} — R defined by h(x) = N for all x € R with x # 1 and the

function ¢(x) = Inx is the function ¢ : RT — R defined by ¢(x) = Inx for all x € RT,
where, recall, RY is the set of all positive real numbers. ¢
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For a function f : A — B and a subset C of A, the image f(C) of C is defined as

f©) = {f(x): xeC.
Therefore, f(C) C B for each subset C of A. If C = A, then f(A) is the range of f.

ForA ={a,b,c,d,e}and B={1,2,...,6},

f=1{@a,3),(®,5),(c2),(d,?3), (e 06))
is a function from A to B. For C; = {a, b, ¢}, C; = {a,d}, C; = {e} and C4y = A,

f(Cl) = {21 37 5}7 f(CZ) = {3}’ f(C3) = {6}’ f(C4) = range(f) = {2? 37 57 6} ’

For a function f : A — B and an element b € B, the inverse image f~'(b) of b is
defined as

ffloy=tlaeA: fla)=0).
Therefore, f~!(b) C A for each element b € B. For a subset D of B,

fUD)y={acA: f(a)e D).
Necessarily then, f~1(B) = A.

For the function f : A = {a, b,c,d, e} — B = {1, 2, ..., 6} defined in Example 10.2 by

f=1{a,3),(b,5),(c,2),(d,3), (e, 6)},
it follows that f~'(3) = {a, d}, f~'({1,3})) ={a,d}, f'(4)=0and f'(B) =A.

Among the many classes of functions encountered in calculus are the polynomial
functions, rational functions and exponential functions. The function f : R — R defined
earlier by f(x) = x? for x € R is a polynomial function. The function # : R — {1} —
R defined by h(x) = ﬁ in Example 10.1 is a rational function and the function g:
R — R defined by g(x) = €* (also in Example 10.1) is an exponential function. Other
important classes of functions encountered often in calculus are continuous functions
and differentiable functions.

The definition of function that we have given is most likely not the definition you
recall from calculus; in fact, you may not recall the definition of function given in cal-
culus at all. If this is the case, then this is not surprising. The evolution of what is meant
by a function has spanned hundreds of years. It was in the development of calculus that
the necessity of a formal definition of function became apparent.

Early in the 18th century, the Swiss mathematician Johann Bernoulli wrote:

I call a function of a variable magnitude a quantity composed in any manner
whatsoever from this variable magnitude and from constants.

Later in the 18th century, the famous Swiss mathematician Leonhard Euler stud-
ied calculus as a theory of functions and did not appeal to diagrams and geometric
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interpretations, as many of his predecessors had done. The definition of function that
Euler gave in his work on calculus is:

A function of a variable quantity is an analytic expression composed in any way
whatsoever of the variable quantity and numbers or constant quantities.

Early in the 19th century, the German mathematician Peter Dirichlet developed a
more modern definition of function:

y is a function of x when to each value of x in a given interval there corresponds
a unique value of y.

Dirichlet said that it didn’t matter whether y depends on x according to some formula, law
or mathematical operation. He emphasized this by considering the function f : R - R
defined by

F= 1 if x is rational
~ ] 0 if xis irrational.

Later in the 19th century, the German mathematician Richard Dedekind wrote:

A function ¢ on a set S is a law according to which to every determinate element
s of S there belongs a determinate thing which is called the transform of s and is
denoted by ¢(s).

So, by this time, the modern definition of function had nearly arrived.

Even if two sets A and B have relatively few elements, there are many possible
functions from A to B that can be defined. For nonempty sets A and B, the set of all
functions from A to B is denoted by B*. That is, B* = {f : f is a function from A to B}
or, more simply,

B'={f: f:A— B}.

Although this notation may seem a bit peculiar, it is actually quite logical. For example,
let’s determine B” for the sets A = {a, b} and B = {x, y, z}. Each function f from A to B
is necessarily of the form

f={(a, ), (b, B)},

where «, B € B. Since there are 3 choices for « and 3 choices for §, the total number of
such functions f is 3 - 3 = 32 = 9. These nine functions are listed below:

Hi=A@x),b,x},  fr=A{@ax), by}, f={ax),b 2}
fa=Aa,y), b, 0}, fs={@y), by}, fo=1{(ay). b 2}
f7 = {(Cl, Z)v (bv X)}, f8 = {(d, Z)s (bv y)}v f9 = {(Cl, Z)s (bv Z)}

Hence, the number of elements in B4 is 3. In general, for finite sets A and B, the number
of functions from A to B is

1B = B,

If B = {0, 1}, then it is common to represent the set of all functions from A to B by 24.
So, for the sets A = {a, b} and B = {x, y, z} above, the set of all functions from B to A is
A® and the number of such functions is |A|!Bl = 23 = 8.
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SECTION 10.1 EXERCISES

10.1.

10.2.

10.3.

10.4.

10.5.

10.6.

10.7.

10.8.

10.9.

10.10.

10.11.

LetA ={a,b,c,d}and B = {x,y, z}. Then f = {(a, y), (b, 2), (¢, y), (d, z)} is a function from A to B.
Determine dom(f) and range(f).

LetA ={1,2,3}and B = {a, b, c, d}. Give an example of a relation R from A to B containing exactly
three elements such that R is not a function from A to B. Explain why R is not a function.

Let A be a nonempty set. If R is a relation from A to A that is both an equivalence relation and a function,
then what familiar function is R? Justify your answer.

For the given subset A; of R and the relation R; (1 < i < 3) from A; to R, determine whether R; is a
function from A; to R.

@ Al =R, Ry ={(x,y): xeA;,y=4x—3}
(b) Ay =[0,00), Ry ={(x,y): x €Ay, (y +2)* =x}
(©) A3=R,R3={(x,y): x € A3, (x+y)* =4}

Let A and B be nonempty sets and let R be a nonempty relation from A to B. Show that there exists a
subset A’ of A and a subset f of R such that f is a function from A to B.

In each of the following, a function f; : A; - R (1 <i < 5) is defined, where the domain A; consists of
all possible real numbers x for which f;(x) is defined. In each case, determine the domain A; and the range

of f;.

@ fi=14+2 () hO=1-1 () frlx)=+3x—1

@) fa)=x -8 (&) fs(x) = 5.

LetA = {3,17,29,45} and B = {4, 6, 22, 60}. A relation R from A to B is definedbyaRbifa+ bisa
prime. Is R a function from A to B?

LetA=1{5,6},B={5,7,8}and S = {n: n > 3isan odd integer}. A relation R from A x Bto S is
defined as (a, b) R s if s | (a + b). Is R a function from A x B to §?

Determine which of the following five relations R; (i = 1, 2, ..., 5) are functions.

(a) R is defined on R by x R, yifx2 —i—y2 =1.

(b) R, is defined on R by x R, y if 4 + 3y2 =1.

(¢) Rjis defined from Nto Qby a R; bif 3a+ 5b = 1.
(d) Ryisdefinedon Rbyx Ry yify=4—|x—2|.

(e) Rsisdefinedon Rby x Rs yif [x +y| = 1.

A function g : Q — Q is defined by g(r) = 4r + 1 foreach r € Q.

(a) Determine g(Z) and g(E), where E is the set of even integers.
(b) Determine g~'(N) and g~!(D), where D is the set of odd integers.

LetC = {x € R: x> 1} and D = R*. For each function f defined below, determine £(C), f~'(C),
S7H(D)yand f71({1).

(a) f:R — Risdefined by f(x) = x%.

(b) f: Rt — Ris defined by f(x) = Inx.

(¢) f: R — Risdefined by f(x) = €.

(d) f:R — Risdefined by f(x) = sinux.

(e) f:R — Risdefined by f(x) = 2x — x°.
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10.13.
10.14.
10.15.
10.16.

10.17.
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. For a function f : A — B and subsets C and D of A and E and F of B, prove the following.

(@) f(CUD)=f(CO)U f(D)

(b) f(CND)Cc fIC)N f(D)

(© f(CO)—=fD) < f(C-D)

@ fEVF) = E)UFF)

@ fENF)=fYE)Nf(F)

O fE-F)=fE)~fF).

Determine B* for the sets A = {1, 2, 3} and B = {x, y}.

For sets A = {1, 2, 3,4} and B = {x, y, z}, give an example of a function g € B* and a function / € B5.
For A = {a, b, ¢}, determine 24.

(a) Give an example of sets A and B such that |B4| = 8.

(b) Give an example of an element in B4 for the sets A and B given in (a).

(a) For nonempty sets A, B and C, what is a possible interpretation of the notation cB'?

(b) According to the definition given in (a), determine CB' forA = {0, 1}, B = {a, b} and C = {x, y}.

ONE-TO-ONE AND ONTO FUNCTIONS

We now consider two of the most important properties that a function may possess. A
function f from a set A to a set B is called one-to-one or injective if every two distinct
elements of A have distinct images in B. In symbols, a function f : A — B is one-to-one
if whenever x,y € A and x # y, then f(x) # f(y). Thus, if a function f : A — B is not

one-to-one, then there exist distinct elements w and z in A such that f(w) = f(z).
LetA ={a,b,c,d}, B={r,s,t,u,v}and C = {x, y, z}. Then

fi=1{(a,s), (b,u),(c,v),(d,r)}

is a one-to-one function from A to B since distinct elements of A have distinct images in

B; while the function

f=1{(a,s), (b,1),(c,5s), (d, u)}

from A to B is not one-to-one since a and ¢ have the same image, namely s. There is no

one-to-one function from A to C, however.

Suppose that a function f: A — B is one-to-one, where A and B are finite sets.
Since every two elements of A have distinct images in B, there must be at least as many

elements in B as in A, that is, |[A| < |B].

At times, the definition of a one-to-one function is difficult to work with since it
deals with unequal elements. However, there is a useful equivalent formulation of the

definition using the contrapositive:

A function f : A — B is one-to-one if whenever f(x) = f(y), where x,y € A,
then x = y.

The following result illustrates how this formulation can be applied to functions defined

by formulas.

Result 10.4 The function f : R — R defined by f(x) = 3x — 5 is one-to-one.
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Assume that f(a) = f(b), where a,b € R. Then 3a — 5 = 3b — 5. Adding 5 to both
sides, we obtain 3a = 3b. Dividing by 3, we have a = b and so f is one-to-one. ]

Let the function f : R — R be defined by f(x) = x> — 3x — 2. Determine whether f is
one-to-one.

Since f(0) = —2 and f(3) = —2, it follows that f is not one-to-one. ¢

To show that the function f defined in Example 10.5 is not one-to-one, we must show
that there exist two distinct real numbers having the same image under f. This was
accomplished by showing that f(0) = f(3). But what if we can’t find two real numbers
with this property? Naturally, if we can’t find two such numbers, then we might think
that f is one-to-one. In that case, we should be trying to prove that f is one-to-one. We
would probably begin such a proof by assuming that f(a) = f(b), thatis a*> — 3a — 2 =
b* — 3b — 2. We would then try to show that @ = b. We can simplify a*> —3a — 2 =
b? — 3b — 2 by adding 2 to both sides, producing a> — 3a = b*> — 3b. When attempting
to solve an equation, it is often convenient to collect all terms on one side of the equation
with 0 on the other side. Rewriting this equation, we obtain a*> — 3a — b> 4+ 3b = 0.
Rearranging some terms and factoring, we have

a* —3a—b +3b=(a*> —b*) —3(a — b) = (a — b)(a+b) — 3(a — b)
=(a—b)a+b—3)=0.

Hence, if f(a) = f(b), then (a — b)(a+ b —3) =0. Since (a —b)(a+b—3) =0, it
follows that either a — b = 0 (and so a = b) or a + b — 3 = 0. Therefore, f(a) = f(b)
does not imply that a = b. It only implies thata = bora + b = 3. Since 0 + 3 = 3, we
now see why f(0) = f(3). In fact, if a and b are any two real numbers where a + b = 3,
then f(a) = f(b). This tells us how to find all possible counterexamples to the statement:
f is one-to-one. Looking at f(x) = x?> — 3x — 2 once again, we see that f(x) =
x(x —3)—2. Since x(x —3) =0 if x=0 or x =3, it is now more apparent why
0 and 3 are numbers for which f(0) = f(3). ¢

A function f : A — Bis called onto or surjective if every element of the codomain
B is the image of some element of A. Equivalently, f is onto if f(A) = B.

For example, consider the function f; : A — B,where A = {1,2,3},B = {x,y, z, w}
and f;1 = {(1,y), (2, w), (3, y)}. This function f; is not onto since neither x nor z is an
image of some element of A. You might notice that for these two sets A and B, there is no
function from A to B that is onto since any such function has exactly three ordered pairs
but B has four elements. Thus, if A and B are finite sets and f : A — B is a surjective
function, then |B| < |A|. The function g : B — A where g = {(x, 3), (v, 1), (2, 3), (w, 2)}
is a surjective function, however, since each of the elements 1, 2 and 3 is an image of
some element of B. Next, we determine which of the functions defined in Result 10.4
and Example 10.5 are onto.

The function f : R — R defined by f(x) = 3x — 5 is onto.

Let’s make a few observations before we begin the proof. To show that f is onto, we
must show that every element in the codomain B = R is the image of some element in
the domain A = R. Since f(0) = —5 and f(1) = —2, certainly —5 and —2 are images
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Result 10.6

Proof

PROOF ANALYSIS

of elements of R. The real number 10 is an image as well since f(5) = 10. Is 7 an image
of some real number? To answer this question, we need to determine whether there is a
real number x such that f(x) = m. Since f(x) = 3x — 5, we need only find a solution for
x to the equation 3x — 5 = 7. Solving this equation for x, we find that x = (7 4 5)/3,
which, of course, is a real number. Finally, observe that

f(x)=f<n:5>=3<n:5)—5=n.

This discussion, however, gives us the information we need to prove that f is onto since
for an arbitrary real number r, say, we need to find a real number x such that f(x) = r.
However, then, 3x — 5 = rand x = (r + 5)/3. ¢

The function f : R — R defined by f(x) = 3x — 5 is onto.

Let » € R. We show that there exists x € R such that f(x) = r. Choose x = (r + 5)/3.

Then x € R and
f(x)=f<#>=3(r;r5)—5=r. .

Notice that the proof itself of Result 10.6 does not include consideration of the equation
3x — 5 = r. Our goal was to show that some real number x exists such that f(x) = r.
How we obtain this number, though possibly interesting, is not part of the proof. On the
other hand, it may be a good idea to accompany the proof with this information. ¢

The function f : R — R defined in Example 10.5 by f(x) = x> — 3x — 2 is not
onto, however. Writing x> —3x—2as (x> —3x+ ?T) -2 % =x— %)2 — %, we see
that f(x) > — 14—7. Thus, for each real number r with r < — 14—7, there is no x € R such that
f(x) = r. In fact, the range of f is [—%, 00).

LetA ={1,2,3},B={x,y,z,w}and C = {a, b, c}. Four functions g; : A — B, g, :

B— C,g3:A— Cand g4 : A — C are defined as follows:

g1 ={(1,y), 2, w), (3,0},

&2 ={(x, b), (y, @), (z, ¢), (w, b)},

g ={,a),2,¢), (3, b)},

g+ ={(1,0),(2,b), (3, b)}.
The functions g; and g3 are one-to-one; while g, and g4 are not one-to-one since g, (x) =
g2(w) = b and g4(1) = g4(2) = b. Both g, and g3 are onto. The function g; is not onto

because z is not an image of any element of A; while g4 is not onto since neither a nor ¢
is an image of an element of A.

SECTION 10.2 EXERCISES

10.18. Let A = {w, x, y, z} and B = {r, s, t}. Give an example of a function f : A — B that is neither one-to-one
nor onto. Explain why f fails to have these properties.

10.19. Give an example of two finite sets A and B and two functions f : A — Band g : B — A such that f is
one-to-one but not onto and g is onto but not one-to-one.
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10.22.
10.23.
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10.26.

10.27.

10.28.

10.29.

10.3
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A function f : Z — Z is defined by f(n) = 2n + 1. Determine whether f is (a) injective, (b) surjective.
A function f : Z — Z is defined by f(n) = n — 3. Determine whether f is (a) injective, (b) surjective.
A function f : Z — Z is defined by f(n) = 5n + 2. Determine whether f is (a) injective, (b) surjective.
Prove or disprove: For every nonempty set A, there exists an injective function f : A — P(A).
Determine whether the function f : R — R defined by f(x) = x*> + 4x + 9 is (a) one-to-one, (b) onto.
Is there a function f : R — R that is onto but not one-to-one? Explain your answer.

Give an example of a function f : N — N that is

(a) one-to-one and onto (b) one-to-one but not onto
(c¢) onto but not one-to-one (d) neither one-to-one nor onto.

LetA = {2,3,4,5} and B = {6, 8, 10}. A relation R is defined from Ato Bbya R bifa | band (b/a) + 1
is a prime.

(a) Is R a function from A to B?

(b) If R is a function from A to B, then determine whether this function is one-to-one and/or onto.

LetA ={2,4,6}and B = {1, 3,4, 7, 9}. A relation f is defined from A to Bby a f bif 5 divides ab + 1. Is
f a one-to-one function?

Let f be a function with dom(f) = A and let C and D be subsets of A. Prove that if f is one-to-one, then
F(€ND) = f(C)N f(D).

BIJECTIVE FUNCTIONS

We have already mentioned, for finite sets A and B, that if f: A — B is a surjective
function, then |A| > |B|. Also, we mentioned that if f : A — Bis one-to-one, then |A| < |B|.
Hence, if A and B are finite sets and f : A — B is a function that is both one-to-one and
onto, then |A| = |B|. What happens when A and B are infinite sets will be dealt with in
Chapter 11.

A function f : A — B is called bijective or a one-to-one correspondence if it is
both one-to-one and onto. From what we mentioned earlier, if a function f : A — B is
bijective and A and B are finite sets, then |A| = |B|. Perhaps it is also clear that if A and B
are finite sets with |A| = |B|, then there exists a bijective function f : A — B. A bijective
function from a set A to a set B creates a pairing of the elements of A with the elements
of B.

In the case where A and B are sets with |A| = |B] =3, say A = {a, b, c} and B =
{x, y, z}, the bijective functions from A to B are

fi =A{(a,x), (b,y), (¢, 2)}
o ={(a, ), (b, 2), (¢, x)}
f3=A{(a,2), (b, x), (c, )}
fa={(a, ), (b, x), (¢, 2)}
fs =1(a,2), (b, y), (c, )}
fo = {(a, x), (b, 2), (c, »)}.
That is, there are six bijective functions from A to B; indeed there are six bijective func-

tions from any 3-element set to any 3-element set. More generally, we have the following.
(See Exercise 10.34.)
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Theorem 10.7

Proof

Theorem 10.8

Proof

If A and B are finite sets with [A| = |B| = n, then there are n! bijective functions from A
to B.

Suppose that A = {a;, as, ..., a,}. Then any bijective function f:A — B can be
expressed as

f={la, -), (a2, =), ..., (@, 0},

where the second coordinate of each ordered pair of f belongs to B. There are n pos-
sible images for a; in f. Once an image for a; has been determined, then there are
n — 1 possible images for a,. Since f is one-to-one, no element of B can be the image
of two elements of A. Because neither of the images of a; and a, can be images of as,
there are n — 2 possibilities for a3. Continuing in this manner, we see that there is only
one possibility for the image of a,. It turns out that the total number of possible bijective
functions f is obtained by multiplying these numbers and so there are n(n — 1)
(n —2)---1 = n! bijective functions from A to B. [ ]

There is another interesting fact concerning the existence of bijective functions f :
A — B for finite sets A and B with |[A| = |B]|.

Let A and B be finite nonempty sets such that |[A| = |B| and let f be a function from A
to B. Then f is one-to-one if and only if f is onto.

Let |A| = |B| = n. Assume first that f is one-to-one. Since the n elements of A have
distinct images, there are n distinct images. Thus, range(f) = B and so f is onto.

For the converse, assume that f is onto. Thus, each of the n elements of B is an
image of some element of A. Consequently, the n elements of A have n distinct images
in B, which implies that no two distinct elements of A can have the same image and so
f is one-to-one. ]

Theorem 10.8 concerns finite sets A and B with |A| = |B|. Even though we have not
defined cardinality for infinite sets, we would certainly expect that |A| = |A| for every
infinite set A. With this understanding, Theorem 10.8 is false for infinite sets A and B,
even when A = B. For example, the function f : Z — Z defined by f(n) = 2n is one-
to-one; yet its range is the set of all even integers. That is, f is not onto, even though f
is a one-to-one function from Z to Z. The function f : N — N defined by g(n) = n — 1
when n > 2 and g(1) = 1 is onto but not one-to-one since g(1) = g(2) = 1.

For the sets A = {1, 2,3}, B = {x,y, z, w} and C = {a, b, ¢} described at the end of
Section 10.2, no function from A to B or from B to C can be bijective. It is possible to have
a bijective function from A to C, however, since |A| = |C]|. In fact, g3 is such a function,
although other bijective functions from A to C exist. Certainly, not every function from
A to C is bijective, as gy illustrates.

For a nonempty set A, the function iy : A — A defined by i4(a) = aforeacha € A
is called the identity function on A. If the set A under discussion is clear, we write the
identity function i4 by i. For § = {1, 2, 3}, the identity function is

is=i=1{(,1),(2,2),(3,3)}
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Not only is this identity function bijective, the identity function iy is bijective for every
nonempty set A. Identity functions are important and we will see them again soon.
We give one additional example of a bijective function.

The function f : R — {2} — R — {3} defined by
3x
x—2

fo) =
is bijective.

Here it is necessary to show that f is both one-to-one and onto. We begin with the first
3 3b
of these. Assume that f(a) = f(b), where a, b € R — {2}. Then a2 =73
a— _
plying both sides by (a — 2)(b — 2), we obtain 3a(b — 2) = 3b(a — 2). Simplifying, we
have 3ab — 6a = 3ab — 6b. Adding —3ab to both sides and dividing by —6, we obtain
a = b. Thus, f is one-to-one.

To show that f is onto, let r € R — {3}. We show that there exists x € R — {2} such
r

that f(x) = r. Choose x = 3 Then
r—
2r 3(3%) 6r 6r
f(x)_f<r—3> T 2T 2r—20-3 6
implying that f is onto. Therefore f is bijective. |

Some remarks concerning the proof that the function f in Result 10.9 is onto may be
useful. For a given real number r in R — {3}, we need to find a real number x in R — {2}

such that f(x) =r. Since we wanted f(x)= _x2 =r, it was required to solve
x—

this equation for x. This can be done by rewriting this equation as 3x = r(x — 2) and
then simplifying it to obtain rx — 3x = 2r. Now, factoring x from rx — 3x and dividing
by r — 3, we have the desired choice of x, namely x = 2r/(r — 3). Incidentally, it was
perfectly permissible to divide by » — 3 since r € R — {3} and so r # 3. Notice also that
x € R— {2} forifx = 2r/(r — 3) = 2, then 2r = 2r — 6, which is impossible. Although

solving = r for x is not part of the proof, again it may be useful to include this

Y —
work in addition to the proof. ¢

Suppose that f is a function from A to B, thatis, f : A — B.If f(x) = f(y) implies
that x = y for all x, y € A, then f is one-to-one. It may seem obvious that if x = y, then
f(x) = f(y) for all x, y € A since this is simply a requirement of a function. In order
for a relation f from a set A to a set B to be a function from A to B, the following two
conditions must be satisfied:

(1) For each element a € A, there is an element » € B such that (a, b) € f.
) If(a,b),(a,c)e f,thenb=c.

Condition (1) states that the domain of f is A, that is, every element of A has an image
in B; while condition (2) says that if an element of A has an image in B, then this image
is unique.
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Result to Prove
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Result 10.10

Proof

Occasionally, a function f that satisfies condition (2) is called well-defined. Since
(2) is a requirement of every function however, it follows that every function must be
well-defined. There are situations, though, when the definition of a function f may
make it unclear whether f is well-defined. The next result illustrates this with the set
Z, of integers modulo 4. Recall that Z, consists of the four classes (sets of integers)
[01, [11, [2], [3], where for r € {0, 1,2, 3}, [r] = {3q + r : g € Z}. Furthermore, if a, b € [r]
for some r with 0 < r < 3, then [a] = [b] and a = b (mod 4).

The function f:Z4 — Z4 defined by f ([x]) = [3x+ 1] is a well-defined bijective
function.

To prove that this function is well-defined, we are required to prove that if [a] = [b],
then f ([a]) = f ([b]), that is, [3a 4+ 1] = [3b + 1]. It seems reasonable to use a direct
proof, so we assume that [a] = [b]. Since [a] = [b], it follows that a = b (mod 4). This
implies that 4 | (a — b) and so a — b = 4k for some integer k. To verify that [3a + 1] =
[3b + 1], we are required to show that 3a + 1 = 3b+ 1 (mod 4) or, equivalently, that
(Ba+1)—Bb+ 1) =3a—3b=3(a— b) is amultiple of 4.

Since Z4 consists only of the four elements [0], [1], [2], [3], to prove that f is bijec-
tive, we need only observe that the elements f ([0]), f ([1]), f ([2]), f ([3]) are distinct
by Theorem 10.8. ¢

The function f :Z4 — Z4 defined by f ([x]) = [3x+ 1] is a well-defined bijective
function.

First, we verify that this function is well-defined; that is, if [a] = [b], then f ([a]) =
f ([p]). Assume then that [a] = [b]. Thus, a = b (mod 4) and so 4 | (a — b). Hence,
a — b = 4k for some integer k. Therefore,

(Ba+ 1) — (Bb+1) = 3(a — b) = 3(4k) = 4(3k).

Since 3k is an integer, 4 | [(3a + 1) — (3b+ 1)]. Thus, 3a+ 1 =3b+ 1 (mod 4) and
[3a + 1] = [3b+ 1]; so f ([al) = f ([b]). Hence, f is well-defined. Since f ([0]) = [1],
f{1]) =101, £ (2D = [3] and f ([3]) = [2], it follows that f is both one-to-one and
onto, that is, f is bijective. n

SECTION 10.3 EXERCISES

10.30. Prove that the function f : R — R defined by f(x) = 7x — 2 is bijective.

10.31.

10.32.
10.33.

10.34.

Let f : Zs — Zs be a function defined by f([a]) = [2a + 3].

(a) Show that f is well-defined.

(b) Determine whether f bijective.

Prove that the function f : R — {2} — R — {5} defined by f(x) = 5;‘_—*'21 is bijective.

Let A = [0, 1] denote the closed interval of real numbers between 0 and 1. Give an example of two
different bijective functions f; and f, from A to A, neither of which is the identity function.

Give a proof of Theorem 10.7 using mathematical induction.
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10.35. For two finite nonempty sets A and B, let R be a relation from A to B such that range(R) = B. Define the
domination number y (R) of R as the smallest cardinality of a subset S € A such that for every element y
of B, there is an element x € S such that x is related to y.

(a) LetA={1,2,3,4,5,6,7}and B={a,b,c,d,e, f,glandlet R = {(1,¢), (1, e), (2,¢), (2, ), (2, 8),

(3,b), 3, 1), 4, a), 4, c), 42,5, a),(5,b),(5,¢), (6,d), (6,e), (7,a), (7, g)}. Determine y (R).
(b) If R is an equivalence relation defined on a finite nonempty set A (and so B = A), then what is y (R)?
(c) If f is a bijective function from A to B, then what is y (f)?

10.36. LetA ={a, b, c,d, e, f} and B = {u, v, w, x, y, z}. Suppose, with each element r € A, that there is
associated a list or subset L(r) € B. The goal is to define a “list function” ¢ : A — B with the property
that ¢(r) € L(r) for each r € A.

(@) For L(a) = {w, x, y}, L(b) = {u, 2}, L(c) = {u, v}, L(d) = {u, w}, L(e) = {u, x, y}, L(f) = {v, y}, does
there exist a bijective list function ¢ : A — B for these lists?

(b) For L(a) = {u, v, x, ¥}, L(b) = {v, w, y}, L(c) = {v, ¥}, L(d) = {u, w, x, z}, L(e) = {v, w},
L(f) = {w, y}, does there exist a bijective list function ¢ : A — B for these lists?

10.4 COMPOSITION OF FUNCTIONS

As it is common to define operations on certain sets of numbers (and on the elements of
the set Z,, of integers modulo n, as we described in Chapter 9), it is possible to define
operations on certain sets of functions, under suitable circumstances. For example, for
functions f : R — Rand g : R — R, you might recall from calculus that the sum f + g
and product fg of f and g are defined by

(f +8)(x) = f(x) + g(x) and (f&)(x) = f(x) - g(x) (10.1)

for all x € R. So if f is defined by f(x) =x? and g is defined by g(x) = sinx, then
(f + ) (x) = x> +sinx and (fg)(x) = x? sinx for all x € R. In calculus we are espe-
cially interested in these operations because once we have learned how to determine the
derivatives of f and g, we want to know how to use this information to find the deriva-
tives of f + g and fg. The derivative of fg, for example, gives rise to the well-known
product rule for derivatives:

(fg) (x) = f(x) - &(x) + 8(x) - f'(x).

This later led us to study the quotient rule for derivatives.

The definitions in (10.1) of the sum f + g and product fg of the functions f : R — R
and g : R — R depend on the fact that the codomain of these two functions is R, whose
elements can be added and multiplied, and so f(x) + g(x) and f(x) - g(x) make sense. On
the other hand, if f : A — Band g: A — B, where B = {a, b, c}, say, then f(x) + g(x)
and f(x) - g(x) have no meaning.

There is an operation that can be defined on pairs of functions satisfying appropriate
conditions that has no connection with numbers. For nonempty sets A, B and C and
functions f : A — Band g: B — C, it is possible to create a new function from f and
g, called their composition. The composition g o f of f and g is the function from A to
C defined by

(go f)a) = g(f(a)) foralla € A.
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To illustrate this definition, letA = {1,2, 3,4}, B={a, b, c,d}and C = {r, s, t, u, v}
and define the functions f : A — Band g: B — C by
f=1{01,0),2,d), 3, a), (4 a)},
g ={(a,u), (b, 1), (c,r), (d,s)}
We now have the correct arrangement of sets and functions to consider the composi-

tion go f. Since g o f is a function from A to C, it follows that g o f has the following
appearance:

gof=1{,a) (2 B).3,y) (453)},

where o, B, ¥, 8 € C. Itremains only to determine the image of each element of A. First,
we find the image of 1. According to the definition of go f,

(go NH) =g(f(1)) =gb) =r,

so(1,r) € go f.Similarly, (go f)(2) = g(f(2)) = g(d) = sand so (2, s) € go f. Con-
tinuing in this manner, we obtain

gof={,r),2,s), 3, u), (4w}

A diagram that illustrates how g o f is determined is shown in Figure 10.2. To find the
image of 1 under g o f, we follow the arrow from 1 to b and then from b to r. The function
go f is basically found by removing the set B. The fact that g o f is defined does not
necessarily imply that f o g is also defined. Since g is a function from B to C and f is a
function from A to B, the only way that f o g would be defined is if range(g) € A. In the
example we have just seen, f o g is not defined since range(g) = {r, s, u} Z A.

Figure 10.2  The composition function g o f

Composition of functions was also encountered in calculus. Let’s consider an ex-
ample of composition that you might have seen in calculus. Again, suppose that the
functions f : R — R and g : R — R are defined by f(x) = x* and g(x) = sinx. In this
case, we can determine both g o f and f o g; namely,

(go Hx) =g(f(x) = g(xz) = sin (xz)
(f 0 g)(x) = f(g(x)) = f(sinx) = (sinx)*> = sin’ x.
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Secondly, this example also serves to illustrate that even when go f and f o g are both
defined, they need not be equal.

The study of composition of functions in calculus led us to the well-known chain
rule for differentiation:

(g0 fY(x) =g (f(x) - f'(x).

There are two facts concerning properties of composition of functions that will be
especially useful to us. First, if f and g are injective functions such that g o f is defined,
then g o f is injective. The corresponding statement is also true for surjective functions.

Letf:A — Bandg: B — C be two functions.

(a) If f and g are injective, then sois go f.

(b) If f and g are surjective, then sois go f.

To verify (a), we use a direct proof and begin by assuming that f and g are one-to-one.
To show that g o f is one-to-one, we prove that whenever (g o f)(a;) = (go f)(az), then
ay = ay. However, (go f)(a1) = (go f)(az) means that g(f(a1)) = g(f(az)). But g is
one-to-one; so g(x) = g(y) implies that x = y. The form g(x) = g(y) is exactly what we
have, where x = f(a;)andy = f(a»). This leads us to f(a;) = f(a»). But we also know
that f is one-to-one.

To verify (b), we need to prove that if f and g are onto, then g o f is onto. To show
that g o f is onto, it is necessary to show that every element of C is an image of some
element of A under the function go f. So we begin with an element ¢ € C. Since g is
onto, there is an element b € B such that g(b) = c. But f is onto; so there is an element
a € A such that f(a) = b. This suggests considering (g o f)(a). ¢

Let f:A — Bandg: B — C be two functions.

(a) If f and g are injective, then so is g o f.
(b) If f and g are surjective, then sois go f.

Let f:A— B and g: B — C be injective functions. Assume that (go f)(a;) =
(go f)(ay), where ay, a; € A. By definition, g(f(a;)) = g(f(az)). Since g is injective, it
follows that f(a;) = f(a,). However, since f is injective, it follows that a; = a,. This
implies that g o f is injective.

Next, let f : A — B and g: B — C be surjective functions and let ¢ € C. Since g
is surjective, there exists b € B such that g(b) = c¢. On the other hand, since f is surjec-
tive, it follows that there exists @ € A such that f(a) = b. Hence, (g o f)(a) = g(f(a)) =
g(b) = c, implying that g o f is also surjective. |

Combining the two parts of Theorem 10.11 produces an immediate corollary.
If f:A— Bandg: B — C are bijective functions, then g o f is bijective.

For nonempty sets A, B,Cand D, let f : A — B,g: B — Cand h : C — D be func-
tions. Then the compositions go f: A — C and ho g: B — D are defined, as are the
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Theorem 10.13

Proof

Example 10.14

compositions Ao (go f):A— D and (hog)o f: A — D. Composition of the func-
tions f, g and / is associative if the functions 41 o (go f) and (h o g) o f are equal. This
is, in fact, the case.

For nonempty sets A,B,C and D, let f:A— B, g:B— C and h:C — D be
functions. Then (ho g)o f =ho(go f).

Let a € A and suppose that f(a) = b, g(b) = c and h(c) = d. Then
((hog)o f)la) = (hog)(f(a)) = (hog)b)=h(gbh)) =hi(c)=d;

while
(ho(go f)a) = h((go f)a)) = h(g(f(a))) = h(gh)) = h(c) =d.
Thus, (hog)o f =ho(go f). ]

As we have mentioned, it is common when considering the composition of functions
to begin with two functions f and g, where f : A — B and g: B — C and arrive at the
function go f : A — C. Strictly speaking, however, all that is needed is for the domain
of gto be a set B’ where range(f) is a subset of B'. In other words, if f and g are functions
with f: A — B and g: B’ — C, where range(f) C B/, then the composition go f :
A — Cis defined.

ForthesetsA = {—3,—2,...,3}andB ={0,1,...,10},B' =1{0,1,4,5,8,9}andC =
{1,2,...,10},let f: A — Band g: B — C be functions defined by f(n) = n? for all
neAandgn)=n+ 1forallneB.

(a) Show that the composition go f : A — C is defined.

(b) Forn € A, determine (g o f)(n).

Solution (a) Since range(f) = {0, 1, 4,9} and rangef C B, it follows that the
composition go f : A — C is defined.
(b) ForneA,(go f)n)=g(f(n) =gn*)=n>+1. ¢
SECTION 10.4 EXERCISES

10.37. LetA ={1,2,3,4}, B={a, b, ¢} and C = {w, x, y, z}. Consider the functions f : A - Bandg: B — C,

10.38.

10.39.

10.40.
10.41.

where f = {(1, b), (2,¢), (3, ¢), (4,a)} and g = {(a, x), (b, y), (c, x)}. Determine g o f.

Two functions f : R — Rand g : R — R are defined by f(x) = 3x*> 4+ 1 and g(x) = 5x — 3 for all x € R.
Determine (go f)(1) and (f o g)(1).

Two functions f : Zjg — Zjp and g : Zjy — Z are defined by f([a]) = [3a] and g([a]) = [7a].

(a) Determine go fand fog.

(b) What can be concluded as a result of (a)?

Let A and B be nonempty sets. Prove thatif f : A — B,then foiy = fandigo f = f.

Let A be a nonempty set and let f : A — A be a function. Prove that if f o f = is, then f is bijective.



10.42.

10.43.

10.44.

10.45.

10.46.

10.47.

10.48.

10.5
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Prove or disprove the following:

(a) If two functions f : A — B and g : B — C are both bijective, then go f : A — C is bijective.
(b) Let f: A — Band g: B— C be two functions. If g is onto, then go f : A — C is onto.
(c) Let f: A — Band g: B — C be two functions. If g is one-to-one, then go f : A — C is one-to-one.
(d) There exist functions f : A — Band g : B — C such that f is not onto and go f : A — C is onto.
(e) There exist functions f : A — B and g : B — C such that f is not one-to-one and go f : A — C is
one-to-one.
For nonempty sets A, Band C, let f : A — Band g: B — C be functions.
(a) Prove:
If g o f is one-to-one, then f is one-to-one.
using each of the following proof techniques: direct proof, proof by contrapositive, proof by
contradiction.
(b) Disprove: If g o f is one-to-one, then g is one-to-one.
Let A denote the set of integers that are multiples of 4, let B denote the set of integers that are multiples of
8 and let B’ denote the set of even integers. Thus,A = {4k : k € Z}, B = {8k : k € Z} and
B ={2k: keZ}.Letf:AxA— Band g: B — Z be functions defined by f((x,y)) = xyforx,y € A
and g(n) = n/2 for n € B'. For simplicity, we denote f((x, y)) by f(x, y). So f(x,y) = xy.
(a) Show that the composition function go f : A x A — Z is defined.
(b) For k, £ € Z, determine (g o f)(4k, 4¢).
Let A be the set of even integers and B the set of odd integers. A function f : A x B — B x A is defined
by f(a,b) = (a + b, a) and a function g: B x A — B x B is defined by g(c, d) = (¢ + d, ¢).
(a) Determine (go f)(18, 11).
(b) Determine whether the function go f : A x B — B x B is one-to-one.
(c) Determine whether g o f is onto.

Let A be the set of odd integers and B the set of even integers. A function f : A x B — A x A is defined
by f(a,b) = (3a — b,a+ b) and a function g : A Xx A — B x A is defined by g(c,d) = (c — d, 2c + d).
(a) Determine (go f)(3, 8).

(b) Determine whether the function go f : A X B — B X A is one-to-one.

(c) Determine whether g o f is onto.

For functions f, g and & with domain and codomain R, prove or disprove the following:
(@ (g+h)of=(gof)+(hof)
() fo(g+h) =(fog)+(foh.
4x—1

The composition go f : (0, 1) — R of two functions f and g is given by (go f)(x) = et where
f:(0,1) = (—1, 1) is defined by f(x) = 2x — 1 for x € (0, 1). Determine the function g.

INVERSE FUNCTIONS

Associated with every bijective function is another bijective function. In order to describe
this second bijective function, we return to relations to recall a concept introduced in
Chapter 9. For a relation R from a set A to a set B, the inverse relation R~! from B to A
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Theorem 10.15

Proof

is defined as
R™"'={(b,a): (a.b)€R}.
For example, if A = {a, b, ¢, d}, B = {1, 2,3} and
R ={(a,1),(a,3),(c,2),(c3),(d, 1)}
is a relation from A to B, then
R ={(1,0),3,a),(2,¢),3,¢),(1,d)}

is the inverse relation of R. Of course, every function f : A — B is also a relation from A
to B and so there is an inverse relation f~! from B to A. This brings up a natural question:
Under what conditions is the inverse relation f~! from B to A also a function from B to A?
If the inverse relation f~! is a function from B to A, then certainly dom(f~!) = B.
This means that f must be onto. If f is not one-to-one, then f(a;) = f(a) = b for some
ai,a, € A and b € B, where a; # a,. But then (b, a1), (b, a2) € f~!, which cannot oc-
cur if £~!is a function. Consequently, if £~ is a function from B to A, then f must be
one-to-one. This leads us to the following theorem. In the proof, two basic facts are used
repeatedly, namely

(1) f(a) =Dbifandonly if (a, b) € f and
(2) if f~Vis afunction and f(a) = b, then (b, a) € f~".

Let f : A — B be a function. Then the inverse relation f~! is a function from B to A if
and only if f is bijective. Furthermore, if f is bijective, then f~! is also bijective.

First, assume that £~! is a function from B to A. We show that f is both one-to-one and
onto. Assume that f(a;) = f(ay) =y, where y € B. Then (ay, y), (a2,y) € f, implying
that (v, a;), (y, @) € f~!. Since f~! is a function from B to A, every element of B has
a unique image under f~!. Thus, in particular, y has a unique image under f~'. Since
') = a; and f~'(y) = a,, it now follows that a; = a, and so f is one-to-one.

To show that f is onto, let b € B. Since f~! is a function from B to A, there exists a
unique element a € A such that = (b) = a. Hence, (b, a) € f~', implying that (a, b) € f,
that is, f(a) = b. Therefore, f is onto and so f is bijective.

For the converse, assume that the function f : A — B is bijective. We show that
f =1 is a function from B to A. Let b € B. Since f is onto, there exists a € A such that
(a,b) € f. Hence, (b,a) € =1 It remains to show that (b, a) is the unique element of
77! whose first coordinate is b. Assume that (b, a) and (b, @) are both in f’l. Then
(a, b), (d, b) € f, which implies that f(a) = f(a’) = b. Since f is one-to-one, a = d'.
Therefore, we have shown that for every b € B, there exists a unique element a € A such
that (b, a) € f~', thatis, f~! is a function from B to A.

Finally, we show that if f is bijective, then f~! is bijective. Assume that f is bijec-
tive. We have just seen that f~! is a function from B to A. First, we show that f~! is
one-to-one.

Assume that f=' (b)) = f~'(b,) = a. Then (b1, a), (by,a) € f~! and so (a, by),
(a, by) € f. Since f is a function, b; = b, and f~! is one-to-one. To show that f~! is
onto, leta € A. Since f is a function, there is an element » € B such that (a, b) € f. Con-
sequently, (b, a) € f~' sothat f~!(b) = aand f~' is onto. Therefore, f~' is bijective. m
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Proof
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According to Theorem 10.15, if f : A — Bis abijective function, then f -1.B> A
is also a bijective function. The function f~! is referred to as the inverse function or sim-
ply the inverse of f. Hence, both composition functions f~!' o fand f o f~! are defined.
In fact, f~! o fis a function from A toA and f o f~! is a function from B to B. As we are
abouttolearn, f~' o fand f o f~! are functions we’ve visited earlier. Leta € A and sup-
pose that f(a) = b. So, (a, b) € f and therefore (b, a) € f~', thatis, f~'(b) = a. Thus,
(ffof)@=f"(f@)=f"b)y=aand (fof')(b)=f(f"B) = fla) =0

So, it follows that
flof=ix and fof'=ig

are the identity functions on the sets A and B, respectively (see Figure 10.3).

Figure 10.3 A bijective function and its inverse

Infact,if f : A — Band g : B — A are functions for which go f = i4 and f o g = i,
then f and g have some important properties.

If f:A— Bandg: B — A are two functions such that go f = iy and f o g = i, then
f and g are bijective and g = f~!.

Let f:A— B and g: B— A be two functions such that go f =i4 and f o g = ip.
First, we show that f is one-to-one. Assume that f(a;) = f(ay), where a;, a, € A. Then
g(f(ay)) = g(f(az)). Since go f = ia, it follows that

ay = (go fila) = g(f(a1)) = g(f(a2)) = (go fllar) = a

and so f is one-to-one.

Next, we show that f is onto. Let b € B and suppose that g(b) = a. Since f o g = i,
it follows that (f o g)(b) = b. Therefore, (f o g)(b) = f(g(b)) = f(a) = b and so f is
onto. Hence, f is bijective and, by Theorem 10.15, f~! exists. Similarly, g is bijective.

It remains to show that g = f~'. Let b be an arbitrary element of B. We show
that g(b) = f~'(b). Since f is onto, there exists a € A such that f(a) = b € B. Then
F1(b) = a. Since go f = iy, it follows that a = (g o f)(a) = g(f(a)) = g(b). There-
fore, g(b) = f~'(b)andso g = f~\. n

If a bijective function f has a relatively small number of ordered pairs, then it is easy
to find £~!. But what if f is a bijective function that one might encounter in calculus,
say? We illustrate this next with a function described in Result 10.9.
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Example 10.17

Solution

Analysis

The function f : R — {2} — R — {3} defined by
3x

f) =

x—2

is known to be bijective. Determine f~'(x), where x € R — {3}.

Since (f o f7') (x) = x for all x € R — {3}, it follows that

37 )
R A
) =2
Thus, 3f~'(x) = x(f’l(x) —2)and 3f'(x) = xf’l(x) — 2x. Collecting the terms in-
volving f~!(x) on the same side of the equation and then factoring out the term f~!(x),
we have

(fofNw=7f(f"'w)=

Af @) =37 ) =2x
$0
F ) —3) =2x.
Solving for f~!(x), we obtain
2x

—1 _
o= ¢

You might very well have dealt with the problem of finding the inverse of a function
before and might recall a somewhat different approach than the one we just gave. Let’s
look at this example again, but from a different perspective.

When we consider functions from calculus, rather than writing f(x) = X2, glx) =

1
5x 4+ 1 or h(x) = x + —, we sometimes write these as y = x*,y = 5x+ lory = x + —.
X

3
In Example 10.17, we were given f(x) = al

2
and found that f~'(x) = —x. Let’s
-2 x—3

write the inverse asy =

2x . . . 2x
3 instead. Thatis, (x, y) € f~', wherey = 3 Of course,
x —
initially, we don’t know what y is. But if (x, y) € f~!, then (v, x) € f and we know that
3
x=f(y) = _)’2 Solving this equation for y, we have x(y — 2) = 3y, soxy — 2x = 3y.

Collecting the terms with y on the same side of the equation and factoring out the term
y, we obtain

xy—3y=2x and y(x—3)=~2x
. . 2x .
Solving for y, we obtain y = —3; that is,
x—

2x

—1 o
flo= 5.

3
In short, to find ! if f(x) = —xz, we replace f(x) by x and x by y and then solve for y.
X —

The result is f~!(x). Of course, the procedure we have described for finding f~'(x)
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is exactly the same as before. The only difference is the notation. You might have also
noticed that the algebra performed to determine f~!(x) in Example 10.17 is exactly the
same as the algebra performed in proving f is onto in Result 10.9. ¢

The following two examples also deal with finding the inverses of bijective func-
tions. In the first example, we use the fact that every real number has a unique cube
root and in the second example, every nonnegative real number has a unique square root
(which is also nonnegative).

241
2

Let f : R — R be defined by f(x) =

(a) Prove that f is bijective.
(b) Determine f~'(x).

(a) Proof First, we show that f is one-to-one. Assume that f(a) = f(b), where

3+1 PP +1
a.beR Then “ 1 27

both sides, we have a = b and so f is one-to-one.
Next, we show that f is onto. Let r € R. We show that there exists x € R
such that f(x) = r. Let x = </2r — 1 € R. Then

J2r—=1P +1 2r —1 1
f(X):f(m>:( r 2)+ =(l’ 2)+ -

Hence, f is onto and, consequently, f is bijective. ]
(b) Solution Since (f o f~') (x) = x for all x € R, it follows that

—1 3 1
(roryw=r(re) = T2

Thus, (f’l(x))3 =2x —1andso f’l(x) =/2x— 1. ¢

and so a® = b*. Taking the cube roots of

Let f: [0, 1] — [0, 1] be defined by f(x) = +/1 — x2.
(a) Prove that f is bijective.
(b) Determine f~'(x).

(a) Proof First, we show that f is one-to-one. Assume that f(a) = f(b), where
a,b € [0, 1]. Then v/1 — a® = /1 — b2. Squaring both sides, we obtain
1 —a?=1—b*and so a® = b2. Since a > 0 and b > 0, it follows that
a = b. Hence, f is one-to-one.
Next, we show that f is onto. Let r € [0, 1]. We show that there exists
x € [0, 1] such that f(x) = r. Letx = /1 — 72 € [0, 1]. Then

fo=f(Vimr)=\Ji-(Vi—2)
Y SV

Since r > 0, it follows that f(x) = r and so f is onto. Thus, f is bijective. m
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(b) Solution Since (f o f~') (x) = x for all x € [0, 1], it follows that

(fofN@=7f"'@)=vV1-(f1®>*=x

Hence, 1 — (f~'(x))> = x% and so (f~'(x))> = 1 — x%. Since f~'(x) € [0, 1],
it follows that f~1(x) = +/1 — x2. ¢

Finding the inverse of a bijective function is not always possible by algebraic manip-
ulation. For example, the function f : R — (0, co) defined by f(x) = ¢" is bijective but
f~'(x) = Inx. Indeed, the function g : R — R defined by g(x) = 3x” + 5x> + 4x — L is
bijective but there is no way to find an expression for g~! (x).

If f: A — Bis aone-to-one function from A to B that is not onto, then, of course,
f is not bijective, and, according to Theorem 10.15, f does not have an inverse (from
BtoA). On the other hand, if we define a new function g : A — range(f) by g(x) = f(x)
forall x € A, then gis a bijective function and so its inverse function g~! : range(f) — A
exists. For example, let E denote the set of all even integers and consider the function
f :Z — Zby f(n) = 2n. Then this function f is injective but not surjective and so there
is no inverse function of f from Z to Z. Observe thatrange(f) = E. If we defineg: Z — E
by g(n) = f(n)foralln € Z, then gis bijectiveand g~' : E — Z is a (bijective) function.
In fact, g~'(n) = n/2 foralln € E.

There is a class of bijective functions in which we often have a specific interest. We
conclude this chapter with a brief discussion of these functions. We have already men-
tioned that the identity function iy defined on a nonempty set A is bijective. Normally,
there are many bijective functions that can be defined on nonempty sets. Indeed, the
number of bijections on an n-element set is n!, according to Theorem 10.7. These types
of functions occur often in mathematics, especially in the area of mathematics called
abstract (or modern) algebra.

A permutation of (or on) a nonempty set A is a bijective function on A, that is, a
function from A to A that is both one-to-one and onto. By Results 10.4 and 10.6, the
function f : R — R defined by f(x) = 3x — 5 is a permutation of R. Let’s consider an
even simpler example. For A = {1, 2, 3}, let f be a permutation of A. Then f is com-
pletely determined once we know the images of 1, 2 and 3 under f. We saw that there are
three possible choices for f(1), two choices for f(2) once f(1) has been specified, and
one choice for f(3) once f(1) and f(2) have been specified. From this, it follows that
there are 3 - 2 - 1 = 3! = 6 different permutations f of the set A = {1, 2, 3}. This agrees
with Theorem 10.7.

One of these functions is the identity function defined on {1, 2, 3}, which we denote
by «; that is,

ap ={(1,1),(2,2), (3, 3)}.

Another permutation of {1, 2, 3} is

o ={(1,1),(2,3), (3, 2)}.

There are other common ways to represent these permutations. A permutation of {1, 2, 3}

is also written as
( 123 )
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where the numbers immediately below 1, 2 and 3 are their images. Hence, «/, o, and
the other four permutations of {1, 2, 3} can be expressed as:

(123 (123 (123
“T=1123)2=\132)%=\321

(123 (123 (123
“U=1213)%"\231)%=\312)

Since each permutation «; (1 <i < 6) is a bijective function from {1, 2, 3} to
{1, 2, 3}, it follows from Corollary 10.12 that the composition of any two permutations
of {1, 2, 3} is again a permutation of {1, 2, 3}. For example, let’s consider

(123 123\ (123
“@o%=\1132)%\231)7\ - )"

Since (a2 o as) (1) = az(as(1)) = a2(2) = 3, (@2 0 5) (2) = 2 and (2 0 5) (3) = 1,

it follows that
(123 123\ (123)
“oxs={132)°\231)7\321)=%

By Theorem 10.13, it follows that composition of permutations on the same
nonempty set A is associative. Hence, for all integers i, j, k € {1,2, - -, 6},

(aioaj)oak =ot,-o(ajootk).

Also, by Theorem 10.15, since a permutation is a bijective function, each permuta-
tion has an inverse, which is also a permutation. Thus, for each i (1 <i < 6), o} — j
for some j (1 < j < 6). The inverse of a permutation can be found by interchanging the
two rows and then re-ordering the columns so that the top row is in the natural order

1,2,3,.... Thus,
S (231) (123
% =\123)=\312) =%

The set of all n! permutations of the set {1, 2, , - - -, n} is denoted by S,,. Thus,
Sy ={oy,00,..., a6}

As we have seen with S3, the elements of S, satisfy the properties of closure, asso-
ciativity and the existence of inverses for every positive integer n. This will be revisited
in Chapter 15.

SECTION 10.5 EXERCISES

10.49.

10.50.
10.51.

Let A = {a, b, c}. Give an example of a function f : A — A such that the inverse (relation) f~! is not a

function.

Show that the function f : R — R defined by f(x) = 4x — 3 is bijective and determine f~'(x) for x € R.

Show that the function f : R — {3} — R — {5} defined by f(x) = 5%3 is bijective and determine f~'(x)
for x € R — {5}.

X
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10.52. The functions f : R — R and g : R — R defined by f(x) = 2x 4+ 1 and g(x) = 3x — 5 for x € R are
bijective. Determine the inverse function of go f~!.

10.53. Let A and B be sets with |A| = |B| = 3. How many functions from A to B have inverse functions?
10.54. Let the functions f : R — Rand g: R — R be defined by f(x) = 2x + 3 and g(x) = —3x + 5.

(a) Show that f is one-to-one and onto.

(b) Show that g is one-to-one and onto.

(c) Determine the composition function g o f.
(d) Determine the inverse functions f~! and g~'.

(e) Determine the inverse function (go f)~' of go f and the composition f~! o g7!.

for all x € A.

10.55. Let A =R — {1} and define f : A - A by f(x) = 1
X —

(a) Prove that f is bijective.
(b) Determine f~'.
(c) Determine fo fo f.
10.56. Let A, B and C be nonempty sets and let f, g and & be functions such that f : A — B, g: B — C and
h : B — C. For each of the following, prove or disprove:
(@) Ifgof=ho f,theng=h.
(b) If fis one-to-oneand go f = ho f,then g = h.
10.57. The function f : R — Ris defined by
) L ifx<1
X) =
Vx—1 ifx> 1.
(a) Show that f is a bijection.
(b) Determine the inverse f~! of f.
10.58. Suppose, for a function f : A — B, that there is a function g : B — A such that f o g = ip. Prove thatif g
is surjective, then go f = ix.
10.59. Let f:A — B,g: B — Cand h: B— C be functions where f is a bijection. Prove thatif go f = ho f,

then g = h.
(12345 (12345 L . 1
10.60. Leta = (2 345 1) and g = <3 554 1) be permutations in Ss. Determine o o 8 and S~
123456 123456
10.61. Leta = (264153>and,3= (536214) be elements of Sg.

(a) Determine o' and B~!. (b) Determine o o 8 and 8 o «.

10.62. Prove for every integer n > 3 that there exist o, B € S, for whicha o 8 # B o «.

Chapter 10 Supplemental Exercises

:D The Chapter  10.63. Let f: R — R be the function defined by f(x) = x> +3x+4.
Presentation for

Chapter 10 can be ) ’
found at (b) Find all pairs r, r, of real numbers such that f(r;) = f(rp).

go00.g1/MrqVnH (c) Show that f is not surjective.

(a) Show that f is not injective.
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10.65.

10.66.

10.67.

10.68.

10.69.
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(d) Find the set S of all real numbers such that if s € S, then there is no real number
x such that f(x) = s.

(e) What well-known set is the set S in (d) related to?
Let f : R — R be the function defined by f(x) = x> + ax + b, where a, b € R.

Show that f is not one-to-one. [Hint: It might be useful to consider the cases a # 0
and a = 0 separately.]

In Result 10.4, we saw that the (linear) function f : R — R defined by

f(x) = 3x — 5 is one-to-one. In fact, we have seen other linear functions that are
one-to-one. Prove the following generalization of this result: The function

f : R — Rdefined by f(x) = ax + b, where a, b € R and a # 0, is one-to-one.

Evaluate the proposed proof of the following result.
Result  The function f : R — {1} — R — {3} defined by f(x) =

bijective.

is

x—1

Proof First, we show that f is one-to-one. Assume that f(a) = f(b), where

3 3b
a,b e R —{1}. Then 4 _ o1 Crossmultiplying, we obtain

a— _
3a(b — 1) = 3b(a — 1). Simplifying, we have 3ab — 3a = 3ab — 3b. Subtracting
3ab from both sides and dividing by —3, we have a = b. Thus, f is one-to-one.

Next, we show that f is onto. Let f(x) = r. Then

=r;s03x=r(x—1).

Simplifying, we have 3x = rx — r and so 3x — rx = —r. Therefore, x(3 — r) = —r.

Since r € R — {3}, we can divide by 3 — r and obtain x = 3—r — 3
—r =

Therefore,

r 3(,%)_ 3r 3
f(x)=f<r—3>= 1 r—(0-3 3 "

Thus, f is onto. [

For each of the following functions, determine, with explanation, whether the
function is one-to-one and whether it is onto.

(@ f:RxR— R xR, where f(x,y)=Bx—2,5v+7)

(b) g:Z xZ — Z x Z, where gm,n) = (n+ 6,2 —m)

(¢) h:Z xZ — 7 x Z,where h(r,s) = 2r+1,4s+3)

) ¢:ZxZ—>S={a+bv2: a,beZ}, where ¢(a,b) = a+ b2

() @ : R — R x R, where a(x) = (&%, 2x + 1).

Let S be a nonempty set. Show that there exists an injective function from P(S)
to P(P(S)).

LetA = {a, b, c,d, e}. Then f = {(a, ¢), (b, e), (c,d), (d, b), (e, a)} is a bijective
function from A to A.

(a) Show that it is possible to list the five elements of A in such a way that the
image of each of the first four elements on the list is to the immediate right of
the element and that the image of the last element on the list is the first element
on the list.

(b) Show that it is not possible to list elements of A as in (a) for every bijective
function from A to A.
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10.70.

10.71.

10.72.

10.73.

10.74.

10.75.

10.76.

10.77.

10.78.

LetA=R—{0}andlet f: A — A be defined by f(x) =1 — i for all x € A.
(a) Show that f o f o f = is. (b) Determine f~'.
Give an example of a finite nonempty set A and a bijective function f : A — A such
that (1) f #£ ix, (2) fof #isand 3) fo fo f =ia.
For nonempty sets A and B and functions f : A — Band g: B — A, suppose that
g o f = iy, the identity function on A.
(a) Prove that f is one-to-one and g is onto.
(b) Show that f need not be onto.
(c) Show that g need not be one-to-one.
(d) Prove that if f is onto, then g is one-to-one.
(e) Prove that if g is one-to-one, then f is onto.
(f) Combine the results in (d) and (e) into a single statement.
LetA={1,2},B={1,—1,2, -2} and C = {1, 2, 3, 4}. Then f ={(1, 1), (1, —1),
(2,2), (2, —2)} is arelation from A to B while g = {(1, 1), (—1, 1), (2, 4), (=2, 4)}
is a relation from B to C. Furthermore,

gf ={(x,2): (x,y) € fand (v, z) € g for some y € B}
is a relation from A to C. Observe that even though the relation f is not a function
from A to B, the relation gf is a function from A to C. Explain why.

A relation f on Ris defined by f = {(x,y) :x € Randy=xory = —x} anda
function g : R — Ris defined by g(x) = x2. Then
gf =1{(x,2): (x,y) € fand (y, z) € g for some y € R}.
(a) Explain why f is not a function from R to R.
(b) Show that gf is a function from R to R and explicitly determine it.
(c) Even though the relation f is not a function from R to R, the relation gf is a
function from R to R. Explain why.
LetA={1,2},B={1,2,3,4}and C = {1, 2, 3, 4, 5, 6}. Give an example of a
function f from A to B and a relation g from B to C that is not a function from B to C
such that
gf ={(x,2): (x,y) € fand (y, z) € g for some y € B}
is a function from A to C.
Let F be the set of all functions with domain and codomain R. Define a relation R
on F by f R gif there exists a constant C such that f(x) = g(x) + C for all x € R.
(a) Show that R is an equivalence relation.
(b) Let f € F. If the derivative of f is defined for all x € R, then use this
information to describe the elements in the equivalence class [ f].

Let S be the set of odd positive integers. A function F : N — S is defined by
F(n) = k for each n € N, where £ is that odd positive integer for which

3n 4 1 = 2"k for some nonnegative integer m. Prove or disprove the following:
(a) F is one-to-one. (b) F is onto.

A function F : N — N U {0} is defined by F(n) = m for each n € N, where m is
that nonnegative integer for which 3n + 1 = 2"k and k is an odd integer. Prove or
disprove the following:

(a) F isone-to-one. (b) F isonto.
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Recall that the derivative of Inx is 1/x and that the derivative of x" is nx"~! for every

integer n. In symbols, < (Inx) = ! and £ (x") = nx"~". Let f : Rt — Rbe

defined by f(x) = Inx for every x € R™. Prove that the nth derivative of f(x) is

given by f™(x) = w for every positive integer .

Let f : R — Rbe defined by f(x) = xe™ for every x € R. Prove that the nth

derivative of f(x) is given by f™(x) = (—1)"e~*(x — n) for every positive integer .

The function & : Zs — Z,4 is defined by h([a]) = [3a] fora € Z.

(a) Prove that the function 4 is well-defined, that is, prove that if [a] = [b] in Zs,
then i([a]) = h([D]) in Zyq.

(b) For the subsets A = {[0], [3], [6], [9], [12], [15]} and B = {[0], [8]} of Zs,
determine the subsets 4(A) and h(B) of Zo,.

(c) For the subsets C = {[0], [6], [16], [18]} and D = {[4], [8], [16]} of Z»4,
determine 4~ (C) and h~' (D).

Let f: R — {1} — R — {5} be defined by f(x) = it where s, 7 0.
P

(a) Prove that f is bijective.
(b) Determine f~!(x).

Let f : R — R be defined by f(x) = /1 — x3.
(a) Prove that f is bijective.
(b) Determine f~!(x).

Let U be some universal set and A a subset of U. A function g4 : U/ — {0, 1} is
defined by

|1 ifrea
A =10 ifx ¢ A.

Verify each of the following.

(@) gu(x)=1forallx e U.

(b) gp(x) =0forallx € U.

(¢) Forf =R and A = [0, 00), (g4 0 g4)(x) = 1 forx € R.

(d) For subsets A and Bof f andC = AN B, gc = (ga) - (gp), where
((ga) - (g8))(x) = ga(x) - gp(x).

(e) ForA C U, gz(x) =1— ga(x)foreachx e U.

(a) LetS ={a, b, c,d} and let T be the set of all six 2-element subsets of S. Show
that there exists an injective function f : § — {0, 1, 2, ..., |T|} such that the
functiong: T — {1, 2, ...,|T|} defined by g({i, j}) = |f(@) — f(j)| is
bijective.

(b) LetS ={a, b, c,d, e} and let T be the set of all ten 2-eclement subsets of S.
Show that there exists no injective function f : S — {0, 1,2, ..., |T|} such that
the function g: T — {1, 2, ..., |T|} defined by g({i, j}) = |f(@) — f(j)| is
bijective.

(c) For the sets S and T in (b), show that there exists an injective function
f:8—{0,1,2,...,|T|+ 2} such that the function
g: T — {1,2,...,]T| + 2} defined by g({i, j}) = | f(@) — f(j)] is injective.

(d) The results in (b) and (c) should suggest a question to you. Ask and answer
such a question.
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any consider the Italian mathematician and scientist Galileo Galilei to be the

founder of modern physics. Among his major contributions was his mathemat-
ical view of the laws of motion. Early in the 17th century, Galileo applied mathematics
to study the motion of the earth. He was convinced that the earth revolved about the sun,
an opinion not shared by the Catholic Church at that time. This led him to be imprisoned
for the last nine years of his life.

Galileo’s two main scientific writings were Dialogue Concerning the Two Chief
World Systems and Discourses and Mathematical Demonstrations Concerning Two New
Sciences, the first published before he went to prison and the second published (in the
Netherlands) while he was in prison. In these two works, he would often discuss scientific
theories by means of a dialogue among fictional characters. It is in this manner that he
could state his positions on various theories.

One topic that intrigued Galileo was infinite sets. Galileo observed that there is a
one-to-one correspondence (that is, a bijective function) between the set N of positive
integers and the subset S of N consisting of the squares of positive integers. This led
Galileo to observe that even though there are many positive integers that are not squares,
there are as many squares as there are positive integers. This led Galileo to be faced
with a property of an infinite set that he found bothersome: There can be a one-to-one
correspondence between a set and a proper subset of the set. While Galileo concluded
correctly that the number of squares of positive integers is not less than the number of
positive integers, he could not bring himself to say that these sets have the same number
of elements.

Bernhard Bolzano was a Bohemian priest, philosopher and mathematician. Although
best known for his work in calculus during the first half of the 19th century, he too was in-
terested in infinite sets. His Paradoxes of the Infinite, published two years after his death
and unnoticed for twenty years, contained many ideas of the modern theory of sets. He
noted that one-to-one correspondences between an infinite set and a proper subset of
itself were common. Furthermore, Bolzano was comfortable with this fact, contrary to
Galileo’s feelings. The German mathematician Richard Dedekind studied under the bril-
liant Carl Friedrich Gauss. Dedekind had a long and productive career in mathematics
and made many contributions to the study of irrational numbers. What had confused
Galileo and interested Bolzano gave rise to a definition of an infinite set by Dedekind
during the last part of the 19th century: A set S is infinite if it contains a proper subset that
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can be put in one-to-one correspondence with S. Certainly, then, understanding infinite
sets was not an easy task, even among well-known mathematicians of the past.

We mentioned in Chapter 1 that the cardinality |S| of a set S is the number of ele-
ments in S and, for the present, we would use the notation |S| only when S is a finite set.
A set S is finite if either S = ¢ or |S| = n for some n € N; while a set is infinite if it is
not finite. It may seem that we should write |S| = oo if S is infinite but we will soon see
that this is not particularly informative. Indeed, it is considerably more difficult to give a
meaning to |S] if S is an infinite set; however, it is precisely this topic that we are about
to explore.

11.1 NUMERICALLY EQUIVALENT SETS

Theorem 11.1

Proof

It is rather obvious that the sets A = {a, b, c} and B = {x, y, z} have the same cardinality
since each has exactly three elements. That is, if we count the number of elements in
two sets and arrive at the same value, then these two sets have the same cardinality.
There is, however, another way to see that the sets A and B described above have the
same cardinality without counting the elements in each set. Observe that we can pair
off the elements of A and B, say as (a, x), (b, y) and (c, z). This implies that A and B
have the same number of elements, that is, |[A| = |B|. What we have actually done is
describe a bijective function f : A — B, namely f = {(a, x), (b, y), (c, 2)}. Although it
is much easier to see that |A| = |B| by observing that each set has three elements than
by constructing a bijective function from A to B, it is this latter method of showing that
|A] = |B| that can be generalized to the situation where A and B are infinite sets.

Two sets A and B (finite or infinite) are said to have the same cardinality, written
|A| = |B|, if either A and B are both empty or there is a bijective function from A to B.
Two sets having the same cardinality are also referred to as numerically equivalent sets.
Two finite sets are therefore numerically equivalent if they are both empty or if both have
n elements for some positive integer n. Consequently, two nonempty sets A and B are
not numerically equivalent, written |A| # |B], if there is no bijective function from one
set to the other. The study of numerically equivalent infinite sets is more challenging but
considerably more interesting than the study of numerically equivalent finite sets.

The justification for the term “numerically equivalent sets” lies in the following
theorem, which combines the major concepts of Chapters 9 and 10.

Let S be a nonempty collection of nonempty sets. A relation R is defined on S by AR B
if there exists a bijective function from A to B. Then R is an equivalence relation.

LetA € S. Since the identity function iy : A — A is bijective, it follows that A R A. Thus,
R is reflexive. Next, assume that A R B, where A, B € S. Then there is a bijective function
f 1A — B.ByTheorem 10.15, f has an inverse function f’1 : B — A and, furthermore,
f~!is bijective. Therefore, B R A and R is symmetric.

Finally, assume that A R B and B R C, where A, B, C € S. Then there are bijective
functions f : A — Band g : B — C. It follows by Corollary 10.12 that the composition
go f 1A — Cisbijective as well and so A R C. Therefore, R is transitive. Consequently,
R is an equivalence relation. L]
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Example 11.2

According to the equivalence relation defined in Theorem 11.1, if A is a nonempty
set, then the equivalence class [A] consists of all those elements of S having the same
cardinality as A; hence, the term “numerically equivalent sets” is natural for two sets
having the same cardinality.

Let S = {A1, Ay, A3, Ay, As, Ag} where

Al = {17 2a 3}’ A2 = {a, b, c, d}y A3 = {x9 Yy, Z},
Ay ={r, 5,1}, As = {m, n}, A¢ = {7, 8,9, 10}.
Then every two of the sets Aj, A3 and A4 are numerically equivalent, while A, and Ag

are numerically equivalent. This says that |A| = |A3| = |A4| and |A;| = |A¢|. The only
set in § that is numerically equivalent to As is As itself. Thus,

[A1] = {A1, A3, A4}, [A2] = {A2, A} and [As5] = {As})
are the distinct equivalence classes of S. ¢
While Example 11.2 deals only with finite sets, it is infinite sets in which we will be

primarily interested in this chapter. In particular, we will have a special interest in sets
that are numerically equivalent to N or to R.

SECTION 11.1 EXERCISES

11.1. Let S = {A;, A, A3, A4, As} be a collection of five subsets of the set A = {—5, —4, ..., 5}, where
Al={xeA:1<x* <10}
Ay={xeA: (x+2)(x—4) > 0}
Ay={xeA:|x+2|+|x—-3] <5}

A4:{X€AI

1 2
o §}

As ={x € A :sin F =0}.
A relation R is defined on Sby A; RA; (1 < i, j < 5)if A; and A; are numerically equivalent. According to
Theorem 11.1, R is an equivalence relation. Determine the distinct equivalence classes for this equivalence

relation.

11.2. (a) Let S be a collection of n > 2 numerically equivalent sets. Prove that these sets can be shown to be
numerically equivalent by means of n — 1 bijective functions between pairs of sets in S.

(b) What other question is suggested by the problem in (a)?

11.2 DENUMERABLE SETS

In order to start gaining an understanding of the cardinality of an infinite set, we begin
with a particular class of infinite sets. A set A is called denumerable if |A| = |N|, that
is, if A has the same cardinality as the set of natural numbers. Certainly, if A is denu-
merable, then A is infinite. By definition, if A is a denumerable set, then there is a bijec-
tive function f : N — A and so f = {(1, f(1)), (2, f(2)), (3, f(3)), .. .}. Consequently,
A ={f(1), f(2), f(3), ...}, thatis, we can list the elements of A as f(1), f(2), f(3),....
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Equivalently, we can list the elements of A as ay, as, a3, ..., where then a; = f(i) for
i € N. Conversely, if the elements of A can be listed as ay, az, a3, . .., where a; # a; for
i # j,then A is denumerable since the function g : N — A defined by g(n) = a,, for each
n € N is certainly bijective. Therefore, A is a denumerable set if and only if it is possible
to list the elements of A as ay, a», as, ... and so A = {ay, a», as, .. .}.

A set is countable if it is either finite or denumerable. Countably infinite sets are
then precisely the denumerable sets. Hence, if A is a nonempty countable set, then we
can either write A = {a;, a», a3, ..., a,} forsomen € Nor A = {ay, ap, as, ...}. A set
that is not countable is called uncountable. An uncountable set is necessarily infinite.
It may not be clear whether any set is uncountable but we will soon see that such sets do
exist.

Let’s look at a few examples of denumerable sets. Certainly, N itself is denumer-
able since the identity function ix : N — N is bijective. However, not only is the set of
positive integers denumerable, the set of all integers is denumerable. The proof of this
fact that we give illustrates a common technique for showing that a set is denumerable,
namely, if we can list the elements of a set A as ay, a3, a3, . . . such that every element of
A appears exactly once in the list, then A is denumerable.

The set Z of integers is denumerable.

Observe that the elements of Z can be listed as 0, 1, —1, 2, —2, . ... Thus, the function
f : N — Z described in Figure 11.1 is bijective and so Z is denumerable. ]
12 34 5 ...
R R N AN
01 -12-2--.

Figure 11.1 A bijective function f : N — Z

The function f : N — Z given in Figure 11.1 can also be defined by

1+ (-1)"2n—1
fmy = T EEE D

Although we have already observed that this function f is bijective, Exercise 11.8 asks
for a formal proof of this fact.

The fact that Z is denumerable illustrates what Galileo had observed centuries ago:
It is possible for two sets to have the same cardinality where one is a proper subset of
the other. (Such a situation could never occur with finite sets, however.) For example,

N C Z and |N| = |Z|. This fact serves as an illustration of a result, the proof of which
is a bit intricate.

(11.1)

Every infinite subset of a denumerable set is denumerable.

In the proof, we begin with two sets, which we’ll call A and B, where A is denumerable,
B C A and B is infinite. Because A is denumerable, we can write A = {a;, a», a3, .. .}.
Since our goal is to show that B is denumerable, we need to show that we can write
B = {by, by, b3, ...}. The question, of course, is how to do it.
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Theorem 11.4

Proof

Because B is an infinite subset of A, some of the elements of A belong to B (in fact,
infinitely many elements of A belong to B); while, most likely, some elements of A do
not belong to B. We can keep track of the elements of A that belong to B by means
of a set of positive integers, which we’ll denote by S. If a; € B, then 1 € S; if a; ¢ B,
then 1 ¢ S. In general, n € S if and only if @, € B. Certainly, S € N. Since N is a
well-ordered set (by the Well-Ordering Principle), S contains a smallest element, say s.
That is, a; € B. Furthermore, if r is an integer such that 1 < r < s, then a, ¢ B. It is
the element a, that we will call by. It is now logical to look at the (infinite) set S — {s}
and consider its smallest element, say ¢. Thus, ¢ > s. The element a; will become b;.
And so on.

Since we want to give a precise and careful proof, we are already faced with two
problems. First, denoting the smallest element of S by s and denoting the smallest ele-
ment of § — {s} by ¢ will present difficulties to us. We need to use better notation. So,
let us denote the smallest element of S by i; (so b; = a;,) and the smallest element of
S — {i1} by i» (so by = a;,). This is much better notation. The other problem we have
is when we wrote “And so on.” Once we have the positive integers i; and i, it will
follow that the positive integer i3 is the least element of S — {i|, i»}. In general, once
we have determined the positive integers iy, i, . . ., iy, Where k € N, the positive integer
ir+1 is the smallest element of S — {iy, i3, . . ., ix}. In fact, this suggests that the elements
by, by, b3, ... can be located in A using induction.

After using induction to construct the set {b, by, b3, ...}, which we will denote by
B, say, then we still have one more concern. Are we certain that B* = B? Because each
element of B’ belongs to B, we know that B* C B. To show that B’ = B, we must also
be sure that B C B'. As we know, the standard way to show that B C B’ is to take an
arbitrary element b € B and show that b € B'.

Let’s now write a complete proof. ¢

Every infinite subset of a denumerable set is denumerable.

Let A be a denumerable set and let B be an infinite subset of A. Since A is denumerable,
we can write A = {ay,a3,a3,...}. Let S={i € N : a; € B}; that is, S consists of all
those positive integers that are subscripts of the elements in A that also belong to B. Since
B is infinite, S is infinite. First, we use induction to show that B contains a denumerable
subset. Since S is a nonempty subset of N, it follows from the Well-Ordering Principle
that S has a least element, say i;. Let by = a;,. Let S; = § — {i;}. Since S| # ¥ (indeed,
S is infinite), S has a least element, say i,. Let b, = a;,, which, of course, is distinct
from b;. Assume that for an arbitrary integer k > 2, the (distinct) elements by, b, . . ., by
have been defined by b; = a;, for each integer j with 1 < j < k, where | is the smallest
element in S and ; is the minimum elementin S;_; = § — {iy, i2, ..., ij—1} for2 < j < k.
Now let iy, be the minimum element of Sy = § — {iy, i>, ..., ik} and let by = a;,,,.
Hence, it follows that for each integer n > 2, an element b,, belongs to B that is distinct
from by, by, ..., b,_1. Thus, we have exhibited the elements by, b,, b3, ... in B.

Let B = {by, by, b3, ...}. Certainly B' C B. We claim, in fact, that B = B'. It re-
mains only to show that B C B'. Let b € B. Since B C A, it follows that b = a,, for some
neNandsoneS. If n=1i,then b=>b = a, and so b € B'. Thus, we may assume
that n > i;. Let S’ consist of those positive integers less than n that belong to S. Since
n > i andi; € S, it follows that S # @. Certainly, 1 < |S'| < n — 1;s0 5 is finite. Thus,
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|S’| = m for some m € N. The set §’ therefore consists of the m smallest integers of S,

thatis, S’ = {iy, i, . .., in}. The smallest integer that belongs to S and is greater than i,
must be i, of course, and i,y > n. Butn € §,so0n =i,y andb=aq, =a;,,, €B.
Hence, B = B’ = {by, b, b3, ...}, which is denumerable. [

In order to use Theorem 11.4 to describe other denumerable sets, it is convenient to
introduce some additional notation. Let k € N. Then the set kZ is defined by

kZ = {kn: n e Z}.
Similarly,
kN = {kn: n € N}.
Thus, 1Z = Z and 1IN = N, while 2Z is the set of even integers. An immediate conse-
quence of Theorem 11.4 is stated next.
The set 2Z of even integers is denumerable.

Since 27 is infinite and 2Z C Z, it follows by Theorem 11.4 that 2Z is denumerable. m

Of course, kZ is denumerable for every nonzero integer k. We now describe a de-
numerable set that can be obtained from two given denumerable sets. Recall, for sets A
and B, that the Cartesian product A x B = {(a,b): a € A, b € B}.

If A and B are denumerable sets, then A x B is denumerable.

Since A and B are denumerable sets, we can write A = {a;, d»,as3,...} and B =
{by, by, b3, ...}. Consider the table shown in Figure 11.2(a), which has an infinite (de-
numerable) number of rows and columns, where the elements a;, a,, as, . .. are written
along the side and by, by, bs, ... are written across the top. In row i, column j of the
table, we place the ordered pair (a;, b;). Certainly, every element of A x B appears ex-
actly once in this table. This table is reproduced in Figure 11.2(b), where the directed

b1 b2 b3
ay (Gl,bl) (G17b2) (a17b3) .o ay
a9 (ag,bl) (Clg,bQ) (CLQ./bg) ¢ (%)
as ((13-,51) (a:$7b2) ((l:&-,b:s) cte as
(a) (b)

Figure 11.2  Constructing a bijective function f : N — A x B
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lines indicate the order in which we will encounter the entries in the table. That is, we
encounter the elements of A x B in the order

(ar, by), (a1, b2), (az, by), (a1, b3), (a2, by), . ...

Since every element of A x B occurs in this list exactly once, this describes a bijec-
tive function f : N — A x B, where

fQ) = (a1, b1), f(2) = (a1, b2), f(3) = (a2, b1), f(4) = (a1, b3), f(5) = (a2, b), . ...
Therefore, A x B is denumerable. [

We can use a technique similar to that used in proving Result 11.6 to show that
another familiar set is denumerable.

The set QT of positive rational numbers is denumerable.

Consider the table shown in Figure 11.3(a). In row i, column j, we place the rational
number j/i. Certainly, then, every positive rational number appears in the table of Fig-
ure 11.2(a); indeed, it appears infinitely often. For example, the number 1/2 appears in
row 2, column 1, as well as in row 4, column 2.

1 9 3 4 1 9 3 4
1 2 3 4
L 1 1 1 !
1 9 3 4 4
9o | L 2 3 4 9 4
2 3 2 3 5
1 2 3 4 4
313 3 3 3 3 3
1 95 3 4 4
41 2 3 4 4 4
i1 1 1 1
(a) (b)

Figure 11.3 A table used to show that Q" is denumerable

The table of Figure 11.3(a) is reproduced in Figure 11.3(b), where the arrows indi-
cate the order in which we will consider the entries in the table. That is, we now consider
the positive rational numbers in the order

2 2
1 20 3

3 1 4
1 1

1 1
1 2

With the aid of this list, we can describe a bijective function f : N — Q™. In partic-
ular, we define f(1)=1/1=1,f2)=2/1=2,f3)=1/2 and f(4)=3/1 =3 as
expected. However, since 2/2 = 1 and we have already defined f(1) = 1, we do not
define f(5) = 1 (since f must be one-to-one). We bypass 2/2 = 1 and, following the

arrows, go directly to the next number on the list, namely 1/3. In fact, whenever we
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encounter a number on the list that we have previously seen, we move to the next num-
ber on the list. In this manner, the function f being described will be one-to-one. The
function f is shown in Figure 11.4.

~

—_ < =
N <— N
= <— W
W<« b
wim<— W
Coe

Figure 11.4 A bijective function f : N — Q%

Because every element of Q7 is eventually encountered, f is onto as well and so f
is bijective. Consequently, Q" is denumerable. L]

The function f described in Figure 11.4 is by no means unique. There are many
ways to traverse the positive rational numbers in the table described in Figure 11.3(a).
The tables shown in Figure 11.5 indicate two additional methods.

1 2 3 4 1 2 3 4
4 1 2 3 4

L 1 V1T i 1
3 4 3 4

9 34 9 | L 2 3 4
2 2 J 2 2 2

2 3 4 1 2 3h 4

3 3 3 3 31 333 3
4 [ L2 3 4 4|12 3 4
1 11 1 i 1 1 1

Figure 11.5 Traversing the positive rational numbers

Some care must be taken when proceeding about the entries in the table of Figure 11.3(a).
For example, traversing the positive rational numbers by rows (see Figure 11.6) just
won’t do. Since the first row never ends, we will only encounter the positive integers.

The set QF can also be shown to be denumerable with the aid of the table in
Figure 11.7. In the first row, all positive rational numbers j/i with i = 1 are shown.
In the second row, all positive rational numbers j/i with i = 2 and such that j/i has been
reduced to lowest terms are shown. This results in the rational number (2j — 1)/2 inrow 2,
column j. We continue in this manner with all other rows. In this way, every positive
rational number appears exactly once in the table. Thus, when we proceed through the
entries as the arrows indicate, we obtain the positive rational numbers in the order

l 9 l 9 27 1 9 23 3 b ] 9.
and the corresponding bijective function g : N — Q. Therefore, g(1) = 1, g(2) = 2,
g(3)=1/2,g(4) =73, g(5) =3/2 and so on.
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Figure 11.6 How not to traverse the positive rational numbers

s BRI wlot NI

L [ BV 1SN

Figure 11.7  Another bijective function g : N — Q*

Now that we have shown that Q% is denumerable, it is not difficult to show that the
set Q of all rational numbers is denumerable.

Result 11.8 The set Q of all rational numbers is denumerable.

Proof Since Q" is denumerable, we can write QT = {q1, ¢2, g3, .. .}. Thus, Q = {0} U {g1, ¢2,
4, -- -y Y {—q1, —q2, —q3, . ..}. Therefore, Q = {0, q1, —q1, g2, —¢q2, . . .} and the func-
tion f : N — Q shown in Figure 11.8 is bijective and so Q is denumerable. ]
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12 3 4 5
fod4d 4L
0qg1 —q192—q2 -+

Figure 11.8 A bijective function f : N — Q

SECTION 11.2 EXERCISES

11.3.
11.4.

11.5.
11.6.

11.7.

11.8.
11.9.
11.10.
11.11.

11.12.
11.13.

11.14.
11.15.
11.16.
11.17.
11.18.

11.19.

Prove that if A and B are disjoint denumerable sets, then A U B is denumerable.

Let R™ denote the set of positive real numbers and let A and B be denumerable subsets of R*. Define
C ={xeR: —x € B}. Show that A U C is denumerable.

Prove that |Z| = |Z — {2}].
(a) Prove that the function f : R — {1} — R — {2} defined by f(x) = % is bijective.
(b) Explain why |R — {1}| = |R — {2}].

Let
2 2
S:{xeR:x:W,neN}.
n

Define £ : N — Sby f(n) = 22,

n

(a) List three elements that belong to S.
(b) Show that f is one-to-one.

(c) Show that f is onto.

(d) Is S denumerable? Explain.

Prove that the function f : N — Z defined in (11.1) by f(n) = &L= i bijective.
Show that every denumerable set A can be partitioned into two denumerable subsets of A.
Let A be a denumerable set and let B = {x, y}. Prove that A x B is denumerable.

Let B be a denumerable set and let A be a nonempty set of unspecified cardinality. If f : A — Bisa
one-to-one function, then what can be said about the cardinality of A? Explain.

Prove that the set of all 2-element subsets of N is denumerable.

A Gaussian integer is a complex number of the form a + bi, where a, b € Z and i = +/—1. Show that the
set G of Gaussian integers is denumerable.

Prove that S = {(a, b) : a,b € Nand b > 2a} is denumerable.

Let S € N x N be defined by S = {(i, j) : { < j}. Show that S is denumerable.

Let Ay, Ay, Az, ... be pairwise disjoint denumerable sets. Prove that U2, A; is denumerable.
LetA = {a;, ay, a3, ...}. Define B=A — {a,2 : n € N}. Prove that |[A| = |B|.

A function f : N x N — N is defined by f(m, n) = 2""'(2n — 1).

(a) Prove that f is one-to-one and onto.

(b) Show that N x N is denumerable.

Prove that every denumerable set A can be partitioned into a denumerable number of denumerable subsets
of A.
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11.3 UNCOUNTABLE SETS
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Prove

PROOF STRATEGY

Although we have now given several examples of denumerable sets (and consequently
countably infinite sets), we have yet to give an example of an uncountable set. We will
do this next. First though, let’s review a few facts about decimal expansions of real num-
bers. Every irrational number has a unique decimal expansion and this expansion is non-
repeating, while every rational number has a repeating decimal expansion. For example,
13—1 = 0.272727 - - -. Some rational numbers, however, have two (repeating) decimal ex-
pansions. For example, % =0.5000- - - and % = 0.4999 - - .. (The number % has only one
decimal expansion.) In particular, a rational number a/b, where a, b € N, that is reduced
to lowest terms has two decimal expansions if and only if the only primes that divide b
are 2 or 5. If a rational number has two decimal expansions, then one of the expansions
repeats the digit O from some point on (that is, the decimal expansion terminates), while
the alternate expansion repeats the digit 9 from some point on.

We are now prepared to give an example of an uncountable set. Recall that for real
numbers a and b with @ < b, the open interval (a, b) is defined by

(a,b)={xeR: a<x<b}.

Although, as it will turn out, all open intervals (a, b) of real numbers are uncountable,
we will prove now only that (0, 1) is uncountable.

The open interval (0, 1) of real numbers is uncountable.

Since uncountable means not countable, it is not surprising that we should try a proof
by contradiction here. So the proof would begin by assuming that (0, 1) is countable.
Since (0, 1) is an infinite set, this means that we are assuming that (0, 1) is denumerable,
which implies that there must exist a bijective function f : N — (0, 1). Therefore, for
each n € N, f(n) is a number in the set (0, 1). It might be convenient to introduce some
notation for the number f(n), say f(n) = a,, where then 0 < a,, < 1. Since f is assumed
to be one-to-one, it follows that a; # a; for distinct positive integers i and j. Each number
a, has a decimal expansion, say a, = 0.a,1a,0a,3 - - -, where a, is the first digit in the
expansion, a,; is the second digit in the expansion and so on. We have to be a bit careful
here, however, for, as we have seen, some real numbers have two decimal expansions.
To avoid possible confusion, we can choose the decimal expansion that repeats the digit 0
from some point on. That is, no real number a, has a decimal expansion that repeats 9
from some point on.

But where does this lead to a contradiction? From what we have said, (0, 1) =
{ai, ar, a3, ...}. If we can think of some real number b € (0, 1) such that b ¢ {a;, a»,
as, ...}, then this would give us a contradiction because this would say that f is not onto.
So, we need to find anumber b € (0, 1) such that b # a, foreachn € N. Since b € (0, 1), the
number b has a decimal expansion, say b = 0.b,b,b3 - - -. How can we choose the digits
by, by, bs, ... sothat b # a, for every n € N? We could choose b; # a1, by # ax, etc.
But would this mean that b # ay, b # a,, etc? Care must be taken here as well. For exam-
ple, 0.500 - - - and 0.499 - - - are two equal numbers whose first digits in their expansions
are not equal. Of course, the reason for this is that one is the alternate decimal expansion
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of the other. Thus, provided we can avoid selecting a decimal expansion for b that is the
alternate decimal expansion for some number a,, where n € N, we will have found a
number b € (1, 0) such that b ¢ {ay, a;, as, ...}. This will give us a contradiction. ¢

The open interval (0, 1) of real numbers is uncountable.

Assume, to the contrary, that (0, 1) is countable. Since (0, 1) is infinite, it is denumerable.
Therefore, there exists a bijective function f : N — (0, 1). For n € N, let f(n) = a,,.
Since a, € (0, 1), the number a, has a decimal expansion, say 0.a,1a,2a,3 - - -, where
an €1{0,1,2,...,9}foralli € N.If g, is irrational, then its decimal expansion is unique.
If a, € Q, then the expansion may be unique. If it is not unique, then, without loss of
generality, we assume that the digits of the decimal expansion 0.a,;a,2a,3 - - - are 0 from
some position on. For example, since f is bijective, 2/5 is the image of exactly one
positive integer and this image is written as 0.4000 - - - (rather than as 0.3999- - -). To
summarize, we have

f(1)=a; =0.ananai---
fQ2)=a, =0.a21apa3 - - -

f(3) = a3 =0.a31a34a33 - -

We show that the function f is not onto, however. Define the number b =
0.b1b2b3 LN where b,‘ € {4, 5} foralli e N, by

b, — {4 if a;; = 5

T 5 if aijj ;é 5.
(For example, let’s suppose that a; =0.31717---,a, = 0.151515--- and a3 =
0.04000 - - -. Then the first three digits in the decimal expansion of b are 5, 4 and 5,

thatis, b = 0.545---.)

For each i € N, the digit b; # a;;, implying that b # a,, for all n € N since b is not
the alternate expansion of any rational number, as no digit in the expansion of b is 9.
Thus, b is not an image of any element of N. Therefore, f is not onto and, consequently,
not bijective, producing a contradiction. ]

In the proof of Theorem 11.9, each digit in the decimal expansion of the number b
constructed is 4 or 5. We could have selected any two distinct digits that did not use 9.
It is now easy to give examples of other uncountable sets with the aid of the following
result.

Let A and B be sets such that A C B. If A is uncountable, then B is uncountable.

Let A and B be two sets such that A C B and A is uncountable. Necessarily then A and B
are infinite. Assume, to the contrary, that B is denumerable. Since A is an infinite subset
of a denumerable set, it follows by Theorem 11.4 that A is denumerable, producing a
contradiction. [ ]

The set R of real numbers is uncountable.
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Proof Since (0, 1) is uncountable by Theorem 11.9 and (0, 1) C R, it follows by Theorem 11.10

Theorem 11.12

Theorem 11.13

that R is uncountable. [

Let’s pause for a moment to review a few facts that we’ve discovered about infi-
nite sets (at least about certain infinite sets). First, recall that two nonempty sets A and
B are defined to have the same cardinality (same number of elements) if there exists a
bijective function from A to B. We’re especially interested in the situation when A and B
are infinite. One family of infinite sets we’ve introduced is the class of denumerable
sets. Recall too that a set S is denumerable if there exists a bijective function from
Nto S.

Suppose that A and B are two denumerable sets. Then there exist bijective functions
f:N— Aandg: N — B. Since f is bijective, f has an inverse function f~! : A — N,
where f~! is also bijective (Theorem 10.15). Since f':A — N and g:N — B
are bijective functions, it follows that the composition function go f~! : A — Bis also
bijective (Corollary 10.12). This tells us that |A| = |B|, that is, A and B have the same
number of elements. We state this as a theorem for emphasis.

Every two denumerable sets are numerically equivalent.

Next, suppose that B is an uncountable set. So, B is an infinite set that is not denumer-
able. In addition, suppose that A is a denumerable set. Therefore, there exists a bijective
function f : N — A. We claim that |A| # |B|, that is, A and B do not have the same num-
ber of elements. Let’s prove this. Assume, to the contrary, that |[A| = |B|. Hence, there
exists a bijective function g : A — B. Since the functions f : N - Aandg: A — Bare
bijective, the composition function go f : N — B is bijective. But this means that B is
a denumerable set, which is a contradiction. We also state this fact as a theorem.

If A is a denumerable set and B is an uncountable set, then A and B are not numerically
equivalent.

Theorems 11.12 and 11.13 can also be considered as consequences of Theorem 11.1.
In particular, Theorem 11.13 says that Z and R are not numerically equivalent and so
|Z] # |R|. So, here are two infinite sets that do nor have the same number of elements.
In other words, there are different sizes of infinity. This now brings up a number of
questions, one of which is: Do there exist three infinite sets so that no two of them have
the same number of elements? Also, if A is a denumerable set and B is an uncountable
set, is one of these sets “bigger” than the other in some sense? In other words, we would
like to be able to compare |A| and |B| in some precise manner. Since |Z| # |R| and
Z C R, it is tempting to conclude that |Z| < |R| but we have yet to give a meaning to
|A] < |B| for infinite sets A and B. This idea will be addressed in Section 11.4. We should
remind ourselves, however, that for infinite sets C and D, it is possible that both C C D
and |C| = |D|. For example, Z C Q and |Z| = |Q| since Z and Q are both denumerable.
Before leaving our discussion of Z and R, one other observation is useful. Recall that,
according to Theorem 11.4, if B is an infinite subset of a denumerable set A, then B is
also denumerable. But what if A is uncountable? That is, if B is an infinite subset of an
uncountable set A, can we conclude that B is uncountable? The sets Z and R answer this
question since Z is infinite, R is uncountable and Z C R. However, Z is not uncountable.
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We have now seen two examples of uncountable sets, namely the open interval (0, 1) of
real numbers and the set R of all real numbers. Neither of these sets have the same number
of elements as any denumerable set. But how do they compare with each other? We will
show, in fact, that these two sets have the same number of elements. Prior to verifying this,
we show that the open interval (—1, 1) and R have the same number of elements.

The sets (—1, 1) and R are numerically equivalent.

The obvious approach to proving this theorem is to locate a bijective function
f:(—=1,1) = R. Actually, there are several such functions with this property. With
each such function, we are faced with the problem of determining how involved it is
to show that the function is bijective. We describe one of these here. Another is given in
Exercise 11.25. Consider the function f : (—1, 1) — R defined by

(See Figure 11.9.) This function is defined for all x € (—1, 1). Observe that f(0) = 0,
f(x) > 0when 0 <x < 1and f(x) <0 when —1 < x < 0. This function also has the
property that

= +o00 and lim
—1-1— |X| x——17 1— |x|

If you recall enough information about continuous functions from calculus, you might
see that this function is continuous on the interval (—1, 1). From this information, it
follows that f((—1, 1)) = R and that f is onto. Also, the derivative of this function on
the interval (—1, 1) is

oy ifxe0,1)
foy=1 1 ifx=0
—(H'X)z ifx e (—1,0).

This says that f'(x) > 0 for all x € (—1, 1) and so f is an increasing function on the
interval (—1, 1). This information tells us that f must be one-to-one and so f is bijective.

y

Figure 11.9  The graph of y =

X
T—[x]
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While the argument just given relies on calculus and you may not recall all of this,
an argument can be given that is of the type we have been discussing. ¢

Theorem 11.14 The sets (—1, 1) and R are numerically equivalent.

Proof Consider the function f : (—1, 1) — R defined by

fx) =

. 11.2
T (11.2)
We show that f is bijective. First, we verify that f is one-to-one. Let f(a) = f(b), where

abe(ll) Then 5 = 25 If “‘a‘——‘—Othena—b 0. If o =

1
ITM > 0,thena > 0 and b > 0. Thus, -+ = Lb Hence, a(1 — b) = b(1 — a) and SO

a=h. Ifla‘a| ZITW < 0, thena<0andb<0 Thus, < 1+a = 1er.Hence,a(1+b)=

b(1 4 a) and so a = b. Therefore, f is one-to-one.

Next, we show that f is onto. Let 7 € R. Since f(0) = 0, we may assume that » # 0.
Ifr > 0, then1—+r € (0, l)andf(lLH) =r.Ifr <0,then ;= € (=1,0)and f(;=) =r.
Thus, f is onto.

Since f is a bijective function, the sets (—1, 1) and R are numerically equivalent. m

Itis straightforward to show that the function g : (0, 1) — (—1, 1) defined by g(x) =
2x — 1 is bijective. For this function g and the function f in (11.2) in the proof of The-
orem 11.14, it therefore follows that f o g: (0, 1) — R is also bijective. This gives an
immediate corollary.

Corollary 11.15 The sets (0, 1) and R are numerically equivalent.

Not only are (0, 1) and R numerically equivalent (as well as (—1, 1) and R), but
every open interval (a, b) of real numbers with a < b and R are numerically equivalent.

(See Exercise 11.23.)

SECTION 11.3 EXERCISES

11.20.
11.21.
11.22.

11.23.

11.24.
11.25.

Prove that the set of irrational numbers is uncountable.
Prove that the set of complex numbers is uncountable.

Prove that the open interval (—2, 2) and R are numerically equivalent by finding a bijective function
h:(—2,2) — R. (Show that your function is, in fact, bijective.)

(a) Prove that the function f : (0, 1) — (0, 2), mapping the open interval (0, 1) into the open interval
(0, 2) and defined by f(x) = 2x, is bijective.

(b) Explain why (0, 1) and (0, 2) have the same cardinality.

(c) Leta, b € R, where a < b. Prove that (0, 1) and (a, b) have the same cardinality.
Prove that R and R* are numerically equivalent.
Consider the function g : (—1, 1) — R defined by g(x) =

(a) Prove that g is onto.
(b) Prove that g is one-to-one.
(¢) From the information obtained in (a) and (b), what conclusion can be made?
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11.4 COMPARING CARDINALITIES OF SETS
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Theorem 11.16

Proof

As we know, two nonempty sets A and B have the same cardinality if there exists a
bijective function f : A — B. Let’s illustrate this concept one more time by showing
that two familiar sets associated with a given set are numerically equivalent. Recall that
the power set P(A) of a set A is the set of all subsets of A and that 24 is the set of
all functions from A to {0, 1}. If A = {a, b, ¢}, then |P(A)| = 23 = 8. Also, the set 24
contains 21! = 23 = 8 functions. So in this case, P(A) and 24 have the same number of
elements. This is not a coincidence.

For every nonempty set A, the sets P(A) and 24 are numerically equivalent.

If we can construct a bijective function ¢ : P(A) — 24, then this will prove that P(A)
and 24 are numerically equivalent. We use ¢ for this function since 24 is a set of functions
and it is probably better to use more standard notation, such as f, to denote the elements
of 24. But how can such a function ¢ be defined? Let’s take a look at P(A) and 24 for
A = {a, b}. In this case,

P(A) = {9, {a}, {b}, {a, b}};
while 24 = {1, f5, f», f4}, where

i =1{@a,0),(,0}, f={a 1), 0)},
f3 = {((l, 0)’ (bv ])}’ f4 = {(Cl, 1)7 (bv 1)}

Since each of P(A) and 2 has four elements, we can easily find a bijective function from
P(A) to 24. But this is not the question. What we are looking for is a bijective function
¢ : P(A) — 24 for A = {a, b} that suggests a way for us to define a bijective function
from P(A) to 2* for any set A (finite or infinite). Notice, for A = {a, b}, the connection
between the following pairs of elements, the first element belonging to P(A) and the
second belonging to 24:

@, fi={(a,0), (b,0)}

{a}, fo={(a D), 0)}

b},  f3=1{(a,0),(®, 1}

{a, b}, fa={(a, D), (b, D}
For example, the subset {a} of {a, b} contains a but not b, while f> maps a to 1 and b to 0.
For an arbitrary set A, this suggests defining ¢ so that a subset S of A is mapped into the
function in which 1 is the image of elements of A that belong to S and O is the image of
elements of A that do not belong to S. ¢

For every nonempty set A, the sets P(A) and 2 are numerically equivalent.

We show that there exists a bijective function ¢ from P(A) to 24. Define ¢ : P(A) — 24
such that for § € P(A), we have ¢(S) = fs, where, forx € A,

1 if xes
fs() = {0 if x¢S.
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Certainly, fs € 24. First, we show that ¢ is one-to-one. Let ¢(S) = ¢(T). Thus, fs = fr,
which implies that fs(x) = fr(x) for every x € A. Therefore, fs(x) = 1 if and only if
fr(x) = 1forevery x € A; thatis,x € Sifandonlyifx € T andso S =T.

It remains to show that ¢ is onto. Let f € 24. Define

S={xeA: f(x)=1}.

Hence, fs = f and so ¢(S) = f. Thus, ¢ is onto and, consequently, ¢ is bijective. [ ]

Itis clear that A = {x, y, z} has fewer elements than B = {a, b, ¢, d, e}, that is, |A| < |B|.
And it certainly seems that |B| < |N| and that, in general, any finite set has fewer
elements than any denumerable set (or than any infinite set). Also, our discussion about
countable and uncountable sets appears to suggest that uncountable sets have more el-
ements than countable sets. But these assertions are based on intuition. We now make
this more precise.

A set A is said to have smaller cardinality than a set B, written as |A| < |B|, if there
exists a one-to-one function from A to B but no bijective function from A to B. That is,
|A] < |B| if it is possible to pair off the elements of A with some of the elements of B but
not with all of the elements of B. If |A| < |B|, then we also write |B| > |A|. For example,
since N is denumerable and R is uncountable, there is no bijective function from N
to R. Since the function f : N — R defined by f(n) = n for all n € N is injective, it
follows that |[N| < |R|. Moreover, |A| < |B| means that |[A| = |B| or |A| < |B|. Hence,
to verify that |[A| < |B|, we need only show the existence of a one-to-one function from
AtoB.

The cardinality of the set N of natural numbers is often denoted by X (often read
“aleph null”); so [N| = Ry. Actually, R is the first letter of the Hebrew alphabet. Indeed,
if A is any denumerable set, then |[A| = 8. The set R of real numbers is also referred
to as the continuum and its cardinality is denoted by c. Hence, |R| = ¢ and from what
we have seen, Ry < c. It was the German mathematician Georg Cantor who helped to
put the theory of sets on a firm foundation. An interesting conjecture of his became
known as:

The Continuum Hypothesis  There exists no set S such that
Ro < |S] <ec.

Of course, if the Continuum Hypothesis were true, then this would imply that every
subset of R is either countable or is numerically equivalent to R. However, in 1931
the Austrian mathematician Kurt Godel proved that it was impossible to disprove the
Continuum Hypothesis from the axioms on which the theory of sets is based. In 1963
the American mathematician Paul Cohen took it one step further by showing that it
was also impossible to prove the Continuum Hypothesis from these axioms. Thus, the
Continuum Hypothesis is independent of the axioms of set theory.

Another question that might occur to you is the following: Is there a set S such that
|S| > ¢? This is a question we can answer, however, and the answer might be surprising.

If A is a set, then |[A| < |[P(A)|.
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First, it is not surprising that |[A| < |P(A)]| if A is finite, for if A has n elements, where
n € N, then P(A) has 2" elements and 2" > n (which was proved by induction in Re-
sult 6.16). Of course, we must still show that |A| < |P(A)| when A is infinite. First, we
show that there exists a one-to-one function f : A — P(A) for every set A. Let’s give
ourselves an example, say A = {a, b}. Then P(A) = {0, {a}, {b}, {a, b}}. Although there
are many injective functions from A to P(A), there is one natural injective function:

f=A{(a,{a}), (b, {bD};

in other words, define f : A — P(A) by f(x) = {x}.

Once we have verified that this function is one-to-one, then we know that |A| <
|P(A)|. To show that the inequality is strict, however, we must prove that there is no
bijective function from A to P(A). The natural technique to verify this is proof by
contradiction. ¢

If A is a set, then |A| < |P(A)|.

If A=0, then |A| =0 and |P(A)| = 1; so |A| < |P(A)|. Hence, we may assume that
A # (). First, we show that there is a one-to-one function from A to P(A). Define the
function f: A — P(A) by f(x) = {x} for each x € A. Let f(x;) = f(x2). Then {x;} =
{x2}. So, x; = x; and f is one-to-one.

To prove that |A| < |P(A)|, it remains to show that there is no bijective function
from A to P(A). Assume, to the contrary, that there exists a bijective function g: A —
P(A). For each x € A, let g(x) = A,, where A, C A. We show that there is a subset of A
that is distinct from A, for each x € A. Define the subset B of A by

B={xeA: x¢A,l

By assumption, there exists an element y € A suchthat B=A,.If y € A, theny ¢ B by
the definition of B. On the other hand, if y ¢ A,, then, according to the definition of the
set B, it follows that y € B. In either case, y belongs to exactly one of A, and B. Hence,
B # A,, producing a contradiction. ]

According to Theorem 11.17, there is no largest set. In particular, there is a set S
with |S] > c.

SECTION 11.4 EXERCISES

11.26. Prove or disprove the following:

(a) If A is an uncountable set, then |A| = |R].
(b) There exists a bijective function f : Q — R.
(c) If A, B and C are sets such that A C B C C and A and C are denumerable, then B is denumerable.

(d) ThesetS = [ Y2y e N} is denumerable.

n ot

(e) There exists a denumerable subset of the set of irrational numbers.

(f) Every infinite set is a subset of some denumerable set.
(g) If A and B are sets with the property that there exists an injective function f : A — B, then |A| = |B|.
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11.27. Let A and B be nonempty sets. Prove that |A| < |A x B|.

11.28. Prove or disprove: If A and B are two sets such that A is countable and |A| < |B|, then B is uncountable.
11.29. How do the cardinalities of the sets [0, 1] and [1, 3] compare? Justify your answer.

11.30. Let A = {a, b, c¢}. Then P(A) consists of the following subsets of A:

Ay =0,Ap=A,A. ={a,b},A; = {a, c},
A, = {b,c}, Ay = {a}, Ay = {b}, Aj = {c}.

In one part of the proof of Theorem 11.17, it was established (using a contradiction argument) that
|A] < |P(A)] for every nonempty set A. In this argument, the existence of a bijective function
g:A — P(A) is assumed, where g(x) = A, for each x € A. Then a subset B of A is defined by

B={xeA: x¢A,}.

(a) For the sets A and P(A) described above, what is the set B?
(b) What does the set B in (a) illustrate?

11.31. Prove or disprove: There is no set A such that 24 is denumerable.

11.5 THE SCHRODER-BERNSTEIN THEOREM

Let f be a function from a set A to a set B and let D be a nonempty subset of A. By the
restriction f; of f to D, we mean the function

fi={xy) e f: xeD}

Hence, a restriction of f refers to restricting the domain of f. For example, for the
sets A = {a, b, c,d} and B = {1, 2, 3}, let f = {(a, 2), (b, 1), (c, 3), (d, 2)} be a func-
tion from A to B. For D = {a, c}, the restriction of f to D is the function f; : D — B
given by {(a, 2), (¢, 3)}. Sometimes, we might also consider a new codomain B’ for
such a restriction fi of f. Of course, we must have range(f;) C B’. Next, consider the
function g : R — [0, 0o) defined by g(x) = x* for x € R. Although g is onto, g is not
one-to-one since g(1) = g(—1) = 1, for example. On the other hand, the restriction g;
of g to [0, co) is one-to-one and so the restricted function g; : [0, co) — [0, co) defined
by g1(x) = g(x) = x? for all x € [0, 00) is bijective. On the other hand, if f : A — B is
a one-to-one function, then any restriction of f to a subset of A is also one-to-one.

Let f:A — B and g: C — D be functions, where A and C are disjoint sets. We
define a function s from A U C to BU D by

fx) ifxeA

hix) = {g(x) ifxeC.

Recalling that a function is a set of ordered pairs, we see that / is the union of the two
sets f and g. Of course, it is essential for A and C to be disjoint in order to be guaranteed
that 4 is a function. If f and g are onto, then & must be onto as well; however, if f and
g are one-to-one, then & need not be one-to-one. The following result does provide a
sufficient condition for / to be one-to-one, however.
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Proof

Theorem 11.19

Proof
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Letf: A — Bandg: C — D be one-to-one functions, where A N C = ¢, and where the
function i : AU C — B U D is defined by

| fx ifxeA
hix) = {g(x) ifxeC.
If BN D = @, then K is also a one-to-one function. Consequently, if f and g are bijective
functions, then £ is a bijective function.

Assume that h(x;) = h(x;) =y, where x;,x, € AUB. Then y e BUD. So, y € B or
y € D, say the former. Since BN D = {, it follows that y ¢ D. Hence, x;, x, € A and
s0 h(x1) = f(x1) and h(xy) = f(x2). Since f(x;) = f(x) and f is one-to-one, it follows
that x; = x». [

Let A and B be nonempty sets such that B € A and let f : A — B. Thus, for x € A,
the element f(x) € B. Since B C A, it follows, of course, that f(x) € A and so f(f(x)) € B.
It is convenient to introduce some notation in this case. Let f'(x) = f(x) and let
F2(x) = f(f(x)). In general, for an integer k > 2, let f*(x) = f(f*'(x)). Hence, f'(x),
F2(x), f3(x), ... is a recursively defined sequence of elements of B (and of A as well).
Thus, f"(x) is defined for every positive integer n.

For example, consider the function f : Z — 2Z defined by f(n) = 4nforalln € Z.
Then f1(3) = f(3) =4-3 =12and f?(3) = f(f(3)) = f(12) =4 - 12 = 48.

If A and B are nonempty sets such that B C A, then the function ¢ : B — A defined
by ¢(x) = x for all x € B is injective. This gives us the expected result that |B| < |A|.
On the other hand, if there is an injective function from A to B, a more interesting con-
sequence results.

Let A and B be nonempty sets such that B C A. If there exists an injective function from
A to B, then there exists a bijective function from A to B.

If B = A, then the identity function iy : A — B = A is bijective. Thus, we can assume
that BC A and so A — B # (. Let f : A — B be an injective function. If f is bijec-
tive, then the proof is complete. Therefore, we can assume that f is not onto. Hence,
range(f) C B and so B — range(f) # (.

Consider the subset B’ of B defined by

B ={f"(x): x€e A—B,n e N]}.

Thus, B’ C range(f). Hence, foreach x € A — B, its image f(x) belongs to B'. Moreover,
for x € A — B, the element f>(x) = f(f(x)) € B, f3(x) = f(f*(x)) € B’ and so on.

Let C = (A — B) U B and consider the restriction f; : C — B’ of f to C. We show
that f) is onto. Lety € B'. Theny = f"(x) for some x € A — B and some n € N. This im-
plies thaty = f(x) forsomex € A — Bory = f(x) for some x € B. Therefore, fi(x) =y
for some x € C and so f; is onto. Furthermore, since f is one-to-one, the function f is
also one-to-one. Hence, fi : C — B’ is bijective.
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Theorem 11.20

Proof

Let D = B — B'. Since B — range(f) # @ and B — range(f) € B — B, it follows
that D # (. Also, D and B’ are disjoint, as are D and C. Certainly, the identity function
ip : D — Dis bijective. Let h : CUD — B’ U D be defined by

[ ifxecC
hix) = {iD(x) if x € D.

By Lemma 11.18, K is bijective. However, C U D = A and B’ U D = B; so his a bijective
function from A to B. [

From what we know of inequalities (of real numbers), it might seem that if A and
B are sets with |A| < |B| and |B| < |A|, then |A| = |B|. This is indeed the case. This
theorem is often referred to as the Schroder-Bernstein Theorem.

(The Schroder-Bernstein Theorem) If A and B are sets such that |A| < |B| and
|B| < |Al, then |A| = |B].

Since |A| < |B| and |B| < |A|, there are injective functions f : A — Band g: B — A.
Thus, g1 : B — range(g) defined by g (x) = g(x) for all x € B is a bijective function. By
Theorem 10.15, gfl exists and gfl : range(g) — B is a bijective function.

Since f : A — B and g, : B — range(g) are injective functions, it follows by The-
orem 10.11 that g, o f : A — range(g) is an injective function. Because range(g) C A,
we have by Theorem 11.19 that there exists a bijective function 2 : A — range(g). Thus,
h : A — range(g) and gl_1 : range(g) — B are bijective functions. By Corollary 10.12,

gl’loh:A—>B

is a bijective function and |A| = |B|. [ ]

The Schroder-Bernstein Theorem is referred to by some as the Cantor — Schroder-
Bernstein Theorem. Although the history of this theorem has never been fully docu-
mented, there are several substantiated facts.

A mathematician who will forever be associated with the theory of sets is Georg
Cantor (1845-1918). Born in Russia, Cantor studied for and obtained his Ph.D. in math-
ematics from the University of Berlin in 1867. In 1869 he became a faculty member at
the University of Halle in Germany. It was while he was there that he became interested
in set theory.

In 1873 Cantor proved that the set of rational numbers is denumerable. Shortly after-
wards, he proved that the set of real numbers is uncountable. In this paper, he essentially
introduced the idea of a one-to-one correspondence (bijective function). During the next
several years, he made numerous contributions to set theory — studying sets of equal
cardinality. There were, however, a number of problems that proved difficult for Cantor.

Consider the following two theorems:

Theorem A For any two cardinal numbers a and b, exactly one of the following
occurs: (1) a=b, (2) a<b, (3) a>b.

Theorem B If A and B are two sets for which there exist a one-to-one function
from A to B and a one-to-one function from B to A, then |A| = |B|.



Theorem 11.21

Proof

11.5 The Schroder-Bernstein Theorem 299

Cantor observed that once Theorem A had been proved, Theorem B could be proved.
On the other hand, there has never been any evidence that Cantor was able to prove
Theorem A. Ernst Zermelo (1871-1953) was able to prove Theorem A in 1904. How-
ever, Zermelo’s proof made use of an axiom formulated by Zermelo. This axiom, which
was controversial in the mathematical world for many years, is known as the Axiom of
Choice.

The Axiom of Choice. For every collection of pairwise disjoint nonempty sets,
there exists at least one set that contains exactly one element from each of these
nonempty sets.

As it turned out, not only can the Axiom of Choice be used to prove Theorem A, but
Theorem A is true if and only if the Axiom of Choice is true.

Ernst Schroder (1841-1902), a German mathematician, was one of the important
figures in mathematical logic. During 1897-1898 Schroder presented a “proof” of Theo-
rem B, which contained a defect however. About the same time, Felix Bernstein
(1878-1956) gave his own proof of Theorem B in his doctoral dissertation, which
became the first complete proof of Theorem B. His proof did not require knowledge
of Theorem A.

You may be surprised to learn that R and the power set of N are numerically equiv-
alent. But how could one ever find a bijective function between these two sets? Theo-
rem 11.21 tells us that discovering such a function is unnecessary.

The sets P(N) and R are numerically equivalent.

First we show that there is a one-to-one function f : (0, 1) — P(N). Recall that a real
number a € (0, 1) can be expressed uniquely asa = 0.a;aa3 - - -, whereeacha; € {0, 1,
..., 9} and there is no positive integer N such that a, = 9 for all n > N. Thus, we define

fla)={10""a,: ne N} =A.

For example, f(0.1234) = {1, 20, 300, 4000} and f(1/3) = {3, 30, 300, ...}. We now
show that f is one-to-one. Assume that f(a) = f(b), where a,b € (0,1) and a =
O.aiapas ---and b = 0.b1bybs - - - with a;, b; € {0, 1, ..., 9} for each i € N such that the
decimal expansion of neither a nor b is 9 from some point on. Therefore,

A={10"'a,: neN}={10""'b,: ne N} =B.

Consider the ith digit, namely a;, in the decimal expansion of a. Then 10Ha,- eA. If
a; # 0, then 10"~ ', is the unique number in the interval [10'~', 9. 10'~!] belonging to
A.Since A = B, itfollows that 10'~'a; € B. However, 10i_'bi is the unique number in the
interval [10°"!, 9. 101 belonging to B; so 10'g; = 10~'b;. Thus, a; = b;. If a; = 0,
then 0 € A and there is no number in the interval [10'"!, 9 - 10"~!] belonging to A. Since
A = B, it follows that 0 € B and there is no number in the interval [107"', 9-10"]
belonging to B. Thus, b; = 0 and so a; = b;. Hence, a; = b; for all i € N, and so a = b.
Therefore, f is one-to-one and |(0, 1)] < |P(N)|.
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Next we define a function g : P(N) — (0, 1). For S C N, define g(S) = 0.s1s253 - - -,
where
_J1ifnes
"=12 ifnes.
Thus, g(S) is areal number in (0, 1), whose decimal expansion consists only of 1s and 2s.
We show that g is one-to-one. Assume that g(S) = g(T'), where S, T € N. Thus,

g8) =5s=0.s51883---=011tat3--- =1t = g(T),
where
_J1liftnes dr = 1 ifneT
=1 2ifngs MO T V2 itng T

Since the decimal expansions of s and ¢ contain no Os or 9s, both s and ¢ have unique
decimal expansions. We show that S = T'. First, we verify that S C T. Let k € S. Then
sy = 1. Since s = ¢, it follows that 7, = 1, which implies that k € T. Hence, S C T. The
proof that 7 € S is similar and is therefore omitted. Thus, S = T and g is one-to-one.
Therefore, |P(N)| < |(0, 1)|. By the Schroder-Bernstein Theorem, |P(N)| = |(0, 1)|.
By Corollary 11.15, |(0, 1)| = |R|. Thus, |[P(N)| = |R|. ]

As a corollary to Theorems 11.16 and 11.21, we have the following result.

Corollary 11.22  The sets 2N and R are numerically equivalent.

We have already mentioned that |A| = 8¢ for every denumerable set A and that
IR| = c. If A is denumerable, then we represent the cardinality of the set 24 by 2% By
Corollary 11.22, 2% = ¢,

SECTION 11.5 EXERCISES

11.32
11.33

11.34.
11.35.
11.36.

11.37.

Prove that if A, B and C are nonempty sets such that A € B € C and |A| = |C|, then |A| = |B]|.
Use the Schroder-Bernstein Theorem to prove that |(0, 1)] = |[0, 1]|.

Prove that |Q — {g}| = R for every rational number ¢ and |R — {r}| = ¢ for every real number r.
Let R* be the set obtained by removing the number O from R. Prove that |[R*| = |R]|.

Let f : Z — 2Z be defined by f(k) = 4k for all k € Z.

(a) Prove that f"(k) = 4"k for each k € Z and each n € N.

(b) For this function f, describe the sets B, C and D and functions f; and 4 given in Theorem 11.19.
Express each positive rational number as m/n, where m, n € N and m/n is reduced to lowest terms. Let d,,
denote the number of digits in a € N. Thus, d, = 1, dj3 = 2 and djop = 3. Define the function

f: Q" — N so that f(m/n) is the positive integer with 2(d,, + d,,) digits whose first d,, digits is the
integer m, whose final d,, digits is the integer n and all of whose remaining d,, + d,, digits are 0. Thus,
f(2/3) =2003 and f(10/271) = 1000000271.

(a) Prove that f is one-to-one.

(b) Use the Schroder-Bernstein Theorem to prove that QT is denumerable.
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Chapter 11 Supplemental Exercises

:D The Chapter ~ 11.38. Evaluate the proposed proof of the following result.

Presentation for
Chapter 11 can be
found at
goo.gl/x2beWq

11.39.

11.40.

11.41.

11.42.
11.43.

11.44.
11.45.

Result Let A and B be two sets with |[A| = |B|. If a € A and b € B, then
|A —{a}| = |B — {D}|.

Proof Since A and B have the same number of elements and one element is
removed from each of A and B, it follows that |[A — {a}| = |B — {b}|.

Evaluate the proposed proof of the following result.

Result  The sets (0, oo) and [0, co) are numerically equivalent.

Proof Define the function f : (0, c0) — [0, 00) by f(x) = x. First, we show that

f is one-to-one. Assume that f(a) = f(b). Then a = b and so f is one-to-one.

Next, we show that f is onto. Let r € [0, 00). Since f(r) = r, the function f is onto.

Since f is bijective, |(0, c0)| = |[0, 00)|.

The floor |x] of a real number x is the greatest integer less than or equal to x.

Therefore, |5.5] =5, |3] =3 and |-5.5] = —6. Let f : N — Z be defined by

f(n) = (=1D)"n/2].

(a) Prove that f is bijective.

(b) What does (a) tell us about Z? (See Result 11.3.)

Show that the following pairs of intervals are numerically equivalent.

(a) (0,1)and (0, c0)

(b) (0, 1] and [0, c0)

(¢) [b,c)and [a, o0), where a, b,c € Rand b < c.

Let S and T be two sets. Prove that if |[S — T'| = |T — S|, then |S| = |T|.

Prove each of the following statements:

(a) A nonempty set S is countable if and only if there exists a surjective
function f : N — S.

(b) A nonempty set S is countable if and only if there exists an injective
function g : § — N.

Prove that |A| < |N] for every finite nonempty set A.

Let A = (0, 1) be the open interval of real numbers between 0 and 1. For each

number r € A, let 0.r;r,r3 . .. denote its unique decimal expansion in which no
expansion has the digit 9 from some point on. For (a, b) € A x A, let

f((a, b)) = f((O.a1a2a3 ey 0.b1b2b3 .. )) = 0.a1b1a2b2 ey
while for a € A, let
g(a) = g(0.a1aza3 . ..) = (0.a1azas . . ., 0.araqa5 . . .).

With the aid of f and g, which of the following are we able to conclude? Explain
your answer.

(@) |A x Al < Al

(b) 1A] = 1A x Al

(c) 1A xA| = Al
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11.46.

11.47.

11.48.

11.49.

11.50.
11.51.

(d) Nothing because neither f : A x A — Anor g: A — A x A are functions.

(e) Nothing because both f: A xA — Aand g: A — A x A are functions but
neither is injective.

(f) Nothing, for a reason other than those given in (d) and (e).

Prove, for every integer n > 2, that if A|, A,, ..., A, are denumerable sets, then
A; X Ay X --- X A, is denumerable.

As a consequence of Exercise 11.20, the set of all irrational numbers is uncountable.
Among the (many) irrational numbers are V2, 33,45, 2, /3, /5 and /2. Prove
that the set S = {\"/I; : k,n € Nand k, n > 2} is denumerable.

Let b, ¢ € Z. A number r,, . (real or complex) belongs to a set S if 7, . is a root of the
polynomial x> + bx + c. Prove that S is denumerable.

We have seen that R is an uncountable set.

(a) Show that R can be partitioned into a countable number of uncountable sets.
(b) Show that R can be partitioned into an uncountable number of countable sets.
Prove that if A and B are two sets such that |A| = |B|, then |P(A)| = |P(B)|.

(a) Prove that the function f : (1, o0) — (0, 1) defined by f(x) = ij[l is bijective.
(b) What conclusion can be made from the result in (a)?




Proofs in Number Theory

e have now discussed the proof techniques that are used to verify the truth of
mathematical statements. In addition, we have discussed two fundamental con-
cepts that occur throughout mathematics, namely relations (especially equivalence re-
lations) and functions (especially bijective functions). Where we will encounter proofs
most often and where we will need a clear understanding of proof techniques is in the
various areas of mathematics. This will be illustrated in the remaining chapters as we
describe several basic results that occur in a number of the branches of mathematics,
beginning with the area referred to as number theory.
Number theory is that area of mathematics dealing with integers and their properties.
It is one of the oldest branches of mathematics, dating back at least to the Pythagore-
ans (500 b.c.). Number theory is considered to be one of the most beautiful branches of
mathematics. Indeed, it has been said that mathematics is the queen of the sciences; while
number theory is the queen of mathematics. In large measure, this subject is character-
ized by the appeal, clarity and simplicity of many of its problems and by the elegance and
style exhibited in their solutions. The main goal of this chapter is to expand on some of
the things we have learned in order to illustrate the kinds of proofs that occur in number
theory.

12.1 DIVISIBILITY PROPERTIES OF INTEGERS

You may already know that every integer n > 2 can be expressed as a product of primes
and in only one way, except for the order in which the primes are written. We will see later
how to prove this fact, but first we want to return to divisibility of integers (introduced
in Chapter 4) and establish several elementary divisibility properties.

Recall that a prime is an integer p > 2 whose only positive integer divisors are
1 and p. An integer n > 2 that is not prime is called a composite number (or simply
composite). The first ten primes are 2, 3,5,7, 11, 13, 17, 19, 23 and 29. The first ten com-
posite numbers are 4, 6, 8,9, 10, 12, 14, 15, 16 and 18. If an integer n > 2 is composite,
then there exist integers a and b such thatn = ab, where | < a <nand 1 < b < n. Cer-
tainly, if there exist integers a and b such that n = ab, where | <a <nand 1 < b < n,
then n is composite. We summarize these observations in the following lemma.

303
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Lemma 12.1

Theorem 12.2

Proof

PROOF ANALYSIS

Theorem 12.3

Proof

An integer n > 2 is composite if and only if there exist integers a and b such that n = ab,
where l <a<nand1 <b <n.

In Chapter 4, a number of basic divisibility properties were presented. We recall
some of these in the following theorem, where the proofs are also repeated to review the
proof techniques that we used.

Let a, b and c be integers with a # 0.

(i) Ifa | b, thena | bc.
(ii) Ifa| band b | ¢, where b # O, then a | c.
(iii) Ifa| banda | ¢, then a | (bx 4 cy) for every pair x, y of integers.

We begin with part (i). Since a | b, there exists an integer ¢ such that b = aq. Therefore,
bc = a(qc). Since qc is an integer, a | bc.

For part (ii), let a | b and b | c. So, there exist integers ¢g; and g, such that b = aq,
and ¢ = bq,. Consequently,

¢ =bqy = (aq1)q2 = a(q192)-

Since g ¢q; is an integer, a | c.
For part (iii), let a | b and a | c. Then there exist integers ¢g; and g, such that b = aq
and ¢ = aq,. Hence, for integers x and y,

bx + cy = (aq1)x + (aq2)y = a(q1x + q2y).

Since g1x + g2y is an integer, a | (bx + cy). ]

In all three parts of the previous theorem, we were required to show that | s for some
integers r and s, where r 7 0. To do this, we showed that we could write s as r¢ for some
integer ¢. Of course, this is simply the definition of what it means for r to divide s. 4

Proving the two parts of the next theorem relies on the definition of r | s again, as
well as making use of certain observations. For example, in the second part, we use
a fact about absolute values, namely that |xy| = |x||y| for every two real numbers x
and y.

Let a and b be nonzero integers.

(i) Ifa|bandb | a, thena =bora = —b.
(ii) Ifa| b, then |a| < |b|.

We first prove (i). Since a | b and b | a, it follows that b = aq, and a = bg, for some
integers g; and g;. Therefore, a = bg, = (aq)q> = a(q1q>). Dividing by a, we obtain
1 = q192. Hence, q; = g» = 1 or q; = g = —1. Therefore,a = bora = —b.

Next we prove (ii). Since a | b, it follows that b = ag for some integer g. Further-
more, g # 0 since b # 0. So, |g| > 1. Hence,

bl = lag| = lal - g = lal - 1 = |al. L
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SECTION 12.1 EXERCISES

12.1.
12.2.
12.3.
12.4.
12.5.

12.6.
12.7.
12.8.
12.9.

12.10.

12.11.

12.12.

12.13.

12.14.

12.2

Leta, b, c,d € Z with a, ¢ # 0. Prove thatif a | b and c | d, then ac | (ad + bc).
Let a, b € Z with a # 0. Prove thatif a | b, then a | (—b) and (—a) | b.

Let a, b, c € Z with a, ¢ # 0. Prove that if ac | bc, then a | b.

Prove that 3 | (n® — n) for every integer n.

The prime 2 can be expressed as 13 4+ 1. Prove that if n = k> + 1 > 3, where k € Z, then n is not prime.
That is, prove that there is only one prime that is 1 greater than a perfect cube. [Hint: Recall that
B+1l=k+DE —k+1)]

Prove that there is only one prime that is 1 less than a perfect cube.
Prove that 8 | (5%" 4 7) for every positive integer n.
Prove that 5 | (3! 4- 2"+1) for every positive integer 7.

Prove that for every positive integer n, there exist n consecutive positive integers, each of which is
composite. [Hint: Consider the numbers

24+m+DL3+@+DL o on+m+Dn+ 14+ m+ D]

(a) Prove that 6 | (5n® + 7n) for every positive integer 7.

(b) Observe that 5 + 7 = 12 is a multiple of 6. State and prove a generalization of the problem in (a).

Prove the following: Let d be a nonzero integer. If a;, as, . .., a, and x1, x5, ..., x,, are 2n > 2 integers

such thatd | @; foralli (1 <i <n),thend | Y i, aix:.

Let p, denote the nth prime and c, the nth composite number. Thus, p; = 2 and p, = 3, while ¢; = 4 and

¢y = 6. Of course, p, # ¢, for all n € N. Determine all positive integers n such that |p, — ¢,| = 1.

(a) Suppose that there are k distinct positive integers that divide an odd positive integer n. How many
distinct positive integers divide 2n? How many divide 4n?

(b) Suppose that there are k distinct positive integers that divide a positive integer n that is not divisible
by 3. How many distinct positive integers divide 3n? How many divide 9n?

(c) State and answer a question suggested by the questions in (a) and (b).

For an integer n > 2, let m be the largest positive integer less than n such that m | n. Then n = mk for
some positive integer k. Prove that k is a prime.

THE DIVISION ALGORITHM

We have discussed the concept of divisibility a number of times now. Of course, when we
use that term, we are referring to the statement a | b, where a, b € Z and a # 0. Surely,
the term division is more familiar to us. For positive integers a and b, it is an elementary
problem to divide b by a and ask for the quotient ¢ and remainder r. For example, for
a=>5and b =17, we have g = 3 and r = 2; that is, if 17 is divided by 5, a quotient of
3 and a remainder of 2 result. This division can be expressed as 17 =5-3+2.Ifa =6
andb=42,theng=7andr=0;s042=6-7+0or6 | 42.

More generally, for positive integers a and b, it is always possible to write b =
aq + r, where 0 < r < a. The number g is the quotient and r is the remainder when b
is divided by a. In fact, not only do the integers g and r exist, they are unique. This is the
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Theorem to
Prove

PROOF STRATEGY

Theorem 12.4

Proof

essence of a theorem called the Division Algorithm. Although this theorem may seem
rather obvious because you’ve probably used it so often, it is important and its proof is
not all that obvious.

(The Division Algorithm): For positive integers a and b, there exist unique integers g
and rsuchthatb =ag+rand 0 <r < a.

We start the proof then with two positive integers a and b. We have two problems fac-
ing us. First, we need to show that there are integers ¢ and r such that b = aq + r and
0 < r < a. Second, we must show that only one integer ¢ and only one integer r satisfy
the equation b = aq + r and inequality 0 < r < a. How can we come up with integers
q and r satisfying these conditions? Our main concern, as it turns out, is showing that
there exist integers g and r such thatb = ag+rand 0 <r < a.

If a | b, then we know that b = aq for some integer g. So b =aq+ 0 and r =0
satisfies 0 < r < a.If a 1 b, then b # agq for every integer g and so b — aq # 0 for every
integer gq. However, when we perform the operation of dividing b by a, we obtain a
quotient ¢ and a nonzero remainder r. The integer g has the properties that b — ag >
0 and b — aq is as small as possible. Whether a | b or a t b, this suggests considering
the set

S={b—ax: xe€Zand b — ax > 0},

which is a set of nonnegative integers. Once we show that S # ¢, we can apply Theo-
rem 6.7 (which states, for every integer m, that the set {i € Z : i > m} is well-ordered)
to conclude that S has a smallest element r, which means that there is an integer g such
that b — aq = r. So b = aq + r and we have the beginning of a proof. ¢

(The Division Algorithm) For positive integers a and b, there exist unique integers ¢
and rsuchthatb =ag+rand0 <r < a.

First we show that there exist integers ¢ and r such that b = ag + r with 0 < r < a. We
will verify the uniqueness later. Consider the set

S={b—ax: xeZand b — ax > 0}.

By letting x = 0, we see that b € S and S is nonempty. Therefore, by Theorem 6.7, S
has a smallest element r and, necessarily, r > 0. Also, since r € S, there is some integer
g such that r = b — aq. Thus, b = aq + r with r > 0.

Next we show that r < a. Assume, to the contrary, that » > a. Lett = r — a. Then
t > 0.Sincea =r —t and a > 0, it follows that ¢t < r. Moreover,

t=r—a=0b—-aq)—a=b—-(ag+a)=b—alg+1),

which implies that ¢ € S, contradicting the fact that r is the smallest element of S. There-
fore r < a, as desired.

It remains to show that ¢ and r are the only integers for which b = aq + r and
0 < r < a. Let ¢’ and 7 be integers such that b = aq’ + r’, where 0 < r’ < a. We show
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that ¢ = ¢’ and r = v'. Assume, without loss of generality, that ' > r; so ' — r > 0.
Since aq + r = aq’ + 7/, it follows that

alq—q)=r—r.

Since ¢ — ¢’ is an integer, a | (#' — r). Because 0 < ¥ — r < a, we musthave ' —r =0
and so ¥ = r. However,a(g —¢) =r —r=0anda #0;s0¢g—¢ =0andg=¢'. m

In Theorem 12.4 we restricted a and b to be positive. With minor modification in
the proof, we can remove these restrictions, although, of course, we must still require
that a # 0. Exercise 12.20 asks for a proof of the following result.

(The Division Algorithm, General Form) For integers a and b with a # 0, there exist
unique integers ¢ and r such that b = ag + rand 0 < r < |a|.

The proof of Theorem 12.4 is an existence proof since it establishes the existence of
the integers g and r but does not provide a method for finding g and . However, there is an
implicit connection between the proof of the theorem and the manner in which you were
taught to divide one positive integer by another to find the quotient and remainder (as we
mentioned earlier). For instance, when dividing 89 by 14 you first determine the number
of times 14 goes into 89, namely 6. More formally, you found the largest nonnegative
integer whose product with 14 does not exceed 89. This number is 6. You then subtract
14 - 6 = 84 from 89 to find the remainder 5. This determines the least nonnegative value
of 89 — 144, where q is an integer, which corresponds to the least nonnegative value of
the set S for a = 14 and b = 89 in the proof of Theorem 12.4.

Consistent with the notation of Corollary 12.5, find the integers g and r for the given
integers a and b.

(i) a=17, b=18
(ii) a=—17, b="18
(iii) a=17, b= -178
(v) a=—-17, b= -T78

(i) By simple division, we see that dividing 78 by 17 results in a quotient of 4 and a
remainder of 10, that is,
78 =17 -4+ 10; (12.1)

s0,q =4 and r = 10.
(ii) By replacing 17 and 4 in (12.1) by —17 and —4, respectively, we obtain

78 = (—=17)(—4) + 10;

$0,q = —4 and r = 10.
(iii) Multiplying (12.1) through by —1, we have

~78 = —(17 - 4) + (—10) = 17(—4) + (—10). (12.2)

Since every remainder is nonnegative, we subtract 17 from and add 17 to the right side
of (12.2), producing

=18 =17(=5)+7; (12.3)
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so,g=—S5andr=1.
@iv) If, in (12.3), we replace 17 and —5 by —17 and 5, respectively, we have

=18 =(—17)-5+7;

so,g=5andr=17. ¢

We now discuss some consequences of the Division Algorithm. If this algorithm is
applied to an arbitrary integer b when a = 2, then we see that b must have one of the two
forms 2¢g or 2¢g + 1 (according to whether » = 0 or r = 1). Of course, if b = 2¢, then b
is even; while if b = 2¢g + 1, then b is odd. We have seen this earlier and often. This, of
course, shows that every integer is either even or odd.

If we apply the Division Algorithm to an arbitrary integer b when a = 3, then b has
exactly one of the three forms 3¢, 3¢ + 1 or 3¢ + 2 (according to whether r = 0, 1, 2).
We saw this earlier as well in Chapter 4. In general, for an arbitrary integer b and arbitrary
positive integer a, the remainder r is one of the integers 0, 1,2, ...,a — 1. Hence, b is
expressible as exactly one of ag, ag+ 1, ..., aq + (a — 1).

This last remark should also sound familiar. In Chapter 9 we considered, for an
integer n > 2, arelation R defined on Z by a R b if a = b (mod n), thatis, if n | (a — b).
This relation was found to be an equivalence relation and the set

of distinct equivalence classes was referred to as the set of integers modulo n. With the
aid of the Division Algorithm, we now take a closer look at this relation.

For each integer b, there exist, by the Division Algorithm, unique integers g and
r such that b =ng +r, where 0 <r <n. Thus, b—r=nqgandn|(b—r); sob=r
(mod n). Since b R r, it follows that b € [r]. However, since r is the unique integer with
0 <r <n-—1, we see that b belongs to exactly one of the classes [0], [1], ..., [n — 1].
These observations show that

(1) the classes [0], [1], ..., [n — 1] are pairwise disjoint and
(i) Z=[0JU[1]U---U[n—1],

neither of which should seem surprising once we recall that the equivalence classes al-
ways produce a partition of the set on which the equivalence relation is defined. Further-
more, foreachr=0,1,...,n—1,

[rl={ng+r: qgel};

that is, [r] consists of all those integers having a remainder of » when divided by n.
For this reason, these equivalence classes were also referred to as residue classes
modulo 7.

The special case where n = 3 was considered in Chapter 9 and the resulting residue
classes were exhibited. In the present context, these residue classes are

[0]={3q: geZ}={...—6,-3,0,3,6,...)
M=03g+1:qgeZ}=1{..—5-2,1,4,..1}
R1=03¢g+2: geZ}=1{..—4-1,2,5 ..}
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SECTION 12.2 EXERCISES

12.15.

12.16.

12.17.

12.18.

12.19.

12.20.

12.21.

12.22.

12.23.

12.24.

12.25.

12.26.

12.27.
12.28.
12.29.

12.30.

Mlustrate the Division Algorithm for:

@a=17,b=125 (b) a=-17,b=125

() a=8,b=96 (d) a=-8b=96

e a=22,b=—-17 () a=-22,b=—-17

(g a=15,b=0 (h) a=-15,b=0.

Give an example of a prime p of each of the forms:

(@ 4k+1 (b) 4k+3 (c) 6k+1 (d) 6k+5.

Let p be an odd prime. Prove each of the following.

(a) pis of the form 4k 4 1 or of the form 4k + 3 for some nonnegative integer k.

(b) p > 5is of the form 6k + 1 or of the form 6k + 5 for some nonnegative integer k.

Show that, except for 2 and 5, every prime can be expressed as 10k + 1, 10k 4+ 3, 10k + 7 or 10k + 9,
where k € Z.

(a) Prove that if an integer n has the form 6q + 5 for some g € Z, then n has the form 3k + 2 for some
kel
(b) Is the converse of (a) true?

Prove the General Form of the Division Algorithm (Corollary 12.5): For integers a and b with a # 0, there
exist unique integers ¢ and r such that b = ag + rand 0 < r < |a|.

Prove that the square of every odd integer is of the form 4k 4- 1, where k € Z (that is, for each odd integer
a € Z, there exists k € Z such that a®> = 4k + 1).

(a) Prove that the square of every integer that is not a multiple of 3 is of the form 3k + 1, where k € Z.
(b) Prove that the square of no integer is of the form 3m — 1, where m € Z.

Complete the following statement in a best possible manner and give a proof. (See Exercise 12.22(a).) The
square of an integer that is not a multiple of 5 is either of the form or

(a) Prove that for every integer m, one of the integers m, m + 4, m + 8, m + 12, m + 16 is a multiple of 5.

(b) State and prove a generalization of the result in (a).

Prove that if a;, as, . . ., a, are n > 2 integers such that ¢; = 1 (mod 3) for every integer i (1 < i < n), then

ajay - - a, =1 (mod 3).

Let a, b and ¢ be integers. Prove that if abc = 1 (mod 3), then an odd number of a, b and ¢ are congruent

to 1 modulo 3.

Prove or disprove: If a and b are odd integers, then 4 | (a — b) or 4 | (a + b).

Prove for every positive integer n that n> 4+ 1 is not a multiple of 6.

It is known that there are infinitely many positive integers whose square is the sum of the squares of two

positive integers. For example, 5% = 3% + 4% and 13? = 5% + 122.

(a) Prove that there are infinitely many positive integers whose square is the sum of the squares of three
positive integers. For example, 59° = 50% + 30 + 9.

(b) Prove that there are infinitely many positive integers whose square is the sum of the squares of four
positive integers.

(a) Letn € N. Show that for every set S of n distinct integers, there is a nonempty subset 7' of S such that
n divides the sum of the elements of 7. [Hint: Let S = {ay, a3, ..., a,} and consider the subsets
Sy ={ai,ar,...,a} foreachk (1 <k <n).]

(b) Is the word “distinct” necessary in (a)?
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12.31. For an integer n > 2, let S, be the set of all positive integers m for which n is the smallest positive integer
such that when m is divided by n, the remainder 1 results.

(a) What does S, consist of?

(b) To which set S,, does 14 belong?

(c) To which set S,, does 16 belong?

(d) Prove or disprove: For each integer n > 2, the set S, either contains infinitely many elements or is

empty.

12.3 GREATEST COMMON DIVISORS

We now move from the divisors of an integer to the divisors of a pair of integers. An
integer ¢ #% 0 is a common divisor of two integers a and b if ¢ | a and ¢ | b. We are
primarily interested in the largest integer that is a common divisor of @ and b. Formally,
the greatest common divisor of two integers a and b, not both 0, is the greatest posi-
tive integer that is a common divisor of a and b. The requirement that @ and b are not
both 0 is needed since every positive integer divides 0. We denote the greatest com-
mon divisor of two integers a and b by gcd(a, b), although (a, b) is common notation
as well.

If a and b are relatively small (in absolute value), it is normally easy to deter-
mine gcd(a, b). For example, it should be clear that ged(8, 12) =4, gcd(4,9) =1
and gcd(18, 54) = 18. The definition of gcd(a, b) does not require a and b to be
positive; indeed, it only requires at least one of a and b to be nonzero. For example,
gcd(—10, —15) =5, ged(16, —72) = 8 and ged(0, —9) = 9.

There are two useful properties of the greatest common divisor of two integers,
particularly from a theoretical point of view, that we want to mention. For integers a
and b, an integer of the form ax + by, where x, y € Z, is called a linear combination of
a and b. Using this terminology, we can now restate Theorem 12.2(iii): Every nonzero
integer that divides two integers b and c¢ divides every linear combination of » and c.
Although there appears to be no apparent connection between linear combinations of a
and b and gcd(a, b), we are about to see that there is, in fact, a very close connection.
For example, let a = 10 and » = 16. Then 6, —4 and O are all linear combinations of a
and b since, for example,

6=10-(-1)+16-(1), -4=10-(-2)+16-(1)and0=10-0416-0.

The integer 4 is also a linear combination of @ and b since 4 = 10(2) + 16(—1). Further-
more, 2 is a linear combination of a and b since 2 = 10(—3) 4 16(2). On the other hand,
no odd integer can be a linear combination of a and b since if n is a linear combination
of a and b, then there exist integers x and y such that

n=ax—+ by = 10x + 16y = 2(5x + 8y).

Since 5x 4 8y is an integer, n is even. Consequently, 2 is the least positive integer that
is a linear combination of 10 and 16. Curiously enough, gcd(10, 16) = 2. We now show
that this observation is no coincidence. Again, the Well-Ordering Principle will prove to
be useful.
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Let a and b be integers that are not both 0. Then gcd(a, b) is the least positive integer
that is a linear combination of a and b.

Let S denote the set of all positive integers that are linear combinations of a and b, that
is,

S={ax+by: x,y € Zandax+ by > 0}.

First we show that S is nonempty. By assumption, at least one of a and b is nonzero; so
a-a+b-b=a’>+b*>0.Thus,a-a+b-b e Sand, as claimed, S # 0.

Since S is a nonempty subset of N, it follows by the Well-Ordering Principle that S
contains a least element, which we denote by d. Thus, there exist integers x, and y such
that d = axy + byy. We now show that d = gcd(a, b). Applying the Division Algorithm
when a is divided by d, we have a = dq + r, where 0 < r < d. Consequently,

r=a—dq=a— q(axo + byy) = a(l — gxo) + b(—qyo),

that is, r is a linear combination of a and b. If 0 < r < d, then necessarily r € S, which
would contradict the fact that d is the least element in S. Therefore » = 0, which implies
that d | a. By a similar argument, it follows that d | b and so d is a common divisor of a
and b.

It remains to show that d is the greatest common divisor of @ and b. Let ¢ be a
positive integer that is also a common divisor of a and b. By Theorem 12.2 (iii), ¢ divides
every linear combination of a and b and so ¢ divides d = ax + byy. Because c and d are
positive and c | d, it follows that ¢ < d and therefore d = gcd(a, b). [

The proof of Theorem 12.7 illustrates a common proof technique involving divisibility of
integers. At one point of the proof, we wanted to show thatd | a. A common method used
to show that one integer d divides another integer a is to apply the Division Algorithm
and divide a by d, obtaininga = dg + r, where 0 < r < |d| or,ifd > 0,then0 < r < d.
The goal then is to show that r = 0. ¢

There is another characterization of the greatest common divisor of two integers, not
both 0, that is useful to know. This characterization provides an alternative definition of
the greatest common divisor, which, in fact, is used as the definition on occasion.

Leta and b be two integers, not both 0. Then d = gcd(a, b) if and only if d is that positive
integer which satisfies the following two conditions:

(1) dis acommon divisor of @ and b;

(2) if cis any common divisor of a and b, then ¢ | d.

First, assume that d = gcd(a, b). We show that d satisfies (1) and (2). By definition, d sat-
isfies (1); so it only remains to show that d satisfies (2). Let ¢ be an integer such thatc | a
and ¢ | b. Since d = gcd(a, b), there exist integers xy and yy such that d = axy + byo.
Since ¢ | aand ¢ | b, it follows by Theorem 12.2(iii) that c divides axy + byy = d. There-
fore, d satisfies (2).

For the converse, assume that d is a positive integer satisfying properties (1) and (2).
We show that d = ged(a, b). Since d is already a common divisor of a and b, it suffices
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to show that d is the greatest common divisor of a and b. Let ¢ be any positive integer
that is a common divisor of a and b. Since d satisfies (2), ¢ | d. Since ¢ and d are both
positive, it follows by Theorem 12.3(ii) that ¢ < d, which implies that d = gcd(a, b). m

SECTION 12.3 EXERCISES

12.32.

12.33.

12.34.
12.35.

12.36.

Give an example of a set S of four (distinct) positive integers such that the greatest common divisor of all
six pairs of elements of S is 6.

Give an example of a set S of four (distinct) positive integers such that the greatest common divisors of all
six pairs of elements of $ are six distinct positive integers.

Prove for a € Z and n € N that gcd(a, a + n) | n.

Let a and b be two integers, not both 0, where gcd(a, b) = d. Prove for a positive integer k that
gcd(ka, kb) = kd.

For positive integers a, b and c, the greatest common divisor gcd(a, b, ¢) of a, b and c is the largest
positive integer that divides all of a, b and c¢. Let d = gcd(a, b, c¢), e = ged(a, b) and f = ged(e, c). Prove

thatd = f.

12.4 THE EUCLIDEAN ALGORITHM

Lemma 12.9

Proof

Although we know the definition of the greatest common divisor d of two integers a
and b, not both 0, and two characterizations, none of these is especially useful in com-
puting d. For this reason, we describe an algorithm for determining d = gcd(a, b) that
is attributed to the famous mathematician Euclid, best known for his work in geome-
try. First we note that if b = 0, then a # 0 and gcd(a, b) = gcd(a, 0) = |a|. Hence, we
may assume that a and b are nonzero. Furthermore, since gcd(a, b) = ged(a, —b) =
gcd(—a, b) = ged(—a, —b), we can assume that a and b are both positive. In general
then, we may assume that 0 < a < b. The procedure for computing d = gcd(a, b), which
we are about to describe and which is called the Euclidean Algorithm, makes use of
repeated applications of the Division Algorithm and the following lemma.

Let a and b be positive integers. If b = aq + r for some integers g and r, then gcd(a, b) =
gcd(r, a).

Let d = ged(a, b) and e = ged(r, a). We show that d = e. First note that b = ag + r =
aq + r - 1, thatis, bis a linear combination of g and r. Since e = gcd(r, a), it follows that
e|aande | r. By Theorem 12.2 (iii), e | (ag + r- 1) and so e | b. Hence, e is a common
divisor of a and b. Because d = gcd(a, b), we have e < d.

Since b = aq + r, we can write r =b —aq =b -1+ a(—¢q), and so r is a linear
combination of @ and b. From the fact that d = gcd(a, b), we obtaind | (b- 1 + a(—q));
that is, d | r. So, d is a common divisor of r and a. Since e = gcd(r, a), it follows that
d <e.Thus,e =d. ]

We are now prepared to describe the Euclidean Algorithm. We begin with two in-
tegers a and b, where 0 < a < b. By the Division Algorithm,

b=aq, +r,where0 <r <a.
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By Lemma 12.9, gcd(a, b) = gcd(ry, a). So, if r; = 0, then gcd(a, b) = gcd(0, a) =
a. Hence, we may assume that r; # 0 and apply the Division Algorithm to r; and a,
obtaining

a=riqy+ry,where 0 <r, <ry.

At this point, we have gcd(a, b) = ged(ry,a) = ged(ry, ) and 0 <r, <r; <a. If
ry = 0, then ged(a, b) = ged(ry, a) = ged(0, r1) = r;. By now, we should see the use-
fulness of Lemma 12.9 and also what we mean by repeated applications of the Division
Algorithm. We continue this process and obtain the following sequence of equalities and
inequalities:

b=aq +n O<r <a
a=riqp+nr 0<m=<n
Thk—1 = TkGk+1 + Tht1 0<rq<n
By Lemma 12.9,
gcd(a, b) = ged(ry, a) = ged(rp, 1) = -+ - = ged(rggp, re) = - - -

and - -+ <1y <1p < --- < ry <r <a. Since these remainders are nonnegative, the
strictly decreasing sequence 7y, 12, . . . of remainders contains at most a terms. Let 7,

be the last nonzero remainder. Thus, r, = 0. We then have:
b=aq;+r, where0<r <a 12.4)

a=rq+rn where0)<r, <r

Fp—4 = Ip—3qn—2 + rp—2 Where 0 < r, o <ry3
Fn—3 = I'n-2qn-1+Tn—1 Where 0 <r,_y <ry,—
Fn—2 = I'n-14n + 0
and we know that
ged(a, b) = ged(ry, a) = ged(rp, 1) = -+ - = ged(ry—1, ra—2) = ged(0, rym1) = 1y

The Euclidean Algorithm can now be described. We start with two integers a and b,
where 0 < @ < b. If a | b, then ged(a, b) = a; while if a t b, then we apply the Divi-
sion Algorithm repeatedly until a remainder of O is obtained. In this latter case, the last
nonzero remainder is then ged(a, b).

Let’s see how the Euclidean Algorithm works in practice.

Use the Euclidean Algorithm to determine d = gcd(374, 946).

Dividing 946 by 374, we find that

946 = 374 -2 + 198.
Now, dividing 374 by 198, we have

374 =198 -1+ 176.
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Example 12.11

Solution

Continuing in this manner, we obtain
198 =176-1+22
176 =22 -8+ 0.
So gcd(374, 946) = 22. ¢

Given integers a and b, not both 0, we know that there exist integers s and ¢ such
that

gcd(a, b) = as + br.

We now describe an algorithm for finding such integers s and ¢, using the notation in
the calculations done after the proof of Lemma 12.9. Since gcd(a, b) = r,—1, our goal
is to find integers s and ¢ such that r,,_; = as 4 bt. We begin with the equation r,,_3 =
Fn—2qn—1 + rn—1 and rewrite it in the form

Fn—1 = I'n—3 — I'n—2qn—1- (12.5)
Next, using equations (12.4), we solve for r,_,, obtaining
'n—2 = Fp—4 — I'n—3¢p—2.
Now substituting this expression for r,,_, into equation (12.5), we obtain
Fa—1 = Fn—3 — Gn—1(Fn—a — rn—3Gn-2)
= (1 + gn-19n-2)"u-3 + (—Gn-1)rn-a.

At this point, r,_; is represented as a linear combination of r,,_3 and r,_4. Notice that
r,—> no longer appears in the expression. As we continue with this backward substitution
method, we eliminate the remainders r,,_3, 7,,—4, ..., 2, ] one at a time and eventually
arrive at an equation of the form r,_; = as + br.

For a = 374 and b = 946, find integers s and ¢ such that as + bt = gcd(a, b).

Using the computations from Example 12.10, we have
22=198—-176-1=198-1+4+176-(—1)
176 =374 — 198 -1 =374-1+ 198 - (—1)
198 =946 —374-2 =946 - 1 + 374 - (=2).
Therefore,
22=198-14176-(—1)
=198-1+[374-14+198 - (—=1)]- (—1)
=198-1+374-(—1)+198-1
=198-2+374.-(—1)
=[946-1+4+374-(—2)]-2+374-(—1)
=946-2+374-(—4)+ 374 - (—1)
=946 -2+ 374 - (-5).
Hence, s = —5and ¢t = 2. ¢
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The integers s and ¢ that we have just found are not unique. Indeed, if gcd(a, b) = d
andd = as + bt, thend = a(s + b) + b(t — a) as well.

SECTION 12.4 EXERCISES

12.37.

12.38.

12.39.
12.40.

12.41.
12.42.

12.43.
12.44.

12.45.

12.5

Use the Euclidean Algorithm to find the greatest common divisor for each of the following pairs of
integers:

(a) 51and 288 (b) 357 and 629 (c) 180 and 252.
Determine integers x and y such that (see Exercise 12.37):
(a) ged(51,288) = S51x + 288y

(b) gcd(357,629) = 357x + 629y

(c) ged(180,252) = 180x + 252y.

Let a and b be integers, not both 0. Show that there are infinitely many pairs s, ¢ of integers such that
gcd(a, b) = as + bt.

Let a, b € Z, where not both a and b are 0, and let d = gcd(a, b). Show that x is a linear combination of a
and b if and only if d | n.

An integer n > 1 has the properties that n | (35m 4 26) and n | (7m + 3) for some integer m. What is n?

Let a, b € Z, where not both a and b are 0. Prove that if d = gcd(a, b), a = a;d and b = b,d, then

ged(ar, by) = 1.

Prove the following: Let a, b, ¢, m, n € Z, where m,n > 2. If a = b (mod m) and a = ¢ (mod n) where

d = ged(m, n), then b = ¢ (mod d).

In Exercise 12.36, it was shown for positive integers a, b and ¢ that gcd(a, b, ¢) = ged(ged(a, b), ¢). Show
that there are integers x, y and z such that gcd(a, b, ¢) = ax + by + cz.

Suppose that the Euclidean Algorithm is being applied to determine gcd(a, b) for two positive integers a
and b. If, at some stage of the algorithm, we arrive at a remainder r; that is a prime number, then what
conclusion can be made about gcd(a, b)?

RELATIVELY PRIME INTEGERS

For two integers a and b, not both 0, we know that if gcd(a, b) = 1, then there exist
integers s and ¢ such that as 4+ bt = 1. What may be surprising is that the converse holds
in this special case as well.

Theorem 12.12 Let a and b be integers, not both 0. Then ged(a, b) = 1 if and only if there exist integers

s and ¢ such that 1 = as + bt.

Proof If gcd(a, b) = 1, then by Theorem 12.7 there exist integers s and  such that as + bt = 1.
We now consider the converse. Let a and b be integers, not both 0, for which there exist
integers s and ¢ such thatas + bt = 1. By Theorem 12.7, gcd(a, b) is the smallest positive
integer that is a linear combination of a and b. Since 1 is a linear combination of a and
b, it follows that gcd(a, b) = 1. n
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Theorem to
Prove

PROOF STRATEGY

Theorem 12.13

Proof

Corollary 12.14

Proof

Corollary 12.15

Two integers a and b, not both 0, are called relatively prime if gcd(a, b) = 1. By
Theorem 12.12 then, two integers a and b are relatively prime if and only if 1 is a linear
combination of a and b. This fact is extremely useful, as we are about to see.

If a, b and c are integers such that a | bc, then there is no reason to believe that
a|bora| c. Forexample,leta =4,b=6andc =2.Then4 | 6-2but4{6and 41 2.
However, if a and b are relatively prime, then we can draw another conclusion. The
following result is often called Euclid’s Lemma.

(Euclid’s Lemma) Let a, b and ¢ be integers, where a # 0. If a | bc and ged(a, b) = 1,
thena | c.

If we use a direct proof, then we assume that a | bc and gcd(a, b) = 1. In order to show
that a | ¢, we need to show that ¢ can be expressed as ar for some integer r. Because
a | bc, we know that bc = agq for some integer g. Also, because gcd(a, b) = 1, there are
integers s and ¢ such that as + bt = 1. If we were to multiply as + bt = 1 by c, then
we would have ¢ = acs + bct. However, bc = aq and we could factor a from acs + bct.
This is the plan. ¢

(Euclid’s Lemma) Let a, b and ¢ be integers, where a # 0. If a | bc and ged(a, b) = 1,
thena | c.

Since a | bc, there is some integer g such that bc = aq. Since a and b are relatively prime,
there exist integers s and ¢ such that 1 = as + bt. Thus,

c=c-1=clas+ bt) = a(cs) + (bc)t = a(cs) + (ag)t = a(cs + qt).

Since c¢s + gt is an integer, a | c. ]

Euclid’s Lemma is of special interest when the integer a is a prime.

Let b and ¢ be integers and p a prime. If p | bc, then either p | bor p | c.

If p divides b, then the corollary is proved. Suppose then that p does not divide b. Since
the only positive integer divisors of p are 1 and p, it follows that gcd(p, b) = 1. Thus,
by Euclid’s Lemma, p | ¢ and the proof is complete. ]

The preceding corollary can be extended to the case when a prime p divides any
product of integers.

Letay, ay, ..., a,, where n > 2, be integers and let p be a prime. If

plaiay---ay,

then p | a; for some integer i (1 <i < n).
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Proof We proceed by induction. For n = 2, this is simply a restatement of Corollary 12.14. As-
sume then that if a prime p divides the product of k integers (k > 2), then p divides at least
one of the integers. Now let aj, as, ..., ary; be k + 1 integers, where p | ajaz - - - Qg41.
We show that p | g; for some i (1 <i<k-+1). Letb=aja;---ai. So p| baysi. By
Corollary 12.14, either p | b or p | ag+1. If p | ar41, then the proof is complete. Other-
wise, p | b, thatis, p | aja; - - - a,. However, by the induction hypothesis, p | a; for some
i(1 <i<k).Inanycase, p|a;forsomei(l <i<k+1).

By the Principle of Mathematical Induction, if a prime p divides the product of any
n > 2 integers, then p divides at least one of the integers. ]

There is another useful fact concerning relatively prime integers. Once again, we
will have occasion to use the result that whenever two integers a and b are relatively
prime, then 1 is a linear combination of a and b.

Theorem 12.16 Let a, b, ¢ € Z, where a and b are relatively prime nonzero integers. If @ | ¢ and b | ¢,

then ab | c.

Proof Since a | ¢ and b | c, there exist integers x and y such that ¢ = ax and ¢ = by. Further-
more, since a and b are relatively prime, there exist integers s and ¢ such that 1 = as + br.

Multiplying by ¢ and substituting, we obtain
c=c-1=c(as+ bt) = c(as) + c(bt) = (by)(as) + (ax)(bt) = ab(sy + xt).

Since (sy + xt) is an integer, ab | c.

By Theorem 12.16 then, if we wish to show that 12, say, divides some integer ¢, we

need only show that 3 | cand 4 | ¢ since 12 = 3 - 4 and 3 and 4 are relatively prime.

SECTION 12.5 EXERCISES

12.46.

12.47.
12.48.

12.49.

12.50.

12.51.

12.52.

12.53.

(a) Leta, b, c € Z such thata # 0 and a | bc. Show that if gcd(a, b) # 1, then a need not divide c.

(b) Leta,b,c € Zsuchthata,b # 0,a | c,and b | c. Show that if gcd(a, b) # 1, then ab need not
divide c.

Use Corollary 12.14 to prove that +/3 is irrational.

(a) Prove for every pair p, g of distinct primes that ,/pq is irrational.

(b) Prove for every pair p, g of distinct primes that ,/p + ,/q is irrational.
Let p be a prime and let n € Z, where n > 2. Prove that p'/" is irrational.
Let n € N. Prove or disprove each of the following:

(a) 2n and 4n + 3 are relatively prime.
(b) 2n+ 1 and 3n + 2 are relatively prime.

(a) Prove that every two consecutive odd positive integers are relatively prime.
(b) State and prove a generalization of the result in (a).

Prove that if p > 2 is an integer with the property that for every pair b, c of integers p | bc implies that
plborp|c,then pis prime. (This result is related to Corollary 12.14.)

Prove that if p and ¢ are primes with p > ¢ > 5, then 24 | (p* — ¢°).
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12.54.

12.55.

12.56.

12.57.

12.58.

12.59.

12.60.

12.61.

12.6
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Recall that a triple (a, b, ¢) of positive integers such that a> + b*> = ¢? is called a Pythagorean triple. A

Pythagorean triple (a, b, ¢) is called primitive if gcd(a, b) = 1. (In this case, it also happens that

ged(a, ¢) = ged(b, ¢) = 1))

(a) Prove that if (a, b, ¢) is a Pythagorean triple, then (an, bn, cn) is a Pythagorean triple for every n € N.

(b) In Exercise 4.13, it was shown that if (a, b, ¢) is a Pythagorean triple, then 3 | ab. Use this fact and
Theorem 12.16 to show that 12 | ab.

(c) Prove thatif (a, b, c) is a primitive Pythagorean triple, then a and b are of opposite parity.

Prove the following: Let a, b, m, n € Z, where m,n > 2. If a = b (mod m) and @ = b (mod n), where
ged(m, n) = 1, then a = b (mod mn).

Prove the following: Let a, b, ¢, n € Z, where n > 2. If ac = bc (mod n) and gcd(c, n) = 1, then

a = b (mod n).

For two integers a and b, not both 0, suppose that d = gcd(a, b). Then there exist integers x and y such that

d = ax + by, that is, d is a linear combination of a and b. This implies that d is also a linear combination
of x and y. Find a necessary and sufficient condition that d = gcd(x, y).

Suppose that the Euclidean Algorithm is being applied to determine gcd(a, b) for two positive integers a

and b. If, at some stage of the algorithm, we arrive at remainders 7; and r;;; for which r;y; = r; — 1, then

what conclusion can be made about ged(a, b)?

(a) Leta and b be integers different from O where d = gcd(a, b) and let ¢ € Z. Prove thatifa | cand b | c,
then ab | cd.

(b) Show that Theorem 12.16 follows as a corollary to the result in (a).

Prove that there are infinitely many positive integers n such that each of n, n + 1 and n + 2 can be
expressed as the sum of the squares of two nonnegative integers. (For example, observe that 8 = 22 4 22,
9=32+02,10=3%+12and 80 = 8% + 42,81 =92+ 0% and 82 = 9> + 1% and that 3 =2 + 1 and
9=8+1)

(a) Give an example of integers m, n > 5 such that x Ny # @ foreachx € Z,, and y € Z,.

(b) State a conjecture that provides conditions under which integers m, n > 2 have the property that
xNy#@foreachx € Z, andy € Z,.

THE FUNDAMENTAL THEOREM OF ARITHMETIC

It is a basic divisibility fact that every integer can be expressed as a product of primes.
This fact is made precise in a famous theorem in number theory. Its proof serves as one
of the most interesting uses of the Strong Principle of Mathematical Induction.

Theorem 12.17 (Fundamental Theorem of Arithmetic) Every integer n > 2 is either prime or can be

expressed as a product of primes, that is,

n=pip2--:Pm

where pi, pa, ..., pn are primes. Furthermore, this factorization is unique except pos-
sibly for the order in which the factors occur.

Proof To show the existence of such a factorization, we employ the Strong Principle of Math-
ematical Induction. Since 2 is a prime, the statement is certainly true for n = 2.

For an integer k > 2, assume that every integer i, with 2 < i <k, is either prime

or can be expressed as a product of primes. We show that k + 1 is either prime or can
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Lemma 12.19

Proof
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be expressed as a product of primes. Of course, if k + 1 is prime, then there is nothing
further to prove. We may assume, then, that k 4- 1 is composite. By Lemma 12.1, there
exist integers a and b such that k + 1 = ab, where 2 < a < kand 2 < b < k. Therefore,
by the induction hypothesis, each of a and b is prime or can be expressed as a product
of primes. In any case, k + 1 = ab is a product of primes.

By the Strong Principle of Mathematical Induction, every integer n > 2 is either
prime or can be expressed as a product of primes.

It remains to show that such a factorization is unique. To do this, we proceed by
contradiction. Assume, to the contrary, that there is an integer n > 2 that can be expressed
as a product of primes in two different ways, say

n=pip2---pPs=4q192" " 4qr,

where in each factorization, the primes are arranged in nondecreasing order, that is,
pr<py<---<psandq; < q» <--- < gq;. Since the factorizations are different, there
must be a smallest positive integer r such that p, # g,. In other words, if r > 2, then
p; = g; for every i with 1 < i < r — 1. After canceling, we have

PrDr+1 " Ps = 4rqry1 - qs- (12.6)

Consider the integer p,. Either s = r and the left side of (12.6) is exactly p, or s > r
and p,41pr2 - ps 1s an integer that is the product of s — r primes. In either case,
Pr | @rqr41 - - - qi. Therefore, by Corollary 12.15, p, | g; for some j with r < j <t. Be-
cause g; is prime, p, = ¢g;. Since g, < g, it follows that g, < p,. By considering the
integer ¢, (instead of p,), we can show that p, < g,. Therefore, p, = g,. But this
contradicts the fact that p, # ¢,. Hence, as claimed, every integer n > 2 has a unique
factorization. u

An immediate consequence of Theorem 12.17 is stated next.
Every integer exceeding 1 has a prime factor.
In fact, we can say a bit more.
If n is a composite number, then n has a prime factor p such that p < /n.
Since n is composite, we know that n = ab, where | <a <nand 1 < b < n. Assume,
without loss of generality, that a < b. Then a® < ab=n and hence, a < J/n. Since
a > 1, we know that a has a prime factor, say p. Because a is a factor of n, it follows
that p is a factor of n as well and p < a < \/n. ]
If an integer n > 2 is expressed as a product g,¢; - - - g, of primes, then the primes

q1, 92, - - -, gm need not be distinct. Consequently, we can group equal prime factors and
express # in the form

n= ptlnpzzlz . _ka’
where p1, pa, ..., px are primes such that p; < p, < --- < py and each exponent q; is

a positive integer. We call this the canonical factorization of n. From the Fundamental
Theorem of Arithmetic, every integer n > 2 has a unique canonical factorization.
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Theorem 12.20

Proof

For example, the canonical factorizations of 12,210 and 1000 are 12 = 223,210 =
2-.3.5-7,and 1000 = 2353, Of course, it is relatively easy to determine whether a small
positive integer is prime or composite and, if it is composite, to express it as a product
of primes. We mention some tests for divisibility by certain integers. These may already
be known to you.

1. Divisibility by 2, 4 and other powers of 2:
An integer n is divisible by 2 if and only if # is even (or the last digit of n is
even). In fact, n is divisible by 4 if and only if the two-digit number consisting
of the last two digits of n is divisible by 4, the integer # is divisible by 8 if and
only if the three-digit number consisting of the last three digits of 7 is divisible
by 8, and so on. Therefore, the number 14220 is divisible by 4 since 20 is
divisible by 4 but it is not divisible by 8 since 220 is not divisible by 8.

2. Dibvisibility by 3 and 9:
An integer is divisible by 3 if and only if the sum of its digits is divisible by 3.
Indeed, an integer is divisible by 9 if and only if the sum of its digits is
divisible by 9. This procedure stops with 9, however; that is, it doesn’t extend
to 27. For example, the sum of the digits of 27 itself is not divisible by 27 but
certainly 27 is divisible by 27. The sum of the digits of the integer 4278 is 21,
which is divisible by 3 but not by 9. Consequently, 4278 is divisible by 3 but
not by 9. Clearly, 4278 is divisible by 2, but it is not divisible by 4 since 78 is
not divisible by 4. Thus, 4278 is divisible by 6 by Theorem 12.16.

3. Divisibility by 5:
An integer is divisible by 5 if and only if it ends in 5 or 0; that is, an integer is
divisible by 5 if and only if its last digit is divisible by 5.

4. Divisibility by 11:
Start with the first digit of n and sum alternate digits (every other digit).
Suppose that the resulting number is a. Then sum the remaining digits,
obtaining b. Then # is divisible by 11 if and only if a — b is divisible by 11.
For example, consider the number 71929. Observe thata =7 + 9 + 9 = 25,
while b =142 = 3. Since a — b = 25 — 3 = 22 is divisible by 11, the
number 71929 is divisible by 11. In fact, 71929 = 11 - 6539. However, since
(64+3)— (54 9) = —51isnot divisible by 11, the integer 6539 is not
divisible by 11; that is, 71929 is not divisible by 11> = 121.

Although there are tests for divisibility by other primes such as 7 (see Exercise 12.66)
and 13, none of these are sufficiently practical to merit inclusion here. If we apply the
tests listed above to the number n = 471240, then we find that # is divisible by 5, 8 (but
not 16),9and 11. Indeed,n =5-8-9-11-119=5-8-9.11-7-17=23.32.5.7.
11-17.

We are now in a position to describe an infinite class of irrational numbers.

Let n be a positive integer. Then /7 is a rational number if and only if /7 is an integer.
Certainly, if /7 is an integer, then /n is rational. Hence, we need only verify the con-

verse. Assume, to the contrary, that there exists some positive integer n such that \/n
is a rational number but /z is not an integer. Hence, +/n = a/b for some positive
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Theorem 12.22

Proof

Conjecture
12.23
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integers a and b. Furthermore, we may assume that a and b have no common factors,
that is, gcd(a, b) = 1. Since a/b is not an integer, b > 2. Therefore, n = a? /b2 and so
a*> = nb*. By Corollary 12.18, b has a prime factor p. Thus, p | nb*> and so p | a>. By
Corollary 12.14, p | a. But then p | a and p | b, which contradicts our assumption that
ged(a, b) = 1. [

A consequence of this theorem is the following.
If p is a prime, then ,/p is irrational.

Assume, to the contrary, that there exists some prime p for which ,/p is rational. By
Theorem 12.20, ,/p = n for some integer n > 2. Then p = n*. Because n? is composite,
this is a contradiction. L]

Corollary 12.21 tells us that both /2 and /3 are irrational, which we have seen
often. Although our remarks imply that there are infinitely many primes, we have yet to
prove this. We do this now. Since our goal is to prove that the number of primes is not
finite, a proof by contradiction is the expected technique.

The number of primes is infinite.

Assume, to the contrary, that the number of primes is finite. Let P = {py, p2, ..., p,} be
the set of all primes. Let r = p;p; - - - p, and consider m = r + 1. Clearly, m > 2. Since
1 =1-m+ (—1)ris alinear combination of m and r, it follows by Theorem 12.12 that
m and r are relatively prime. Since every prime divides r, no prime divides m. This
contradicts Corollary 12.18. ]

Two primes p and g, where p < ¢, are called twin primes if ¢ = p + 2. Necessarily,
twin primes are odd. For example, 5, 7 and 11, 13 are twin primes. Although we have just
verified that there are infinitely many primes, the number of twin primes is not known.

There are infinitely many twin primes.

If Conjecture 12.23 is true, then there are infinitely many distinct pairs p, g of primes
with ¢ = p 4 2. In particular, if one considers the sequence 3—2, 5—3, 7—5, 11-7,
13—11, 17—13, ... of consecutive prime gaps (thatis, 1,2,2,4,2,4,...), then Conjec-
ture 12.23 states that this sequence has an infinite number of 2s. In 2013, Yitang Zhang
proved that this sequence contains an infinite number of terms less than 70,000,000
(a fact not known before). Since 2016, the number 70,000,000 has been reduced to 4680.

SECTION 12.6 EXERCISES

12.62. Find the smallest prime factor of each integer below:
(a) 539 (b) 1575 (c) 529 (d) 1601.

12.63. Find the canonical factorization of each of the following integers:

(a) 4725

(b) 9702 (c) 180625.
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12.64.

12.65.

12.66.

12.67.

12.68.

12.69.

12.7
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Prove each of the following:

(a) Every prime of the form 3n + 1 is also of the form 6k + 1.
(b) If nis a positive integer of the form 3k + 2, then n has a prime factor of this form as well.

(a) Express each of the integers 4278 and 71929 as a product of primes.

(b) What is gcd(4278, 71929)?

Consider the periodic sequence 1, 3,2, —1, =3, =2, 1, 3,2, —1, =3, —2, ... which we write in reverse
order:

e, —2-3,-1,2,3,1,-2-3,-1,2,3, 1.

Next, consider the 8-digit positive integer n = ayagasasasza,aiay where each q; is a digit. It turns out that
7 | nif and only if

3-a7+1-a6+(—2)-a5+(—3)~a4+(—1)~a3+2~a2+3-01 +1-a0
is a multiple of 7. Use this to determine which of the following are multiples of 7:
(a) 56 (b) 821,317 (c) 31,142,524.

In the proof of Theorem 12.22, it was proved that there are infinitely many primes by assuming that there
were finitely many primes, say pi, p2, ..., Pu, Where p; < p» < --- < p,. The number

m = p\p2---pn,+ 1 was then considered to obtain a contradiction. Show that an alternative proof of
Theorem 12.22 can be obtained by considering p,! + 1 instead of m.

Determine a necessary and sufficient condition that p{' p5? - - - pi* is the canonical factorization of the

square of some integer n > 2.

For two integers m, n > 2, let py, pa, ..., p, be those distinct primes such that each p; (1 < i < r) divides
at least one of m and n. Then m and n can be expressed as m = p{'p3*--- p¥r and n = p}f‘ pgz e pf’ where
the integers a; and b; (1 < i < r) are nonnegative. Let ¢; = min(a;, b;) for 1 <i < r. Prove that

ged(m, n) = pi'py - - - pir.

CONCEPTS INVOLVING SUMS OF DIVISORS

We close this chapter by discussing some curious concepts involving sums of divisors
of an integer. For an integer n > 2, a positive integer a is called a proper divisor of n if
a | n and a < n. Thus, the proper divisors of 6 are 1, 2 and 3, while the proper divisors
of 28 are 1, 2, 4, 7 and 14. Note also that

I1+2+3=6and 1+2+4+7+14=28.

A positive integer n > 2 is called perfect if the sum of its proper divisors is . Hence,
6 and 28 are perfect integers — indeed, they are the two smallest perfect integers. The
third smallest perfect integer is 496. The largest prime divisors of 6, 28 and 496 are
3, 7 and 31, respectively. Summing the integers from 1 to each of these primes yields
possibly unexpected results:

1+24+3=6
1+2+3+4+5+6+7=28
14+24---431=496.
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The integers 6, 28 and 496 can also be expressed as
6 =21(2%—1),28 =223 — 1) and 496 = 2*(2° — 1).

In fact, Euclid, the famous geometer who lived more than 2000 years ago, showed that
whenever 27 — 1 is a prime, then 2P~ (2” — 1) is a perfect integer. During the 18th cen-
tury the brilliant Swiss mathematician Leonhard Euler proved that every even perfect
integer is of the form 27~!(2” — 1) where 27 — 1 is a prime. Prime numbers of the form
2P — 1 are referred to as Mersenne primes. As of January 2016, 49 Mersenne primes
were known and therefore 49 even perfect integers were known.

Much mystery surrounds perfect numbers. Are there any odd perfect numbers?
No one knows. Are there infinitely many even perfect numbers? No one knows that
either.

Let’s consider the first few primes — the first seven to be exact: 2, 3,5,7, 11, 13, 17.
The 1st, 2nd, 4th and 7th primes are 2, 3, 7 and 17 and the remaining primes (the 3rd, 5th
and 6th) are 5, 11 and 13. If we add the integers 1, 2, 4 and 7, we get the same result as
when we add 3, 5 and 6, namely, 1 +2 +4 +7 =3 4+ 5 4 6 = 14. That s, it is possible
to partition the first seven positive integers into two sets such that the sums of the integers
in each set are the same. While this fact may not appear to be anything special, it is also
a fact that summing the primes that correspond to these two sets of integers also gives
the same result:

24+3474+17=54+114+13=29.

While the sums of these primes are equal, it is impossible for the products of these
primes, namely 2 -3 -7 -17and 5 - 11 - 13, to be equal. This is a consequence, of course,
of the Fundamental Theorem of Arithmetic. On the other hand, these products are sur-
prisingly close since

2.3-7-17=714and5-11-13 =715.

The serious baseball fan will recognize these numbers. For years, the number 714 stood
as the record for home runs in a career. This record was held by Babe Ruth. However,
this record was broken in 1974 when Hank Aaron hit his 715th home run.

Two consecutive integers n, n + 1 are called Ruth-Aaron pairs of integers if the
sums of their prime divisors are equal. Thus, 714 and 715 is a Ruth-Aaron pair, as are
5 and 6. Although such pairs of integers may appear to be rare, the famous Hungarian
mathematician Paul Erd6s proved that there are, in fact, infinitely many Ruth-Aaron
pairs of integers.

SECTION 12.7 EXERCISES

12.70. Let k be a positive integer.

(a) Prove that if 2F — 1 is prime, then k is prime.
(b) Prove that if 2 — 1 is prime, then n = 2= 1(2% — 1) is perfect.
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12.71. Recall, for a real number 7, that the floor | r] of r is the greatest integer less than or equal to r. The greatest
number of distinct positive integers whose sumis 5is 2 (5 = 1 4+ 4 = 2 + 3), while the greatest number of
distinct positive integers whose sumis 8is 3 (8 =142 45 = 1 + 3 + 4). Prove that the maximum
number of distinct positive integers whose sum is the positive integer nis [ (/1 + 8n — 1)/2].

Chapter 12 Supplemental Exercises

D The Chapter  12.72. Evaluate the proposed solution of the following problem.

Presentation for
Chapter 12 can be
found at
g00.g1/WbsS76

12.73.

12.74.
12.75.
12.76.

Prove or disprove the following statement:

There do not exist three integers n, n + 2 and n + 4, all of which are primes.
Solution  This statement is true.

Proof Assume, to the contrary, that there exist three integers n, n + 2 and n + 4,
all of which are primes. We can write n as 3¢, 3¢ + 1 or 3q + 2, where g € Z. We
consider these three cases.

Case 1.n = 3g. Then 3 | n and so 7 is not prime. This is a contradiction.

Case2.n =3g+ 1. Thenn+2 =3q + 3 =3(g+ 1). Since g + 1 is an integer,
3| (n+2) and so n + 2 is not prime. Again, we have a contradiction.

Case 3.n = 3q + 2. Hence, we have n + 4 = 3¢ + 6 = 3(¢q + 2). Since ¢ + 2 is an
integer, 3 | (n + 4) and so n + 4 is not prime. This produces a contradiction. ]

An integer a > 2 is defined to be lucky if f(n) = n> — n + a is prime for every
integer n with 1 <n < a — 1. Itis known that (1) 41 is lucky and (2) only nine other
integers a > 2 are lucky.

(a) Prove that if a is a lucky integer, then a is prime.
(b) Give an example of three other lucky integers.
(c) If ais alucky integer, what can be said about f(a)?

Prove that log, 3 is irrational.
State and prove a more general result than that given in Exercise 12.74.

Given below is an incomplete result with an incomplete proof. This result is
intended to determine all twin primes (primes of the form p and ¢ = p + 2) such
that pg — 2 is also prime.

Result Let p and g = p + 2 be two primes. Then pg — 2 is prime if and only if
(complete this sentence).

Proof Let pand g = p+ 2 be two primes such that pg — 2 is also prime. Since p
and p + 2 are both primes, it follows that p is odd. By the Division Algorithm, we
can write p = 3k + r, where k € Z and 0 < r < 2. Since p is an odd prime, k > 1.
We consider three cases for p, depending on the value of r.

Case 1. p = 3k. Therefore, p = ,q= and pg —2 =
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Case 2. p = 3k + 1. Hence, g = 3k + 3. Since k > 1, it follows that g = 3(k + 1).
Therefore,

Case 3. p = 3k + 2. Then ¢ = 3k + 4. Thus, ]

Exercise 12.76 should suggest another exercise to you. State a result related to
Exercise 12.76 and give a proof of this result.

Assume that each positive rational number is expressed as m/n, where m, n € N
and m and n are relatively prime. A function f : Q7 — N is defined by

f(m/n) =2"3".

(a) Prove that f is one-to-one.

(b) According to the Schroder—Bernstein Theorem (Theorem 11.20), what
information about Q* does the result in (a) provide?

We have seen in Section 12.7 that there is a partition of the set of the first seven
primes into two subsets such that the sums of the elements in these two subsets are
equal. Show that there is no such partition of the set of the first eight primes but
there is such a partition of the set of the first nine primes.

(a) Show that 5039 = 5040 — 1 is prime, while 5041 = 5040 4 1 is not prime.
(b) Show that, except for 5039, there is no prime between 5033 = 5040 — 7 and
5047 = 5040 + 7.

Let ag, ay, a,, . .. be a sequence of positive integers for which
(D) ag =1, (2) ayys1 = a, forn > 0 and (3) azy42 = a, + ay41 forn > 0.
Prove that a, and @, are relatively prime for every nonnegative integer .

The decimal expansion of every positive integer n can be expressed as
n = agai_ - - - drady, that is,

n=a;- 10" +a_ - 10"+ +a,- 10> + a; - 10 + ao.

It was mentioned in Section 12.6 that 9 | n if and only if

9| (ar + ak—1 + - - - + ax + a1 + ap). For example, for the integer n = 32,751,
91 (B3+2+7+541)and so 9 |32,751. Verify this by using the fact that

10 = 9 + 1 and for a positive integer r that 10" = (9 + 1)" = 9s 4 1 for some
integer s.

Let A be the set of 2-element subsets of N and B the set of 3-element subsets of N.
Let f: A — Band g: B — A be functions defined by

fdis jY) = {i, joi+ j}and g({i, j, k}) = {2/, 375"},

where i < j < k. With the aid of the functions f and g and possibly the Schroder —
Bernstein Theorem (Theorem 11.20 in Chapter 11), which of the following are we
able to conclude?

(a) |Al = |B| (b) |B| =|A] (¢) |A]=[B| (d) Nothing.

Let pi1, p2, p3, ... be the primes, where 2 = p; < p) < p3 <---.LetAbea
denumerable set, where A = {ay, a,, as, .. .}. For any integer n > 2, let A" denote
the Cartesian product of n copies of A, that is, A" is the set of ordered n-tuples of
elements of A. Define a function f : A" — N by f((a;,, ai,, ..., a;,)) =

Pyps - Py

(a) Prove that f is injective.
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(b) Use (a) to show that A" and A are numerically equivalent.
(c) For every two denumerable sets A and B and every two integers n, m > 2, show
that A" and B™ are numerically equivalent.

Let p1, p2, ..., pnt1 denote the first n + 1 primes. Suppose that {U, V'} is a partition
of the set S = {p1, pa, ..., pu}, where U = {q1, @2, ..., g} and V = {r|, 12, ..., 11}.
Prove thatif M = qi1q2---gs +1rira-- 11 < p%H, then M is a prime.

We have seen on several occasions (Exercise 12.4, for example) that 3 | (n® — n) for
every integer n and so 3 | (n® — n) for every positive integer n.

(a) Prove, in fact, that 6 | (n® — n) for every positive integer .

(b) Prove that if @ and b are integers such that 6 | (a — b), then 6 | (an® — bn) for
every positive integer n.

We have seen that ,/p is irrational for every prime p and for every two distinct
primes p and g that ,/p + ,/q is irrational (Exercise 12.48(b)). Prove, for every
three distinct primes p, ¢ and r, that the number /p + /g + /7 is irrational.

Determine all integer solutions to the system of congruences

x =3 (mod 5) x =4 (mod 7).



Proofs in Combinatorics

D iscrete mathematics is a branch of mathematics that has grown both in importance
and popularity in recent decades. This area deals more with integers than with real
numbers and involves subsets of a given set and arrangements of their elements. That part
of discrete mathematics concerning subsets and arrangements belongs to the area called
combinatorics. The primary goal of this chapter is to introduce some of the fundamental
concepts in combinatorics, to describe some proofs that occur in this area and to see
examples of how this subject can be used to solve a variety of problems.

13.1 THE MULTIPLICATION AND ADDITION PRINCIPLES

The
Multiplication
Principle

Example 13.1

Many of the problems that occur in combinatorics can be analyzed and solved with the
aid of several principles, each of which is used to enumerate the number of possible
ways a given event can occur, subject to certain prescribed conditions. The principle
that occurs most often is the Multiplication Principle. Here, there is a certain procedure
to perform, which is accomplished by performing a number of tasks, one after another.

There are situations when a certain procedure consists of two tasks, where the sec-
ond task is performed only after the first task has been performed. We say that the pro-
cedure itself is performed when the two tasks are performed. If we know the number of
ways in which each of the two tasks can be performed, then the multiplication principle
tells us the number of ways that the procedure can be performed.

A procedure consists of two tasks. To perform this procedure, one performs the first task
followed by performing the second task. If there are n; ways to perform the first task and
n, ways to perform the second task after the first task has been performed, then there are
niny ways to perform the procedure.

Let’s look at an example of this.

A take-home exam for a course consists of selecting and solving one of four given prob-
lems (numbered 1, 2, 3, 4) and selecting and writing an essay on one of three given
topics (denoted by A, B, C). How many different such exams are possible for a student
in the course?

327
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Solution

The (General)
Multiplication
Principle

Proof

Let 7| denote the task of selecting one of the four given problems to solve and 75 the task
of selecting one of the three given topics on which to write an essay. By the Multiplication
Principle, the total number of different exams is 4 - 3 = 12. ¢

The answer to the question posed in Example 13.1 can also be given with the aid
of the diagram shown in Figure 13.1, called a tree diagram. We start at the top of the
diagram (called the root in this case) and proceed down along one of four possible paths
in the diagram according to which of the four possible problems we have selected to
solve. Once a decision is made as to which problem will be selected, there are then three
possible paths from there we could take, corresponding to the topics on which we choose
to write an essay. A completed path terminates at one of 12 possible locations.

N

IA 1B 1C 2A 2B 2C 3A 3B 3C 4A 4B

Figure 13.1 A tree diagram for Example 13.1

Despite the fact that the Multiplication Principle described above is for procedures
consisting of two tasks, this principle need not be restricted to two tasks. This suggests
the following more general principle.

Performing a certain procedure consists of performing a sequence of m > 2 tasks Tj,
Ty, ..., T,. If there are n; ways of performing 7; (1 < i < m) after any preceding tasks
have been performed, then the total number of ways of performing the procedure is
niny -« - Ny,.

We proceed by induction. By the Multiplication Principle stated earlier, the result holds
for n = 2. Assume that this principle is true for an integer k > 2 and let P be the pro-

cedure that consists of performing k + 1 tasks 71, 15, . . ., Tj+| in succession, where the
number of ways to perform T; is n; for 1 <i < k+ 1. Let P’ be the procedure that re-
sults from performing the first & tasks Ty, T, ..., Ty in succession. Thus, P’ itself can

be considered as a task and P then as the procedure produced by performing 7;; af-
ter the task P’ is performed. By the induction hypothesis, the number of ways to per-
form P’ is nin; - - -n; and so the number of ways to perform P is (niny - - - ng)ngyq.
The (General) Multiplication Principle then follows by the Principle of Mathematical
Induction. |

When we refer to the Multiplication Principle, we are then referring to the (General)
Multiplication Principle, whether m = 2 or m > 2.

Let’s now look at two examples that address questions which can be answered with
the aid of the Multiplication Principle. A finite sequence is often referred to as a string
and the number of terms in a string is its length. A bit (or binary digit)isaOor 1 and a
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Solution

Example 13.3

Solution
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bit string is a string in which each term is a bit. An n-bit string is a bit string of length n.
Therefore, the strings 10110, 00100 and 01101 are all 5-bit strings.

(a) How many n-bit strings are there?
(b) How many 10-bit strings are there?
(c) How many 8-bit strings begin and end with 0?7

(a) Since there are two possible choices for each term in an n-bit string, it
follows by the Multiplication Principle that the number of n-bit strings is 2".

(b) 2'° = 1024 by (a).
(c¢) Since there are two possible choices for each of the six interior terms in such

an 8-bit string, there are 2® = 64 possible 8-bit strings that begin and end
with 0. ¢

In order for someone to access a certain website, we need to know both the person’s
username and password. Suppose that we were able to learn that the username of a person
is a 5-digit number where the 1st, 3rd and Sth digits are odd (namely, 1, 3,5, 7 or 9) and
the remaining two digits are nonzero even digits (namely 2, 4, 6 or 8). Furthermore, we
found that the person’s password is a 5-letter word, where the 1st, 3rd and 5th letters are
vowels (where y as well as a, e, i, 0, u are vowels in this case), while the remaining two
letters are consonants (non-vowels). How many times would we need to attempt to log
in to the website until we are guaranteed entrance into the website?

Since there are five possible digits for the 1st, 3rd and 5th digits of the number and
four possible choices for the 2nd and 4th digits, the number of possible usernames by
the Multiplication Principleis 5 -4 -5 -4 -5 =53 . 4> = 2000. Since 6 - 20 - 6 - 20 - 6 =
6 - 20° = 86,400, there are 86,400 possible passwords by the Multiplication Principle.
Once again, by the Multiplication Principle, the maximum number of attempts needed
to log in to the website to guarantee access to it is (2000)(86,400) = 172,800,000. ¢

There is another way to look at the Multiplication Principle — in terms of sets. Once
again, suppose that performing a certain procedure P consists of performing m > 2 tasks
T\, T», . .., T, in succession. Furthermore, suppose that there are n; ways to perform T;
for each i with 1 <i < m. Let A; denote the set of all possible ways of performing the
task T;; so |A;| = n;. Then the Cartesian product A; X A, X --- X A, is the set of all
possible ways to perform P. In Section 1.6, it was mentioned that |A x B| = |A| - |B| for
every two finite sets A and B. From this, it follows for m > 2 finite sets A, Ay, ..., Ap,
with |A;| = n; for 1 <i < m that

|Ap X Ay X - X Ap| = |Ay] - |Ao] - -+ - A = ming - - 1y (13.1)

(See Exercise 13.3.)

We now turn to a second principle that is encountered often in combinatorics. There
are occasions when performing a certain procedure consists of performing one of two
tasks that cannot be performed at the same time. Here, we say that the procedure is
performed if either task is performed. If we know the number of ways in which each of
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The Addition
Principle

Example 13.4

Solution

Analysis

The (General)
Addition Principle

the two tasks can be performed, then the Addition Principle tells us of the number of
ways that such a procedure can be performed.

A procedure consists of two tasks that cannot be performed simultaneously. To perform
this procedure, either of the two tasks is performed. If one of the tasks can be performed
in n; ways and the other can be performed in n, ways, then the number of ways of
performing this procedure is n; + n.

Answering the question in the example below can be done with the aid of the Ad-
dition Principle.

Let S ={1,2,...,9}. Let T} be the task of selecting an even number from S, let 7, be
the task of selecting an odd number from § and let 73 be the task of selecting an odd
prime from S.

(a) Let P; be the procedure consisting of performing either of the tasks 77 and 7.
In how many ways can P, be performed?

(b) Let P, be the procedure consisting of performing either of the tasks 77 and 7.
In how many ways can P, be performed?

(a) Since there are four ways of performing the task 7} and five ways of
performing the task 73, it follows by the Addition Principle that there are
4 4+ 5 = 9 ways to perform the procedure P;.

(b) Once again, there are four ways of performing the task 7. Since the set S
contains three odd primes (namely 3, 5 and 7), there are three ways to
perform the task 73. By the Addition Principle, there are 4 + 3 = 7 ways to
perform the procedure P;. ¢

It may seem that there is a third possible question that could have been asked concerning
Example 13.4. That is, if we were to let P; be the procedure consisting of performing
either of the tasks 7, and T3, then in how many ways can P; be performed? While this
question is appropriate, it cannot be answered with the aid of the Addition Principle as
selecting any of the integers 3, 5 or 7 from S performs 7, and 73 simultaneously. In ad-
dition, if a new task 7 is defined as selecting a prime from S and P, is the procedure
consisting of performing either of the tasks 77 and 74, then the number of ways that P,
can be performed also cannot be determined with the aid of the Addition Principle as
selecting the integer 2 from S shows that the tasks 77 and 7, can be performed simultane-
ously. In Section 13.2, we will see another principle that allows us not only to determine
the number of ways that P; and P4 can be performed but allows us to answer an even
wider range of questions. ¢

As with the Multiplication Principle, there is a more general version of the Addition
Principle.

Suppose, for an integer m > 2, that a procedure consists of performing one of m tasks
T\, T», ..., T,,, where it is impossible to perform any two of these tasks at the same time
and where the number of ways to perform 7; (1 < i < m) is n;. Then the total number of
ways to perform the procedure is ny + 1, + - - - + ny,.
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Proof Here too, we proceed by induction. The case where n = 2 is precisely the Addition Prin-
ciple described above. Assume that this principle is true for k tasks, where k > 2, and let
P be the procedure that consists of performing one of k 4 1 tasks 73, 7>, . . ., Tx+1, Where
it is impossible to perform any two of these tasks at the same time and where the num-
ber of ways to perform T; is n; for 1 < i < k+ 1. Let P’ be the procedure of performing
any one of the & tasks 71, T, ..., Tr. The procedure P’ can itself be considered a task.
By the induction hypothesis, the number of ways to perform P’ is n; +np + - - - + .
Since P is performed by performing either of the two tasks P’ or 7} |, the number of ways
to perform P is (n; + np + - - - + ng) + ngy1. The result then follows by the Principle of
Mathematical Induction. ]

As with the Multiplication Principle, when we refer to the Addition Principle, we
are referring to the (General) Addition Principle, whether m = 2 or m > 2.

Example 13.5 A student has a decision to make. She needs a minor for her academic program. To
complete a minor in computer science, she can take any two of three certain courses
next semester, which we denote by Cj, C; and Cs. On the other hand, she could decide
on a minor in one of chemistry, physics, statistics or economics, in which case she would
take an approved course in one of these areas next semester. How many choices does
she have for next semester?

Solution If the student decides to complete a minor in computer science next semester, she has
three choices as she could take the courses Cj, C,, the courses C;, C3 or the courses
(3, G5. On the other hand, if she decides on a different minor, she has four choices. By
the Addition Principle, she has a total of 3 + 4 = 7 choices. ¢

The Addition Principle can also be stated in terms of sets. Let P be a procedure
that consists of performing one of m > 2 tasks Ty, T3, ..., T,,, no two of which can be
performed at the same time. If there are n; ways to perform 7; for 1 < i < m, then we saw
by the Addition Principle that the number of ways of performing Pisn; + ny + - - - + ny,.
For 1 <i < m, let A; be the set of all possible ways of performing the task 7;. Then
|A;| = n;. Since no two of the tasks 77, T, . . ., T}, can be performed at the same time, the
sets Ay, Ay, ..., A, are pairwise disjoint, that is, no two of these sets have any element
in common. Since the set of all possible ways of performing Pis Ay UA, U---UA,, it
follows that the number of ways to perform P is

[AfUA U---UA,| = A1+ A+ -+ Al =i +n0 4+ - - + 1y 13.2)
(See Exercise 13.9.)

SECTION 13.1 EXERCISES

13.1. A traveler wishes to take a trip from city A to city F. To do this, the traveler must first proceed through
cities B, C, D in that order and then from D to F. If there are five ways to travel from A to B, four ways to
travel from B to C, two ways to travel from C to D and three ways to travel from D to F, then how many
ways are there for him to travel from A to F by one of these means of travel?
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A sequence (£, £3, £3, £4) of four letters is to be chosen from the 26 letters of the alphabet in such a way
that £, # €1, €3 # £, and €4 # £3. How many such sequences of four letters are there?

In Section 1.6, we saw that |A x B| = |A| - |B| for every two finite sets A and B.
(a) Prove by induction that for m > 2 finite sets A}, Az, ..., Ay,
A1 X Ay X -+ X Ap| = |Ag] - |Az| - -+ - |Apl.

(b) Determine [A] X Ay X --- X Ap|if Ay ={1,2,..., k}forke {1,2,...,m}.
For a finite set A with n > 2 elements, let Q be a partition of P(A) such that |X| = 2 for each X € Q.
Determine |Q x Q|.

Let A be a set with m elements and B a set with n elements.

(a) How many functions are there from A to B?
(b) If n > m, how many one-to-one functions are there from A to B?
(c) If m > n, how many one-to-one functions are there from A to B?

There are six ways to travel from Newark, New Jersey to Chicago by air, seven ways by car, three ways by

train and ten ways by bus. In how many ways is it possible to travel from Newark to Chicago by exactly
one of these means of travel?

A finite set A is partitioned into five subsets A; (1 < i < 5). Furthermore, each subset A; is then partitioned
into five subsets A;; (1 < j <5).If |A;;| =i+ jforl <i<5and 1 < j <5, then what is |A|?
Define A, = {2%b : bis a positive odd integer and 2%b | 1000} for 0 < k < 3.

(a) Determine |[Ag UA; UA; UA3|.
(b) In how many ways can a positive integer divisor m of 1000 be selected such that m is either odd or is a
multiple of 8?

Prove by induction that for n > 2 finite pairwise disjoint sets A}, Az, ..., A,,
[AfUA U - UA,| = |Ay] + |Az| + -+ + |A4l.

An outcome of rolling a pair of dice consists of an ordered pair (a, b), where each of a and b is one of
1,2,...,6. The result of an outcome is a + b.

(a) How many outcomes are possible in one roll of the two dice?
(b) In how many possible ways can a 4 or 7 result from a single roll of two dice?

When a coin is tossed, the outcome is either heads or tails. An experiment consists of tossing a coin n
times in succession and recording the resulting sequence of outcomes.

(a) How many such sequences are possible?

(b) Determine the number of ways in which heads can occur exactly once in such a sequence.
(c) In how many ways can heads occur exactly n — 1 times?

(d) In how many ways can heads occur at most once?

LetS=1{0,1,3,4,5,7,9}.

(a) How many 4-digit numbers are there where each digit is an element of S and no digits are repeated?
(Note: The first digit of a 4-digit number is not 0.)

(b) How many of the numbers described in (a) are divisible by 5?

(c) How many of the numbers described in (a) are even?
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13.2 THE PRINCIPLE OF INCLUSION-EXCLUSION

The Principle
of Inclusion-
Exclusion (for
two sets)

Proof

Example 13.6

Solution

Example 13.7

Solution

Recall that in terms of sets, the Addition Principle states that for any n > 2 pairwise
disjoint finite sets, the cardinality of the union of these sets is the sum of the cardinalities
of these sets. But what if the sets are not pairwise disjoint? Let’s first look at what happens
when we have two sets that are not (pairwise) disjoint.

For every two finite sets A and B, where |A| = a, |B| = band |ANB| =c,

JAUB| = |A|+ |Bl—JANB| =a+b—c.

First, ¢ of the a elements in A belong to B as well. Similarly, ¢ of the b elements in B
belong to A. Therefore, |[A| 4+ |B| not only counts the elements that belong to exactly one
of A and B, it counts the ¢ elements belonging to both of these sets twice. Consequently,
[AUB|=a+b—c. [ ]

We now illustrate this principle with the following two examples.

Determine the number of integers in the set S = {1, 2, ..., 25} that are divisible by 2
or 3.

Let A and B be the subsets of S consisting of those integers in S divisible by 2 and 3,
respectively. The answer to this problem is therefore |A U B|. The set A N B then con-
sists of those integers in S that are divisible by both 2 and 3 and so by 6 (see The-
orem 12.16). Recall for a real number x that the floor |x] of x is the largest integer
less than or equal to x. Thus, the number of integers in S that are divisible by 2 is
[25/2] = 12, that is, there are 12 even integers in S. Similarly, there are |25/3] =
8 integers in § divisible by 3 and [25/6] = 4 integers in S divisible by 6. By the
Principle of Inclusion-Exclusion, it follows that [AUB| = |A|+ |[B|—|[ANB| =
12+8—4=16. ¢

We saw in Example 13.2(b) that there are 2'° = 1024 10-bit strings. How many of these
strings begin with three Os or end with two 0s?

Let A be the set of 10-bit strings beginning with three Os and B the set of 10-bit strings
ending with two Os. We seek the value |A U B|. Since there are 2° 10-bit strings beginning
with three Os and ending with two Os, it follows that [A N B| =23 and so |[A U B| =
|A|+ |B| — [ANB| =27 +28 — 25 = 128 4+ 256 — 32 = 352. ¢

If the sets A and B in the Principle of Inclusion-Exclusion are disjoint, then ¢ = 0
and |A U B| = |A| + |B| = a + b, which returns us to the Addition Principle in the case
of two sets. As expected, there is a general version of the Principle of Inclusion-
Exclusion.
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The Principle
of Inclusion-
Exclusion

Proof of the
Principle of
Inclusion-
Exclusion for
three sets

Example 13.8

Solution

For m > 2 finite sets A;, A, ..., A,
AT UA U UA,| = [A1] + Aol + -+ Aul = D JAINA]
1<i<j<m
+ ) JANANAl- -
1<i<j<k<m

+(=D"NAI NA NN A

In the case of three finite sets A, B and C, this more general Principle of Inclusion-
Exclusion states that

IAUBUC| = |A| + |B|+|C| —JANB| — |JANC| — |BNC|+|ANBNC|. (13.3)

We give a proof of this special case.

One of the distributive laws for sets (Theorem 4.22, 3(b)) states that
ANBUC)=ANBUMANC).
Observing further that
ANB)N(ANC)=ANBNC,
we see that
[AUBUC| = [(AUBUC)| =I|A|+|BUC|—[AN(BUC)
=|A| 4+ |B|+|C|=|BNC|—=|[ANB)UANC)
= A+ Bl +|CI = |BNC|=(ANB|+|ANC| = [(ANB)N(ANC)])
=|Al+|B|+IC|—|ANB|—|ANC|—=|BNC|+|[ANBNC|.
Therefore, (13.3) holds. [ ]

The reason for the name of this principle is that to determine the number of elements
inA; UA, U---UA,,, we add (include) the number of elementsin A, A,, ..., A,,, sub-
tract (exclude) the number of elements in the intersections of all pairs of these sets and
then add back in the number of elements in the intersection of all triples of these sets,
and so on.

The following example is similar to Example 13.6 but uses the Principle of Inclusion-
Exclusion for three sets.

Determine the number of integers in the set S = {1,2,..., 100} that are divisible
by 2,3 or 5.

Let A, B and C be the subsets of S consisting of those integers in S divisible by 2, 3 and
5, respectively. The sets A N B, AN C and B N C therefore consist of those integers in §
that are divisible by 6, 10 and 15, respectively, while A N B N C consists of the integers
in § divisible by 30. By the Principle of Inclusion-Exclusion,

IAUBUC| = |A|+ |B|+|C| = |JANB| — [ANC| — |BNC| +|ANBNC|
=50+334+20-16—10—6+3=103—-32+3="74. ¢
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In Section 13.1, we initially stated the Addition Principle as the number of ways
to perform a procedure consisting of tasks and then saw that this principle could be de-
scribed in terms of sets. While we have stated the Principle of Inclusion-Exclusion in
terms of sets and mentioned this is a more general principle than the Addition Princi-
ple, this principle could also be stated as a principle concerning the number of ways to
perform a procedure consisting of tasks to be performed. We illustrate this with the next
example, which deals with questions similar to what we saw in Example 13.4.

Let S ={1,2,...,9}. Let T} be the task of selecting an even number from S, 7; the task
of selecting an odd number from S, 75 the task of selecting an odd prime from S and 74
the task of selecting a prime from S.

(a) Let P’ be the procedure consisting of performing any of the tasks 7i, 7> and
T5. In how many ways can P’ be performed?

(b) Let P” be the procedure consisting of performing any of the tasks 75, 75 and
T4. In how many ways can P” be performed?

(a) The procedure P’ can be performed by selecting any integer from S. Thus,
the number of ways to perform P’ is |S| = 9. Also, there are four ways to
perform Tj, five ways to perform 7, and three ways to perform 73. Further-
more, there are no ways to perform both 7 and 75, no ways to perform both
T} and T5 and three ways to perform both 7, and 75. Finally, there are no ways
to perform 7, T, and 73 simultaneously. It then follows by the Principle of
Inclusion-Exclusion that the number of ways to perform P’ is4 +5+3 — 0 —
0-3+0=09.

(b) The procedure P’ can be performed by selecting any of the integers 1, 2,
3,5,7,9 from S. Therefore, the number of ways to perform P” is {1, 2, 3, 5,
7,9}| = 6. We also answer this question using the Principle of Inclusion-
Exclusion. As in (a), there are five ways to perform 7, and three ways to per-
form T3. In addition, there are four ways to perform 7;. There are three ways
to perform 7, and 73 simultaneously, three ways to perform both 7> and 7 and
three ways to perform both 73 and 7. Furthermore, there are three ways to per-
form 75, T5 and T, simultaneously. Hence, the number of ways to perform P”
is5+3+4-3-3-34+3=6. ¢

The solution of Example 13.9 given above can also be expressed in terms of sets. If we
let S; be the subset of S consisting of its even integers, S, the subset of S consisting of
its odd integers, S3 the subset of S consisting of the odd primes in S and Sy the subset of
S consisting of the primes in S, then the number of ways that P’ can be performed is

1S1 U S US3| = [S1] + IS2] + [S3] — [S1 N S2 — [S1 N S3] — [S2 NS5[ + 181N Sz NS5
=44+543-0-0-34+0=09;

while the number of ways that P” can be performed is

[S2 U S3 U Syl = [S2] + [S3] + [Sa] — 82 N S3] — |82 N Sal — |83 N Syl + |82 N S3 N Sy
=54+34+4-3-3-34+3=6. ¢
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13.13.

13.14.

13.15.

13.16.

13.17.

13.18.

13.19.

13.20.

13.21.

(a) How many (2n)-bit strings begin with or end with n 0s?

(b) How many (2n)-bit strings neither begin nor end with n 0s?

LetS=1{1,2,...,110}. Observethat 110 =2-5-11.LetA={d € S:2|d},B={d €S :5]|d}and
C={deS:11]|d}.

(a) Determine |A U BUC].
(b) Determine the number of elements of S that are divisible by none of 2, 5 and 11.

Use the Principle of Inclusion-Exclusion to determine the number of bijective functions
f:{1,2,3} — {1, 2,3} for which f(i) #ifori=1,2,3.

Let p, g and r be distinct primes and let n = pgr. Determine the number of elements in

S=1{1,2,...

, pqr} that are divisible by at least one of p, g and r.

LetS=1{1,2,...,100} and let T = {f : S — S} be the set of all functions f from S to S. Define
A;={f eT:i¢range(T)}, where 1 <i < 100. Determine |[A; U Ay U As].

Determine the number of solutions of the equation x; + x, 4+ x3 = 4 in which x;, x, and x3 are
nonnegative integers and at least one of x|, x, and x3 is 0.

Find the number of integers n with 1 < n < 10° such that n is neither a perfect square, a perfect cube nor
a perfect fifth power.

Use the Principle of Inclusion-Exclusion to determine the number of positive integers in the set

S=1{1,2,...

, 210} that are divisible by at least one of 2, 3, 5 and 7.

A coin is flipped five times, resulting in the sequence (a1, a;, az, as, as), where a; (1 < i < 5) is either H
or T, depending on whether heads or tails occurs on the ith flip of the coin. Therefore, there are 2° = 32
such sequences. Let 77 be the task of obtaining H on the first and fifth flip of the coin, 7; the task of
obtaining H on the second, third and fourth flip of the coin and 73 the task of obtaining H on the first, third
and fifth flip of the coin. Let P be the procedure consisting of performing at least one of 77, 7, and 75. In
how many ways can P be performed?

13.3 THE PIGEONHOLE PRINCIPLE

The

Pigeonhole

Principle

Proof

Another principle that is encountered often in combinatorics concerns finite sets that are
partitioned into a specific number of subsets. Here, at least one of these subsets must
contain sufficiently many elements. The principle dealing with this is called the Pigeon-
hole Principle. The proof given below uses the fact that for a real number x, its ceiling
[x], which is the smallest integer greater than or equal to x, satisfies the inequalities

[x] — 1 <x < [x]. 134)

If a set S with n elements is partitioned into k subsets, then at least one of these subsets
contains at least [n/k] elements.

Suppose that there is a partition P = {S}, S, ..., S¢} of § into k subsets such that every
subset contains less than [n/k] elements. Then |S;| < [n/k] — 1 < n/k for each subset
S; (1 < i < k). By the Addition Principle,
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Proof
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IS|=1S1US2U---USi| = [S1] + [S2] + - - - + |Sk]
< k([n/k] = 1) < k(n/k) = n,

which contradicts the fact that S has n elements. [

The Pigeonhole Principle is believed to have been observed by the mathemati-
cian Johann Dirichlet in 1834 and for this reason, it is sometimes called Dirichlet’s
principle.

Each output of a computer program is a randomly selected integer. How many integers
must be selected to guarantee that 10 of these integers will have the same remainder
when divided by 6?

What we wish to do is to select n integers so that [n/6] > 10. Since we want n to be
the smallest positive integer satisfying this inequality, it follows that [(n — 1)/6] < 10.
This implies that (n — 1)/6 = 9 and so n — 1 = 54. Hence, n = 55.

There is another way to look at this. An integer can have one of six different re-
mainders when divided by 6. If we happen to select 54 integers, nine of which have each
of the six different remainders when divided by 6, then this will not satisfy our require-
ment. Thus, we must select one more than this, that is, select 54 + 1 = 55 integers to
guarantee that 10 integers will have the same remainder when divided by 6. ¢

We now describe three results whose proofs use the Pigeonhole Principle. Recall
that every two consecutive integers are relatively prime.

Let n € N. Every (n + 1)-element subset of the 2n-element set A = {1, 2, ..., 2n} con-
tains two relatively prime integers.

LetA; = {2i—1,2i}fori=1,2,...,n. Thus, {A|, Ay, ..., A,}is a partition of A. Since
any (n + 1)-element subset B of A must contain both integers in some set A;, the two
integers of B belonging to A; are relatively prime. ]

A total of 101 points Py, P, ..., Pjp; are placed in a 6 x 8 rectangle R. If a circle of
radius 1 with center P, is constructed for each integer i with 1 < i < 101, then two of
these circles must intersect.

Divide the rectangle R into 100 rectangles, where each is a 0.6 x 0.8 rectangle. The
length of a diagonal in each of these rectangles is 1. Since there are 101 points and 100
rectangles, it follows by the Pigeonhole Principle that two of the points P, must lie in the
same rectangle and so the circles centered at these two points must intersect. ]

o 2
Let ay, as, ... ay, be a sequence of 2n > 2 positive integers. If Zizl a; = 3n — 1, then
there is some set of consecutive integers in this sequence whose sum is 7.

Forj=1,2,...,nlets; = Z{:I a;. Then

1<si<sy<---<s, =3n—1.
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The Strong
Pigeonhole
Principle

Proof

Example 13.15

By adding n to each number in these inequalities, we have
n+l<si+n<sx+n<---<sy, +n=4n-—1.

Since each of the 4n integers sy, s, ..., S2,, S| + 1, $2 + A, . .., $2, + n belongs to the
set {1,2,...,4n — 1}, it follows by the Pigeonhole Principle that two of these 4n in-
tegers are equal. Because sy, 7, ..., s, are distinct as are s; +n, s +n, ..., S + 1,
it follows that s, = s, +n where | <r <t <2n. Then s, —s, = a,11 + a2 +---+
a, = n. [ ]

The following example is a variation of Example 13.10.

Each output of a computer program is a randomly selected integer. How many integers
must be output to guarantee that either ten integers are multiples of 6, nine integers have
aremainder of 1 when divided by 6, eight have a remainder of 2, seven have a remainder
of 3, six have a remainder of 4 or five have a remainder of 5?

Observe that the largest number of integers that can be output which would fail to satisfy
this requirement would occur if we select nine with a remainder 0, eight with a remainder
of 1, seven with a remainder of 2, six with a remainder of 3, five with a remainder of 4
and four with a remainder of 5. Thus, the minimum number of integers that can be output
to satisfy this requirementis 1 +(94+8 4+ 7+ 6+ 5+ 4) = 40. ¢

This example illustrates a principle that is more general than the Pigeonhole
Principle.

If a set S with n elements is partitioned into k subsets Sy, S», . . ., Sk, where |S;| > n; for
1 < i <k, then each subset of S with at least

k
L+ i —1)
i=1

elements contains at least n; elements of S; for some integer i with 1 <i < k.

Assume, to the contrary, that S contains a subset 7" with at least 1 + Zle(ni — 1) ele-
ments but 7' contains less than n; elements of S; for each integer i with 1 < i < k. Since
the set S is partitioned into the k subsets Sy, S, .. ., S, it follows that

k k
I+Y =D <ITI <) (= 1),
i=1 i=1

This is a contradiction. [

A box contains k(k + 1)/2 balls, k € N, each of which is colored one of the k colors
c1, €2, ..., k. In particular, there are i balls colored ¢; fori =1, 2, ..., k. What is the
minimum number of balls that must be removed from the box to guarantee that for some
color ¢; (1 < j < k), all balls colored c; are removed from the box?
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Solution  Since there are n; = i balls colored ¢; for 1 < i < k, it follows by the Strong Pigeonhole
Principle that

k k
k(k—1) K —k+2
1+Z(n,-—l)=1+Z(i—1)=1+( ) _
i=1 i=1

2 2

balls must be removed from the box to guarantee that all balls colored c; for some j
(1 < j < k) are removed from the box. ]

Analysis  Suppose, in the preceding example, that k = 3. Thus, the box contains six balls, one col-
ored red, say, two colored blue and three colored green. The Strong Pigeonhole Principle
tells us that four balls must be removed from the box to be certain that all balls of one
of these three colors have been removed. Suppose then that four balls are removed from
the box. If one of the four balls is red, then the one ball colored red has been removed.
If not, then each of the four balls is colored blue or green. If two blue balls are removed,
then all blue balls have been removed. On the other hand, if the two blue balls have not
been removed, then at most one blue ball is removed and so the remaining three balls,
all colored green, have been removed. ¢

SECTION 13.3 EXERCISES

13.22.

13.23.

13.24.

13.25.

13.26.

13.27.

13.28.

13.29.

13.30.

How large must the population of a community be to guarantee that two of its residents have the same
three initials?

Suppose that the population of New York City exceeds seven million and that no person has more than one
million hairs on his or her head. Show that there are at least eight people with the same number of hairs on
their heads.

Prove that among any n + 1 people selected from a group of n women and their husbands, there is a
married couple.

(a) Prove that if 51 integers are selected from the set S = {1, 2, ..., 100}, then there must be two among
these 51 selected integers such that one is divisible by the other.

(b) Show that the statement in (a) is false if only 50 integers are selected from the set S.

Prove that in a group of 20 people, there are at least two with the same number of acquaintances in the

group.

There are four cities where the distance in miles between every two cities is an integer. If the sum of the

distances between all pairs of cities is 103 miles, prove that there exist two cities where the distance
between them is at least 18 miles.

Prove that if 41 numbers are selected from the set S = {1, 2, ..., 50}, then there must exist two among
those chosen whose sum is 80.

Let f : A — B be a function from a set A to a set B, where |[A| = m, |B| = n and m, n € N. Prove that if
m > kn for some k € N, then some element of B is the image of at least k + 1 elements of A.

A point (a, b) in the plane is a lattice point if ¢ and b are both integers. The midpoint of the line segment

joining two lattice points (a, b) and (c, d) is the point ((a + ¢)/2, (b + d)/2).

(a) Given five lattice points in the plane, prove that there must exist a pair among them such that the
midpoint of the line segment joining them is also a lattice point.

(b) Prove that the statement in (a) is false if only four lattice points are given.
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13.31.

13.32.

13.33.

13.34.

13.35.

13.36.

13.37.

13.38.

13.39.

13.40.

13.4
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Show for every n integers x1, X2, . . ., X,, that there exist integers x; and x; among them with0 <i < j<n
such that xiy| + X120 + - - +x; = 0 (mod n).

Let S = {000, 001, 002, ..., 999} be the 1000-element set that consists of all 3-digit integers. Prove that
every 28-element subset of S contains at least two elements a,a,a3 and b, b, b3 such that 3 | (a; — b;) for
i=1,23.

For each positive integer k, let R, denote the k-digit integer where each digit is 1. For example, R; = 1,
R, = 11 and Rz = 111. Prove that there exists a positive integer £ such that R, is divisible by 1099.

Let F be a collection of subsets of S = {1,2,...,n},n > 2,suchthatif X, Y € F,then X N Y # (. Prove
that |F| < 2" 1.

(a) Observe that 74 = 2401 is an integer whose digits end with 01. Prove that there exists a power of 7
whose digits end with 001.

(b) Prove that if p is a prime different from 2 and 5, then there exists a power of p whose digits end with
001.

Prove, for every 7-element set S of integers, that there exist at least five 2-element subsets of S such that
the difference of the integers in each set is a multiple of 3.

Let n € N. Prove that a sequence s : aj, az, ..., ;24| of n? + 1 distinct real numbers either contains a
subsequence of n + 1 numbers that is increasing or a subsequence of n + 1 numbers that is decreasing.

(A sequence s’ : by, by, ..., b, is increasing if by < b, < --- < b, and decreasing if b; > b, > --- > b,.
A sequence s” of the form s : by,, by, .. ., by, where 1 <k <ky <--- <k, <riscalleda
subsequence of s. For example, s” : by, bs, bg, bg is a subsequence of s’ : by, by, b3, by, bs, bg, b7, bg.)
[Hint: Use a proof by contradiction and for 1 < k < n? + 1, let #;, denote the length of a longest increasing
subsequence of s beginning with a.]

A set S consists of 60 integers, namely ten primes that are at least 5, the integers 2k for 1 < k < 20 and the
integers 3% for 1 < k < 30. How many integers must belong to a subset of S to guarantee that

(a) there are at least ten even integers or at least fifteen integers divisible by 3?
(b) there are at least five primes, at least five even integers and at least five integers divisible by 3?

If a drawer contains five nickels, ten dimes and 25 quarters, then what is the minimum number of coins
that must be selected from the drawer to be certain that all coins of the same denomination have been
selected?

A box contains one red ball, one blue ball, two green balls and two yellow balls. What is the minimum
number of balls that must be removed from the box to be certain that all balls of one of the four colors
have been removed?

PERMUTATIONS AND COMBINATIONS

Many of the theorems and problems encountered in combinatorics deal with the number
of certain types of subsets that a given set may have or the number of arrangements or
ordered lists of their elements. It is questions of this nature that we will consider now.
The fundamental concepts concerning this are permutations and combinations.

By a permutation of a nonempty set S is meant an arrangement or ordered list of
the elements of S.

Example 13.16 Determine the number of permutations of the set S = {a, b, ¢, d}.
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One permutation of S is a, b, ¢, d, which is often written as abcd; while another permu-
tation of S is dcha. In fact, all permutations of the set S are listed below:

abcd bacd cabd dabc
abdc badc cadb dach
acbd bcad cbad dbac
acdb beda chda dbca
adbc bdac cdab dcab
adcbh bdca cdba dcba

Consequently, the total number of permutations of § is 24.

There is, however, a simple method to determine the number of permutations of S
without listing all of the permutations and which will be considerably more practical for
sets having a larger number of elements. A permutation of S is obtained by ordering the
four elements of S in some manner, say

There are four possible elements of S for the first term in the permutation. Once the first
term is known, there are three choices for the second term and then two possibilities for
the third term and only one choice for the fourth and last term. By the Multiplication
Principle, there are 4 - 3 - 2 - 1 = 4! = 24 permutations. The tree diagram in Figure 13.2
can be used to show all 24 permutations of S. ¢

Example 13.17

Solution

Figure 13.2 A tree diagram displaying the 24
permutations of the set S = {a, b, c, d}

The preceding example illustrates the fact that the number of permutations of a set
with n elements for some n € N is

nn—1)(n—2)---3-2-1=n!(nfactorial).
For the set S = {1, 2, ..., 9}, consider the subsets S} = {n € §: nisprime}, S, = {n €

S:2<n<8}landS; ={n e S: nisodd}. Foreachi = 1, 2, 3, give an example of two
permutations of S; and the number of permutations of ;.

For S;, 2357 and 3275 are examples of permutations. Since |S;| = 4, the number of per-
mutations of S is 4! = 24. For S, 234567 and 432765 are permutations. Since |S,| = 6,
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the number of permutations of S is 6! = 720. For S3, 13579 and 59317 are permutations.
Since |S3] = 5, the number of permutations of Sz is 5! = 120. ¢

The term permutation was encountered in Chapter 10, where functions were dis-
cussed. In particular, for a nonempty set A, a bijective function f : A — A was called a
permutation on (or of) A. For example, suppose that A is a finite set, say A = {a, b, c, d, e}.
Then the function f : A — A, defined by

fl@)=c, f(b)=d, f(c)=a, f(d)=e, f(e) =)
is a permutation of A. This function can also be expressed as
f={(a, 0),(b,d),(c,a)(de), e Db)}

In particular, once we know the images of a, b, ¢, d and e, we know the permutation f.
In this case, the images are c, d, a, e, b (or cdaeb), which is, therefore, an arrangement
of the elements of A. Hence, these two uses of the term “permutation” are equivalent.

Suppose, for a finite nonempty set A, that we wish to determine the number of or-
dered lists of some fixed number of elements of A. The next example deals with this
situation.

Determine the number of ordered lists of two elements of the set S = {1, 2, 3, 4, 5}.

Since there are 5 possible choices for the first element in the list, and once this ele-
ment has been selected, there are 4 possible elements for the second element in the list,
it follows by the Multiplication Principle that there are 5 - 4 = 20 ordered lists of two
elements in the set S. These 20 lists are shown below:

12 21 31 41 51
13 23 3242 52
14 24 34 43 53
15253545 54

Of course, we were only asked for the number of such ordered lists, not the lists
themselves. ¢

In general, if we want to know the number of ordered lists of r elements of an n-
element set S, where 1 < r < n, we are considering sequences

term 1 term 2 term 3 R term r — 1 term r

of length r consisting of all possible orderings for every choice of r elements of S. There
are n choices for the first term of the sequence. Once the first term has been chosen,
there are n — 1 choices for the second term and n — 2 choices for the third term. Contin-
uing in this manner, we see that there are n — (r — 1) + 1 choices for term r — 1 and
finally, n — r 4+ 1 choices for the final term ». By the Multiplication Principle, there
are

nn—1)(n—-2)---(n—r+2)(n—r+1) (13.5)
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possible orderings of r elements of S. Multiplying the expression in (13.5) by (n — r)!/
(n —r)!, we have

(n—rn)! n!

n—r)  (m—n!

An ordered list of r elements of an n-element set S is referred to as an r-permutation

of S. The number of r-permutations of an n-element set is commonly denoted by P(n, r).
The next theorem summarizes what we just observed.

nn—1)(n-2)---n—r+2)n—r+1)

For integers r and n with 1 < r < n, the number of r-permutations of an n-element set
is

n!

P(n,r): m

In Example 13.18, we saw that there are 20 ordered lists of two elements in the set
{1, 2, 3,4, 5}, which illustrates the fact that
5! 5! 5.-4.3!
—=—=——=20.
6-2) 3 3!
For the case when r = n, an n-permutation is an ordered list of all n elements of an n-

element set. In other words, an n-permutation of an n-element set is simply a permutation
of the set. By Theorem 13.19, the number of permutations of an n-element set is

P(5,2) =

n! n!
P(n,n) = = — =nl,
(n—n)! 0!

recalling that 0! = 1.

Let S ={1,2,3,4,5,6).

(a) Give two examples of permutations of S.
(b) How many permutations of S are there?
(c) Give two examples of 2-permutations of S.
(d) How many 2-permutations of S are there?
(e) Give two examples of 4-permutations of S.

(f) How many 4-permutations of S are there?

(a) 123456 and 256314.

(b) P(6,6) =6!="720.

(¢) 13 and 63.

(d) P(6,2)=6!/4!=(6-5-4!)/4! = 30.

(e) 1256 and 6342.

) P6,4) =6!/2! = 360. ¢

When discussing permutations or r-permutations of a set S, we are referring to se-
quences, arrangements or ordered lists of elements of S. That is, the order in which the
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elements are listed is important. There are situations, however, when the order in which
elements are selected is not important.

LetS =1{a,b,c,d,e}.

(a) How many subsets of S contain exactly two elements?
(b) How many subsets of S contain exactly three elements?

(a) The 2-element subsets of S are given below:

la, b}, {a, c}, {a,d}, {a, e}, {b, c},
{b,d}, {b, e}, {c.d}, {c, e}, {d, e}.

Therefore, there are ten 2-element subsets of S.
(b) The 3-element subsets of S are

{a, b, c}, {a, b,d}, {a, b, e}, {a,c, d}, {a,c,e},
{a,d, e}, {b,c,d}, {b,c,e}, {b,d,e}, {c d, e}

So the number of 3-element subsets of S is 10 as well. ¢

Although we answered the questions asked in Example 13.21 by listing all 2-element
subsets and all 3-element subsets of the set S = {a, b, ¢, d, e}, this method would not be
practical for larger sets. Furthermore, the method we used makes it too easy to make
mistakes, as we could inadvertently miss some subset we should have included or per-
haps list some subsets more than once. There is, however, another approach to answer
these questions.

For integers » and n with 0 < r < n, an r-element subset of an n-element set S is
referred to as an r-combination or an r-selection of S. Therefore, an r-combination is
an unordered list of r elements.

The number of r-combinations of an n-element set is denoted by C(n, r) or by (Z)
The notation (?) is ordinarily read as “n choose r” as we are selecting or choosing r
elements from an n-element set. Even though C(n, r) and ('rl) represent the same number,
you should be familiar with both as both are common. The notation (’r’) is much more
common in advanced mathematics, however.

Let A be an n-element set for some positive integer n and consider some r-element
subset B, where 1 < r < n, say A ={a,as, ...,a,} and B={ay, az, ..., a,}. In this
case, the elements a,41, a,42, - . . , a, do not belong to B. Since B is a set, the order in
which the r elements of B are listed does not matter. However, every ordering of the
elements of B produces a permutation of B. Since |B| = r, there are r! permutations of
B. Consequently, since there are C(n, r) r-element subsets of A, it follows that r!C(n, r)
is the total number of r-permutations of A. Because this number is P(n, r) = n!/(n — r)!,
it follows that

n!
P(n,r) = —(n ) =rlC(n,r)

and so

n!
C(l’l, l") = m
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Therefore,

6 6! 6
C(6,2) = =—=15=—= =C(6,4) and
2 2141 412!

5! 5!
Thus, it was not surprising that there are both ten 2-element subsets and ten 3-element
subsets of the set S = {a, b, ¢, d, e} in Example 13.21. Furthermore, we see that the
questions there can be answered more readily by computing C(5,2) = C(5, 3). That
C(5,2)=C(5,3) and C(6,2) =C(6,4) are special cases of a more general
observation.

=C(,3).

For integers r and n with 0 < r < n,

Cn,r)=C(n,n—r)or <n> =< " )
r n—r

We give two proofs of this fact. First,

n! n! n!
o) = o ol = e~ =l — =Pl

=C(n,n—r).

Second, recall that C(n, r) represents the number of r-element subsets of an n-element
set, say S. For each r elements that are selected for a subset of S, we are selecting n — r
elements that do not belong to this subset. Since the number of ways of selecting n — r
elements of S is C(n, n — r), it follows that C(n, r) = C(n,n — r). [

The second proof given in Theorem 13.22 is an example of what is commonly called
a combinatorial proof. A combinatorial proof is a proof that depends on counting ar-
guments, often counting the same set of objects in two different ways rather than alge-
braic manipulation. The following result provides another example of a combinatorial
proof.

For every positive integer n,

Q)+ () )=

Let S be an n-element set. We have already seen that there are 2" subsets of S. For each
integer r with 0 < r < n, ('r’) counts the number of r-element subsets of S. Therefore,

)+ () ) (") ()

counts all subsets of S, which, therefore, equals 2". (See Theorem 6.16.) [

For integers r and n with 0 < r < n, we have already seen by Theorem 13.22 that
(") = (,",)- We now make some observations about the numbers (") for some specific

r n—r
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Example 13.24

Solution

Example 13.25

Solution

values of r. Let S be an n-element set. First,

(6)= () =3 =

which says that there is exactly one subset of S with no elements and exactly one subset
of S with n elements. These subsets are, of course, ¥ and S, respectively. Because

AN n! _n-(n—l)!_
(1)‘1!(;1—1)!_ n—1)1 "

there are exactly  1-element subsets of S, as expected. Also, (}) = (,",) and so there are

exactly n subsets of S that consist of n — 1 elements. The numbers ('2’) occur frequently
in combinatorics as well. For n > 2,

_(n\ _ n! _n(n—l)-(n—2)!_n(n—l)
C(”’z)_(2>_2!(n—2)!_ 2-(n—=2)! 2

That is, to compute C(n, 2) for an integer n > 2, we divide the product of n and n — 1
by 2. For example,

N=226 (2)=22 0w (O)=2221s
2 2 2 2

Some other specific examples of (:) are

6 6! 6-5-4.3! 8 8! 8-7-6-5!
=—=———=20 and =— = ——=156.
3 313! 6-3! 5 513! 5!-6

We saw in Example 13.2(b) that there are 2'© = 1024 10-bit strings.

(a) Give an example of three 10-bit strings containing exactly six 1s.

(b) How many 10-bit strings contain exactly six 1s?

(a) 1011001101, 1110000111, 1100110011.

(b) To determine the number of 10-bit strings containing exactly six 1s, it is
sufficient to determine the number of possible positions where 1 can be
placed. For example, in the first 10-bit string in (a), the 1s are placed in terms
1,3,4,7, 8 and 10. Hence, the number of 10-bit strings containing exactly
six 1sis

10y 100 10-9-8-7-6! 10-9-8-7
C(10,6) =

6) " 64! 6141 4.3.2-1

The following example uses both permutations and combinations.

A computer program randomly outputs an ordered list L of four elements from the set
S ={1,2,...,10} followed by a 3-element subset of the elements of S not in L. What
is the number of possible outputs of this program?

This number is P(10, 4) - C(6, 3) = (5040)(20) = 100,800. ¢
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SECTION 13.4 EXERCISES

13.41.

13.42.

13.43.

13.44.

13.45.

13.46.
13.47.

13.48.

13.49.

13.50.
13.51.

13.52.

LetS={1,2,..., 12}

(a) Determine the number of 8-permutations of S in which 7 and 8 do not appear.

(b) Determine the number of 8-permutations of S in which 7 and 8 do not appear consecutively in either
order.

(c) Determine the number of 9-permutations of S that contain 6.

(a) Express the number of one-to-one functions fromA = {1,2,...,6}toB={1,2,..., 10} as P(n, r)
for some integers n and r.

(b) For positive integers a and b with a < b, determine a generalization of the problem in (a) by
expressing the number of one-to-one functions from a set A to a set B where |[A| = a and |B| = b.

By an n-letter word is meant a sequence of length n, each term of which is one of the 26 letters of the
English alphabet. Here we assume that a, e, i, o, u are the five and only vowels, while the remaining 21
letters are consonants. Determine the number of 15-letter words that contain exactly two, three or five

distinct vowels but where consonants may be repeated.

(a) Determine the number of 17-letter words (see Exercise 13.43) with distinct letters containing x, y
and z.

(b) How many of the 17-letter words in (a) have x, y and z appearing in three consecutive positions in
some order?

(c) How many of the 17-letter words in (a) do not have x, y and z occupying three consecutive positions?
LetS={1,2,...,n}, where n € N.

(a) Determine n if one-fifth of the 4-element subsets of S contain n.
(b) Determine n if one-eleventh of the 4-element subsets of S contain both 1 and 2.

How many triangles are determined by n > 3 points in the plane, no three of which lie on the same line?

Let S ={1,2,...,n} and let m and r be integers such that 1 < r < m < n. For an r-element subset A of S,
determine the number of m-permutations of S in which all elements of A appear.

Let S = {1, 2, 3, 4, 5}. Recall that a bijection f : § — S is called a permutation of S. A permutation f of §
is said to fix i € S if f(i) = i. How many permutations of S fix exactly one element of S?

An experiment consists of tossing an ordinary coin n times in succession and recording the resulting
sequence of outcomes.

(a) In how many ways can exactly k heads occur?

(b) In how many ways can at most k£ heads occur, where 1 < k < n?

(c) In how many ways can more than k heads occur, where 1 < k < n?

Prove that (Zn") < 4" for every positive integer n.

Prove that (i) + (;’) + (g) +-- 4 (22") = %(4"_1) for every positive integer n. (See Results 6.4
and 6.5.)

LetA=1{1,2,...,m}and B={1,2,...,n}, where n > m.

(a) How many m-element subsets of A X B contain no elements (ordered pairs) with the same first
coordinate?

(b) How many m-element subsets of A x B contain no elements with the same second coordinate?

(c) How many m-element subsets of A x B contain no elements with the same first coordinate or the same
second coordinate?
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13.53.

13.54.

13.55.
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Let A, B and C be pairwise disjoint sets where |A| = 10, |B| = 8 and |C| = 6. Determine the number of
10-permutations of A U B U C that contain exactly eight elements of A.

LetA=1{1,2,...,10}and B = {11, 12, ..., 25}. Determine the number of 15-permutations of A U B in
which five elements belong to A and ten belong to B.

Let k, r and n be nonnegative integers such that k + r < n. Give a combinatorial proof of each of the
following.

(@ (

n+r
r

)(

n
r

) =00 ® (L)

().

13.5 THE PASCAL TRIANGLE

Blaise Pascal (1623—1662) was a French mathematician and scientist who made impor-
tant contributions to a variety of scholarly areas during the 17th century. He, along with
Pierre de Fermat, have been credited with developing probability as a theoretical area
of mathematics. As a teenager, Pascal became interested in calculating machines, which
led to his invention of a mechanical calculator. In fact, the computer programming lan-
guage Pascal, named for him, was popular and widely used during the late 1970s and
1980s.

What Pascal may be best known for, however, is a table of numbers expressed in
a triangular manner that he described in his work Treatise on the Arithmetical Triangle
(English translation from French). The first several numbers in Pascal’s triangular array
are shown in Figure 13.3.

QN W —
W
=)

s

—[ =] =] =] <] —]—=
QN | B W] | —

Figure 13.3  Pascal’s triangular array of numbers

Although Pascal described these numbers as they appear in Figure 13.3, these are
typically displayed as shown in Figure 13.4, which is referred to as the Pascal trian-
gle (also commonly called Pascal’s triangle). While this triangular array of numbers is
named for the 17th century mathematician Pascal, he was not the first to recognize this
“triangle.” There are, in fact, references to portions of this triangle during the 11th cen-
tury. In fact, Pascal was not the first European to study these numbers and never claimed
to be. The numbers in the Pascal triangle are believed to have entered Europe by way of
Arabia from China.

You may recognize some of the numbers in the Pascal triangle in Figure 13.4 as
those you have seen recently. For example, the numbers in row 4 are

=) 4=0). 6=0. 4=0). 1=0)

In fact, for r =0, 1,..., n, the (r + 1)st number in row n is (%) = C(n, r). Therefore,
the Pascal triangle can be expressed as shown in Figure 13.5.
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row 0 1

row 1 1 1

row 2 1 2 1

row 3 1 3 3 1

row 4 1 4 6 4 1
row 5 1 5 10 10 5 1

row 6 1 6 15 20 15 6 1

row 0 (o)

row 1 o @)

row 2 © ¢ 06

row 3 © O 0 06

row 4 o O 6 6 6
row 5 © O 0 0 @ 6

row 6 (g)

3

Figure 13.5  Another view of the Pascal triangle

Returning to the Pascal triangle as shown in Figure 13.4, you might notice that
each interior number of the triangle (those not along the edges of the triangle) is the
sum of the two numbers just above it. Expressing the numbers as given in Figure 13.5,

this suggests that
= + .
r r—1 r

We show that this statement (named for Pascal) is, in fact, true in general.
Theorem 13.26  (Pascal’s Identity) For every two integers rand n with 1 <r <n —1,
()-C2)+()
= + .
r r—1 r
Proof We provide a combinatorial proof of this statement. Let A be an n-element set, say A =
{ay, as, ..., a,}. Then ('r’) represents the number of r-element subsets of A. Next, let
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Theorem 13.27

A’ ={ay,a, ..., a,—1}. Then A = A’ U {a,}. Of the () r-clement subsets of A, some do
not contain a,, while others do. Since |A'| = n — 1, there are (":1) r-element subsets of
A that do not contain a,,. For those r-element subsets of A that contain a,, r — 1 of the
elements belong to A’. Since there are (:':;) (r — 1)-element subsets of A’, it follows by

the Addition Principle that the number of r-element subsets of S is ("_1) + ("_1) and so

() =)+ (). A

The Pascal triangle has a number of interesting features. For example, returning to
Figure 13.3, we might observe that each number not in the first row is the sum of the
number immediately above it and the numbers to the left of this. For example, the number
20 in the 4th row equals 1 + 3 + 6 4 10. In the Pascal triangle expressed in Figure 13.5,

o @ - @ i @ " (3) * (2) 13.6)
@ B @ " @ +(5)+ @ (13)

These are the numbers in the Pascal triangle shown in Figure 13.6. Because of the pattern
of this list of numbers in (13.6) and (13.7), this illustrates what is commonly called the
Hockey Stick Theorem.

or, by Theorem 13.22,

Figure 13.6  Illustrating the Hockey Stick Theorem

(The Hockey Stick Theorem) For every two integers r and n with 0 < r < n,

(20220
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Proof The number of bit strings of length n + 1 (sequences with n + 1 terms, each of which is 0
or 1) containing exactly r + 1 1sis (fif) Each such string therefore has the appearance
shown below

term 1 term 2 cee term r + 1 e termn termn + 1

where there is either O or 1 at each position. Because there are r + 1 1s in the sequence,
the last 1 appears either at position » + 1 or to the right of that position. If the final 1
should happen to appear at position r + 1, then the remaining r 1s appear in positions 1
through r. Then the number of ways of selecting r of these r positions for the r 1s is
(:) If the final 1 appears in position r + 2, then the remaining r 1s appear in positions 1
through r + 1 and the number of ways of selecting r of these r + 1 positions for the

remaining r 1s is ("*'). Continuing in this manner, we obtain the desired conclusion that

()= )5+ ()

Applying the Hockey Stick Theorem for the case » = 1, we have
n+1) (1 n 2 n 3 T n
2 )\ 1 1 1

nn+1)
2
a statement we earlier verified by induction (see Chapter 6).
Another interesting feature of the Pascal triangle is shown in Figure 13.7. Suppose
that we start with the leftmost element of row n, namely (g) We now move three places to
the right, from a blank space to (']') to another blank space. The element just above this is

or

= 14243+ +n,

("Tl) We continue this, adding these numbers until we have moved off the triangle, ob-
taining either () + ("]') + -+ () ifn=2kor () + (}) +- -+ (“}) ifn = 2k + L.
This resulting sum is the (n 4+ 1)st Fibonacci number F, ;| (see Exercise 13.62).

T
T 13
1 3 3__. 1
1 4 6 4 1
1 5 0 10 5 1
1 6 15 20 15 6 1

Figure 13.7  Fibonacci numbers within the Pascal triangle
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SECTION 13.5 EXERCISES

13.56. Use an appropriate identity to simplify the following.
@ () +(5)
®) () + Q)+ @)+ +(5)
© (o) + (V) + G+ + (i0)-
13.57. Consider the third diagonal of the Pascal Triangle in Figure 13.4 that proceeds downward from right to
left. The sums of the first three successive pairs of terms are 1 + 3 = 22.34+6=23%and 6+ 10 = 42.
(a) Express each of these sums using the notation of combinations.
(b) Show that () + ("}') = n? for every integer n > 2.
(¢c) Explain why (}) + ("1') = (*%/") — n(n + 1) for every integer n > 2.

13.58. Prove that
n n n+1 n n+2 n n n+k _ n+k+1
0 1 2 k) k

for all integers k and n with 0 < k < n.

13.59. Prove, for all integers n > 3, that

" n+1
> kik — 1)(k—2)=3!< A >

k=3
13.60. Prove, for nonnegative integers k and #, that

n

3 (k+m)!  Qn+ D!
k' (m+ 1)

k=0
13.61. (a) Foran integer k > 3, show that k* can be expressed as a linear combination of (5), (§) and (}). That is,

find integers a, b and c such that &* = a(}) + b(§) + ().

(b) Use the result in (a) and the Hockey Stick Theorem to determine a formula for the sum
13 + 23 + ... 4 n® for each positive integer 7.
. 2 12 1
(c) Use the result in (b) to show that 6("}%) = ("T")" — ("11).

13.62. It was illustrated forn = 0, 1, ..., 6 in Figure 13.7 that the sum

-1 k k+1

O+ )+ +Qor @+ )+ + ()
according to whether n is even or n is odd (and so n = 2k or n = 2k + 1, respectively) is the (n + 1)st
Fibonacci number F,; . Verify this for every nonnegative integer n.

13.6 THE BINOMIAL THEOREM

One of the most common expressions encountered in elementary algebra is
(x+y)* = x* + 2xy + y°.
You may also recall that
(x+y)? =2 +3%y 4+ 307 +y°
(x+ ) =x* + 43y + 6xH + 4xy® +



Theorem 13.28

Proof

Example 13.29

Solution
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As the expressions above suggest, expanding the binomial x + y to the positive integer
power n results in n + 1 terms, the first being x" and the last y". The remaining n — 1
terms in (x + y)" are of the form x"‘ky" where 1 < k < n — 1. The only question con-
cerns the coefficient of each term x"~*y*. Notice that the coefficients of the terms in the
expansion of (x + y)" for n = 2, 3, 4 above are

@+ 121 o () (D)0
@+ 133100 (5) ()G G)

)t 146410 (G) (1) () G) ()

all of which are rows in the Pascal triangle. That this represents the coefficients of all
terms in the expansion of (x 4 y)" for every positive integer n is a consequence of one
of the most famous theorems in combinatorics. We provide a combinatorial proof of this
theorem.

(The Binomial Theorem) For every positive integer n,

(x+y)n — n xn+ n Xn71y+ n )5172))2_’_.“_'_ n xynfl_F n yn.
0 1 2 n—1 n

Observe that
C+Y'=@+NE+y)--(x+y)

is the product of n binomials, each x + y. To obtain a term in the expansion of (x + y)”",
either x or y is selected in each of these binomials x + y and these n terms are then mul-
tiplied. For example, if x is selected in each of the n binomials, we obtain x". If y is
selected in exactly one of the n binomials x + y and x in the remaining » — 1 binomi-
als, we obtain x"~'y. Since there are n binomials in which y can be selected, the term
containing x"~'y in the expansion (x + y)" has the coefficient n. More generally, to de-
termine the coefficient of the term containing x”_kyk for 0 < k < n in the expansion of
(x + y)", observe that there are (Z) possible choices for k of the n binomials in which y
is selected, with x selected in the remaining n — k binomials, giving us (Z)x”’kyk for this
term. u

The following example illustrates the Binomial Theorem.
Expand (x + »)°.
By the Binomial Theorem,
6 6 6 6 6 6 6
wot =G (o Q)er e (e (e ()4 (O
= x® 4 6%y + 15x*y* 4+ 20x°y° + 1523 + 6xy° +35. @

In Example 13.29, observe that the coefficients in the expansion of (x + y)® are

1615201561.
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That is, the first coefficient is 1 and the coefficients increase until we reach the middle
term 20 and then these coefficients are repeated in reverse order as they decrease back
to 1. This is a consequence of the fact that

(Z) N <nik>’

which we observed earlier. In the expansion of (x + y)>, the coefficients are
15101051

and so there are two middle terms 10 in this case. In general, if n is an even integer,
say n = 2k, then there is exactly one middle term in the expansion of (x + y)", namely
(Z)x"yk ; while if n is odd, say n = 2k + 1, then there are two middle terms in the expan-
sion of (x + y)", namely (Z)x’“rl y* and (kil)xkyk“. (See Exercise 13.74.)

In the expansion of (x + y)" for a positive integer n, we have seen that the first and
last coeflicients are 1, while the second and next-to-last coefficients are (’11) = (n’_’l) =n.
That is, these four coefficients are easy to determine. Furthermore, the third coefficient
is (;) = n(n — 1)/2, which, as noted earlier, is the product of n and n — 1 divided by 2.
Therefore, the third coefficient from the end, namely ("), is also n(n — 1)/2. These
two coeflicients can therefore usually be computed quite quickly as well. To compute
other coefficients mentally, at least when 7 is not too large, the following theorem can
be helpful.

Theorem 13.30 For integers k and n with 0 < k < n,

QLF(Z)ZI'I

Proof Observe that

n\n—k n! n—k | 1 1
k) k+1 kin—k)! k+1 k+1D! n—k—1)!

_ n! . n
Tkt D—k—1) <k+1)' "

We now see how Theorem 13.30 and the Binomial Theorem can be used to expand
(x+y).

Example 13.31 Expand (x + y)’.

Solution  We have seen that the expansion of (x + y)” begins withx” + 7x° + (])x°y?. Since (}) =
7-6/2 =21, we have x” + 7x®y + 21x°y%. By Theorem 13.30, the next coefficient is
obtained by multiplying the current coefficient 21 by the exponent 5 of x and dividing
by 3 (since we are currently in the 3rd term), giving us 21 - 5/3 = 35. We therefore have

35x*y3. Since this is a middle term, we can complete the expansion, arriving at

(x+y) =x" + T8y + 215y 4+ 35 + 350 + 212 + Ty’ +y7. @

Example 13.32  Expand (x — y)°.



Solution

Example 13.33

Solution

Example 13.34

Solution

Example 13.35

Solution
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By the Binomial Theorem,
(=) = (x+ (=9))° = 2° + 67 (—y) + 15x* (=y)* +20x° (—y)* +
152 (—y)* + 6x(—y) + (—y)°
=% — 6%y + 15x*y? — 20x%y° + 1522 — 6xy° +y°. ¢

Expand (2a + 3b)°.

By the Binomial Theorem,

(2a 4 3b)° = (2a)’ + 5(2a)*(3b) + 10(2a)*(3b)* + 10(2a)*(3b)* +
5a)(3b)* + (3b)°
=32a°4+5-16-3a*b+10-8-94°b* + 10 - 4 - 27a°b* +
5.2 8lab* 4 243p°
= 324° 4+ 240a*b + 720a°b* + 1080a°b” + 810ab* + 2435°. ¢

Letting x=y =1 in the Binomial Theorem yields a familiar fact (see
Theorem 13.23).

Use the Binomial Theorem to show that

()G ()=

Letting x = y = 1 in the Binomial Theorem, we have

= =" — " n n n
@+Y'=0+1)"=2 _<o)+(1>+<2>+ +<n> ¢

Since (Z) represents the number of k-element subsets in an n-element set, the left-
hand expression in the statement of Example 13.34 represents the total number of subsets
in an n-element set, which we know to be 2". We also saw this in Theorem 13.23.

Even in the case n =2, the Binomial Theorem can provide some interesting
information.

For a positive integer n, compute (101 + 5)>.

Observe that

(10n +5)> = 100n> +2 -5 - 10n + 25 = 100n> + 100n + 25
=100n(n+1)+25. ¢

For example, if n = 8, then Example 13.35 tells us that (85)> = 100 -8 -9 + 25 =
7225. That is, to compute (85)2, we need only multiply 8 and 9, obtaining 72, and write
25 after this. Similarly, (25)*> = 625 and (95)> = 9025.
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SECTION 13.6 EXERCISES

13.63.

13.64.

13.65.

13.66.
13.67.
13.68.

13.69.

13.70.

13.71.
13.72.

13.73.

(a) Expand (3x — 5y)*.

For parts (b)—(d), determine the coefficient of the power of x in the given expansion.
(b) x* in the expansion of the product (2 4 x + x*)(1 — 2x)°.
(c) x'? in the expansion of the product (2x 4+ 5)>(3x + 4)3.

(d) x” in the expansion of (x* — %)8.

Prove that if the coefficient of x” exists in the expansion of (x* + )", then 7 | n. What is the coefficient in
this case?

For a real number r, determine a formula for the sum Y _ ().
Expand (x> 4 3xy + y?)? by first observing that x*> 4+ 2xy 4+ y* = (x 4+ y)2.
Compute (1.1)* without the aid of a calculator by first observing that 1.1 = 1 + .1.

For n € N, let S be a set with n elements. Prove that the number of subsets of S having an even number of
elements equals the number of subsets of S having an odd number of elements.

Recall from calculus that for a real number constant ¢ and an integer n > 2, the derivative of (¢ + x)" is
%(c +x)" = n(c +x)" L.

(a) Use this result to prove that n2"~! = Y"}'_, k(}) for each integer n > 2.

(b) Prove that Y;_, (—=1)*"'k(}) = 0 for each integer n > 2.

(c) Prove that (’1’) + 3(2’) +o= 2(;) + 4(2) + - - - for each integer n > 2.

(d) Determine a formula for the sum Y ;_(2k + 1)(}) = (5) +3(}) +5() +--- + @n+ D()).
Observe that 2 | (f), 3 (?), 3 (;) 44 (;) and 5 | (2) for every integer k with 1 < k < 4. Prove for an
integer p > 2 that p | (i) for every integer k with 1 < k < p — 1 if and only if p is prime.

Prove that if p is a prime, then (a + b)” = a” + b” (mod p). (See Exercise 13.70.)

Let r,m,n € Z where 0 < r < m < n. Prove that

by using
(a) acombinatorial argument.
(b) the Binomial Theorem and the identity (1 + x)"(1 + x)" = (1 + x)"*",

We saw in Exercise 13.72, for integers r, m and n with 0 < r < m < n, that

2(02)-(77) 8

(a) Find a formula for ";_, (})(,",) for every positive integer n.

(b) Prove for every positive integer n that Y ;_, (Z)2 = (™.

n
(c) Use the identity in (13.8) to prove Pascal’s Identity: For integers r and n with 1 <r <n,

(") ()=(7")
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13.74. A finite sequence ay, @y, . . ., a, of real numbers is unimodal ifa; <ay, <+ <a;=a;41 =+ =
aj > ajy > --- > a, for some integers i and j with 1 < i < j < n. Prove the following.

@ () < (})for0<k<@m—1)2.
®) () > (1) fork > (n—1)/2.

© (}) = (;},) if and only if k = (n — 1)/2.

(d) Use (a) and (b) to show that the sequence (), (7). ..., () is unimodal. In particular, show that if n is
odd and so n = 2r + 1 for some integer r, then

o) <) < <()=(5H) > >()

while if z is even and so n = 2s for some integer s, then

© <)< <> (L)>>0)

(Consequently, (") = (,,) are the largest terms in the sequence when n = 2r + 1 and (?) is the
largest term in the sequence when n = 2s.)

13.75. Let n € N and let a and b be nonnegative integers such that a < b. Use Exercise 13.74 to prove that
(") = (}) if and only if a + b = n.

a.
13.76. Let A and B be disjoint sets with |[A| = m and |B| = n and let  be an integer with0 < r < n < m.
(a) Establish a formula for the number of r-permutations of A U B, expressing the formula in the notation
of r-permutations as well as the notation of combinations.

(b) Establish a formula for the number of r-permutations of A U B, where an r-permutation is obtained by
first selecting k elements from A and then selecting » — k elements from B, where 0 < k < r.

(c) What equality is obtained as a result of (a) and (b)?

13.7 PERMUTATIONS AND COMBINATIONS WITH REPETITION

One ordered list of the elements of the set S = {1, 2, ..., 9} is the naturalone: 123456
7 8 9. This, of course, is an example of a permutation of S. We have seen that there is a
total of 9! = 362,880 permutations of S. Three other permutations of S are

123456798 123457869 123459876.

In the first of these, only the last two terms are interchanged. Suppose, however, that
we were to begin with the sequence 12 3 4 56 6 6 6. If the last two terms were to
be interchanged in this sequence, then we would obtain exactly the same sequence of
numbers. Therefore, the number of different ordered lists of these nine integers, only six
of which are distinct, is not 9!. In fact, this number is less than 9!. Such ordered lists
are called permutations with repetition. This suggests that when there is a repetition of
some sort among n elements, the number of distinct permutations is less than n!.

Suppose that we were to replace the last three terms of the sequence 123456666
by 6/, 6", 6", arriving at 1 234 5 6 6/ 6” 6. Since all nine terms are now distinct, the
number of permutations of these nine elements is 9!. For each such permutation, there
are 4! permutations of the elements of {6, 6/, 6”, 6”}. That is, the number of distinct
permutations of the integers in the list 1 23456 6 6 6 is 9!/4!. For the same reason, the
number of distinct permutations of the terms in the list 1233366 6 6 is 9!/4!3! and
the number of distinct permutations of the terms inthe list 1 13336666 is

9!

R 1260.
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Theorem 13.36

Proof

Example 13.37

Solution

Example 13.38

Solution

Example 13.39

This suggests the following theorem. Although a proof of the type described above
could be given, we provide another method of proof.

(The Number of Distinct Permutations with Repetition) Suppose that among n ob-
jects, there are exactly k distinct objects, namely n; of type 1, n, of type 2 and so on, up
to ny, of type k. Then the total number of distinct permutations of these n objects is
n!
Yl]! nz!-"}’lk!.
Of the n positions for a permutation of these n objects, there are (n"l) possible locations
for the n; elements of type 1. Of the remaining n — n; positions, there are (";7”‘) pos-

sible locations for the n, elements of type 2. Continuing in this manner, we see by the
Multiplication Principle that the total number of distinct permutations of these n objects

1S
n n—n n—ny —ny n—ny —nNy — -+ — Njp_|
n ny ns Ny

n! (n—n)! (n—n; —n)! m—ny—np—---—m_1)!

m!(m—n)! m!n—n —m)! m!mn—n —ny—n3)! n! 0!

n!
=—— =
m!ny!-ony!

Determine the number of distinct permutations of the elementsinthelist 1 1 12223 3.

33121~ %0 ¢

By Theorem 13.36, this number is

A mathematics professor has authored three books, namely one on calculus, one on linear
algebra and one on mathematical proofs. He has four copies of the first book, two copies
of the second book and one copy of the third book lined up on a shelf. In how many ways
can these seven books be placed on the shelf?

By Theorem 13.36, these books can placed on the shelf in TEIRT

= 105 ways. ¢

In all of the problems that we have encountered involving combinations, the ele-
ments involved have always been distinct. We now investigate the situation where repe-
tition among the elements can occur. First, recall that the number of k-element subsets
of an n-element set, 0 < k < n, is

n n!
Cln k) = (k) ek

Suppose that three sets A, B and C all have the property that they contain only duplicates
of a particular element, say each element in A is a, each element in B is b, each element
in C is ¢ and the elements a, b and ¢ are distinct. Three elements are selected from
A U B U C. How many outcomes are possible?
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One outcome is to have a selected for each element, which we denote by aaa and another
outcome occurs when one element b is selected and two elements ¢ are selected, which
we can denote by bcc. In fact, all possible outcomes are listed below:

aaa bbb ccc aab aac
abb bbc acc bcc abc.

Consequently, there are ten possible outcomes. ¢

Sometimes, outcomes in which there is repetition of elements, as in Example 13.39,
are expressed using set notation, that is,

{a,a,a} {b,b,b} {c,c,c} {a,a,b} {a,a,c}
{a,b,b} {b,b,c} {a,c,c} {b,c,c} {a,b,c}.

In this case, these are referred to as multisets.

The question in Example 13.39, however, asks for the number of possible outcomes
when three elements are selected from A U B U C, not the actual outcomes themselves.
It would not be practical to attempt to answer a question in this manner if there were
a large number of different types of elements involved or a large number of elements
selected. Problems of this nature can be looked at in another manner, however.

When an element of A U B U C is selected, the element belongs to A, B or C. So we
can think of A U B U C divided as follows.

A|B|C

The ten possible outcomes obtained in Example 13.39 can therefore be represented in
the diagram below.

A B C

aaa * * k| |

bbb | % x % |

cce | | % x %
aab * x| |

aac * % | | *
abb * [ %% |
bbc [ %% | %
acc * | | * *
bee | * | * *
abc * | % | %

Observe that for each of the ten outcomes, there are five symbols, namely three
symbols x used to denote the three elements selected and two symbols | (vertical lines)
used to denote how the three elements are divided among A, B and C. So, in each case,
we have five symbols

where two symbols are vertical separator lines and the remaining three symbols indicate
how many elements belong to A, B and C. Since there are (g) places where the three

symbols  can be located or, equivalently, (2) places where the two separator lines | can

be located, the total number of outcomes is (g) = (;) = 10.
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Theorem 13.40

Proof

Example 13.41

Solution

Example 13.42

Solution

Example 13.43

Solution

This illustrates a general theorem concerning selections (or combinations) with
repetition.

(The Number of Distinct Combinations with Repetition) Let A be a set containing ¢

different kinds of elements, where there are at least s elements of each kind in A. The
number of different selections of s elements from A is

)

Each selection of s elements from A corresponds to a sequence of s 4+ ¢ — 1 symbols

term 1 term 2 term 3 -.. terms+t—2terms+¢ — 1

where s terms in the sequence correspond to the s elements selected from A and the
remaining ¢ — 1 terms in the sequence correspond to ¢t — 1 separator lines, which are

used to separate the s elements into the ¢ different kinds. Since there are (”t;l) locations

in the sequence for the s elements, this is the number of different selections of s elements
from A. u

A set A consists of 25 elements, 5 each of 5 different types. How many outcomes are
possible when 4 elements are selected from A?

Since there are t = 5 different types of elements in A and s = 4 elements are being se-
lected from A, it follows by Theorem 13.40 that the number of different outcomes is

t—1 44+5—-1 8
(=0 = ()=
s 4 4
Theorem 13.40 can also be used to determine the number of solutions of a certain
type of equation.

Determine the number of nonnegative integer solutions of the equation x; + x, + x3 = 6.
Here we can use  to represent the integer 1. What we wish to do here is to distribute s = 6

symbols x and 3 — 1 = 2 vertical separator lines | for the values of the r = 3 variables.
The number of ways to do this is

t—1 6+3—-1 8 8
s+ —(°* (%) =(2) =28
s 6 6 2
and so there are 28 nonnegative integer solutions of this equation. ¢
We next consider a related problem.
Determine the number of positive integer solutions of the equation x; + x, + x3 = 6.

Here we begin by assigning 1 to each of the three variables. This immediately guarantees
that each of x|, x, and x3 will be a positive integer. It remains only to distribute the three
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Proof

Example 13.45

Solution
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remaining 1s among the three variables and so s = 3. Since there are two separator lines |
for the t = 3 variables, the number of such solutions is

(717 CT )0

Actually, it is not that difficult to find all ten solutions in Example 13.43. They are

X]:4,X2:X3=1 X1=1,X2=4,X3=1 X1=X2=1,X3=4

X1=3,X2=2,)C3=1 )C1=3,)C2=1,)C3=2 )C1=1,)C2=3,X3=2
x1=2,x=3,x3=1, | x=Lx=2,3=3|xx=2,x=1x3=3
X1 = X2 =)C3=2

These solutions can be expressed more simply as follows:

44141 | 1+4+1 | 14+1+4 | 34+24+1|34+1+2
1+3+2 | 2434+1 | 1+24+3 | 24+14+3|2+2+2.

What these solutions provide are all ten ways to express the number 6 as an ordered
sum of three positive integers. These are called the ordered partitions of 6 into three
positive integers. This concept was described in Exercise 8.5. For example, all ordered
partitions of 3are 3,1+ 2,2 + 1 and 1 + 1 + 1. Thus, there are four ordered partitions
of 3. This illustrates a theorem concerning this concept.

The number of ordered partitions of a positive integer 7 is 2" .

First, observe that there is only one ordered partition of 7 as a sum of one positive integer
(n = n) and one ordered partition of n as a sum of n positive integers (n =1+ 14 ---
+ 1, n terms 1) and that 1 = ("61) = (Zj) Suppose then that we consider the number
of ordered partitions of » as a sum of k positive integers for 2 < k < n — 1. Here we seek

the number of positive integer solutions of the equation
X1+xa+---+x =n.

We begin by assigning 1 to each of these k variables. It remains therefore to distribute
n — k 1s among these k variables. This can be done by selecting n — k locations in a se-
quence with (n — k) + (k — 1) = n — 1 terms, where n — k terms represent 1 and k — 1
terms represent separator lines. This number is (2:;) = (Z:i) Hence, the total number
of ordered partitions of n is

n—1 n n—1 n n—1 n n n—1 . n—1 -1
e = . n
0 1 2 n—2 n—1
We present one additional example dealing with combinations with repetition.

In how many ways can ten identical elements be divided among three sets S;, S» and S3
if |S;)| = ifori=1,2,3?

We begin by assigning one element to S;, two elements to S, and three elements to S;.
It remains therefore to determine the number of ways that the remaining 10 — 6 = 4
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elements can be divided among these three sets. Applying Theorem 13.44 with s = 4
and ¢ = 3, we see that the number of ways to do this is

() () s

SECTION 13.7 EXERCISES

13.77.

13.78.
13.79.
13.80.

13.81.

13.82.

13.83.
13.84.

13.85.

13.86.
13.87.

For the list s, s, s, ¢, ¢, ¢, u, u, i, i, o, n, b of 13 letters, determine

(a) the number of permutations of these letters.

(b) the number of permutations of these letters in which the three letters s occupy positions 1, 4 and 10.
(c) the number of 12-permutations of these letters.

Determine the number of 4-permutations of the letters in the word CHATTER.

How many positive integers each digit of which is 8 or 6 contain exactly five 8s and at most three 6s?
Twelve donuts are to be chosen from 15 varieties of donuts, each in good supply.

(a) In how many ways can this be done?

(b) In how many ways can this be done if all twelve donuts are selected from only eight of the 15 varieties
and at least one donut of each type is selected?

Let m, n € Z. Determine the number of nonnegative integer solutions of the equation

X1 +x2+---+x, =m.

The m employees of an organization are to be assigned to n different offices (numbered 1, 2, ..., n) where

m > n. Some offices may be left empty and each office is large enough to accommodate all m employees.

(a) In how many ways can this be done?

(b) In how many ways can this be done if we are only concerned with the number of employees assigned
to each office?

(¢) If m = 10 and n = 5, determine the number of ways of assigning offices to the ten employees if each
office is to have an equal number (2) of employees.

In how many ways can three gold coins and ten silver coins be placed in four boxes of different colors?

LetS=1{2,3,5,7}and M = {n € N: n = q1929394959s Where g; € S for 1 <i < 6}.

(a) Determine [M|.

(b) Determine the number of elements of M that are divisible by at least one of 2, 3 and 7.

(c) How many elements of M have 0 as their last digit?

Expand the following.

@ x+y+27% (b x+y+2)°.

What is the coefficient of x2y?z> in the expansion of (x 4+ y 4 z)0?

For an integern > 2, let S = {(i, j, k) : i, j, k e NU {0} and i + j + k = n}.

(a) Determine |S].

(b) For (i, j, k) € S, determine the coefficient of xiyjzk in the expansion of (x +y + z)".

(c) How many terms are there in the expansion of (x + y + z)"?

(d) State the “trinomial theorem.”

(e) What is the sum of the coeflicients in the expansion of (x + y + z)"?
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Letf:A— BwhereA ={1,2,...,m}and B = {1, 2, ..., n}. How many different possibilities are there
for the sequence [~ ({1}, [f ' (2D, ..., If ({n}I?

Let m, n € N where m > (”;1) = Y, i. Determine the number of integer solutions of the equation

x1+x + -+ x, = mfor whichx; > i foreachi (1 <i < n).

Determine the number of integer solutions of the equation x; 4+ x, + x3 + x4 = 20 where 1 < x; < 4 and

x; >0fori=2,3,4.

(a) Which pairs a, b of integers can be removed from the sequence 1, 2, 3,4, 5, 6 where a < b and
b#a+1?

(b) In how many ways can six integers be removed from the sequence 1, 2, 3, ..., 14 if no two of the six
integers are consecutive?

Chapter 13 Supplemental Exercises

:D The Chapter 13.92. Determine the number of m-digit positive integers that do not contain the digit 1.
Presentation for (Thus, the first digit is neither O nor 1.)

Chapter 13 can be 13.93
found at
g00.g1l/7KmHTT

. Determine the number of ways to express 100,000 as an ordered product of two
positive integers. For example, the two products 100 - 1000 and 1000 - 100 are
different ordered products.

13.94. (a) Let py, p2, p3, ps be distinct primes and let a;, a,, az, a4 be positive integers.
Determine the number of distinct positive divisors of n = p{' p3’ p5’ pi*.
(b) Prove that the integer n in (a) has an odd number of positive divisors if and
only if n is a perfect square.
13.95. Let S ={1,3,4,5,7,9}.

(a) How many 4-digit positive integers are there where each digit belongs to S?
(b) How many of the numbers in (a) are divisible by 5?

13.96. Let P ={2,3,5,7}, M = {n € N : nis aproduct of 10 elements in P} and
Av={aeM: 3*|abut3* ta}forke S=1{0,1,...,10}.
(a) Determine |A| foreach k € S
(b) Show that the sets Ag, Ay, ..., Ay are pairwise disjoint.
(c) Determine the number of integers in M that are not divisible by 3°.

13.97. Determine the number of surjective functions from the set A = {1, 2, ..., 10} to
the set B = {1, 2, 3, 4}.

13.98. How many positive integers less than 850 have no repeated digits?

13.99. LetA ={1,2,...,25},A; ={1,2,...,5},A, ={6,7,..., 15} and
Az ={16,17,...,25}. A function f : A — A satisfies f(A;) C A, for each
i=1,2,3.
(a) How many such functions are there?
(b) How many such functions are injective?
(c) How many such functions are there such that f(A;) consists of exactly one

element foreachi = 1, 2, 3?

13.100. Letn € N. Prove that if a;, ay, . .., a,+ are n 4 1 distinct integers, then there exist
two among them whose difference is divisible by 7.
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13.101.

13.102.

13.103.

13.104.

13.105.

13.106.

13.107.

13.108.

13.1009.

Let a, n € N. Prove that if n + 1 elements are selected from the set
S={a+1,a+2,...,a+ 2n}, then there exist two elements of S that differ by n.

Prove for any nine integers in the set S = {1, 2, ..., 19} that there exist three pairs
among them having the same positive difference.

In preparation for a forthcoming concert, a violinist plans to practice one or more
blocks of one-hour sessions each day for two weeks for a total of 20 hours. Show
that during some set of consecutive days, the violinist will have practiced exactly
seven hours.

Let k, r and n be integers with 0 < k < r < n. Use a combinatorial proof to show

-£007)

Letay, ay, ..., ase be integers with 1 < a; < ay < - -+ < ase < 100. Prove for
each integer k£ with 1 < k < 11 that there exist two terms in the sequence that differ
by k.

Let n € N. Prove that if more than half of the subsets of an n-element set are

chosen, then there are two among them such that one is a subset of the other.

A derangement of a set S = {1, 2, ..., n} is a permutation f of S such that

f(k) # k for each k € S. The number of derangements of S is denoted by D(n).

Therefore, D(1) = 0, D(2) = 1 and D(3) = 2.

(a) What are the derangements of {1, 2, 3, 4}?

(b) Use the Principle of Inclusion-Exclusion to determine D(4).

(c) Use a combinatorial argument to prove that for n > 3, D(n) satisfies the
recurrence relation D(n) = (n — 1)(D(n — 1) + D(n — 2)). [Hint: If
f:S — Sisaderangement of S, then f(1) = a for some a # 1 and either
fla)=1lor f(a) # 1.]

Recall from calculus that for a positive integer n, [ (1 + x)"dx = % + Cand

therefore, Jy (1 4+ x)y"dx = - Prove that 3}_o 7 (1) = Z-5 for every

positive integer n.

LetS ={1,2,...,3n} where n € N.

(a) Show for any (2n + 1)-element subset T of S that there exist a, b € T such
that a = 3’t and b = 3°t where r < sand 3 { ¢.

(b) Show that the statement in (a) is false for (2n)-element subsets of S.

ot
n+1




Proofs in Calculus

Your introduction to calculus most certainly included a study of limits — both limits
of sequences (including infinite series) and limits of functions (including continuity
and differentiability). While we learned methods for computing limits in these areas, the
methods presented were most likely based on facts that were not carefully verified. In
this chapter, some of the proofs of fundamental results from calculus will be presented.
The proofs that occur in calculus are considerably different from any of those we have
seen thus far. The functions encountered in calculus are real-valued functions defined
on sets of real numbers. That is, each function that we study in calculus is of the type
f:X — R,where X C R.Inthe study of limits, we are often interested in such functions
having the property that either (1) X = N and increasing values in the domain N result in
functional values approaching some real number L or (2) the function is defined for all
real numbers near some specified real number a and domain values approaching a result
in functional values approaching some real number L. We begin with (1), where X = N.

14.1 LIMITS OF SEQUENCES

A sequence (of real numbers) is a real-valued function defined on the set of natural
numbers; that is, a sequence is a function f : N — R. If f(n) = a, for each n € N,
then f = {(1, ay), (2, a2), (3, az), ...}. Since only the numbers ay, as, a3, ... are rele-
vant in f, this sequence is often denoted only by ay, a,, as, ... or by {a,}. The numbers
ai, ay, as, etc. are called the terms of the sequence {a,}, with a; being the first term,

. 1.
a, the second term, etc. Thus, a, is the nth term of the sequence. Hence, {—} is the

sequence 1, 1/2,1/3,...; while {2 r—zi_ ] } is the sequence 1/3,2/5,3/7, - - -. In these
n

two examples, the nth term of a sequence is given and, from this, we can easily find the
first few terms and, in fact, any particular term. On the other hand, finding the nth term
of a sequence whose first few terms are given can be challenging. For example, the nth
term of the sequence

N | —
Bl
o —



366 Chaptel‘ 14 Proofs in Calculus

is ﬁ; the nth term of the sequence
2 4 8
is 1 4+ 1/2"; the nth term of the sequence
31 5 3 7
S AR TR AN A
is (n + 1)/(3n — 1); the nth term of the sequence
1, -1, 1, =1, 1, —1, ...

1

is (—=1)"*!; while the nth term of the sequence 1,4, 9, 16, - - - is n?.

1
For the sequence {— }, the larger the integer n, the closer 1/n is to 0; and for the
n

sequence { } , the larger the integer n, the closer n/(2n + 1) is to 1/2. On the other

n
2n+1
hand, for the sequence {nz}, as the integer n become larger, n> becomes increasingly
large and does not approach any real number.

When we discuss how close two numbers are to each other, we are actually consid-
ering the distance between them. We saw in Chapter 9 that the distance between two
real numbers a and b is defined as |a — b| = |b — a|. Recall that the absolute value of a
real number x is

x if x>0
Al :{—xifx<0.

Hence, the distance between a = 3 and b =5 is |3 — 5| = |5 — 3| = 2, while the dis-

1
tance between 0 and 1/n, where n € N, is |0 — — - — —
n n n

For a fixed positive real number r, the inequality |x| < r is equivalent to the in-
equalities — < x < r. Hence, |x| < 3 is equivalent to —3 < x < 3, while |[x — 2| < 4
is equivalent to —4 < x — 2 < 4. Adding 2 throughout these inequalities, we obtain
—442<(x—2)+2 <4+ 2andso, —2 < x < 6. We have seen in Exercise 4.30 and
Theorem 4.17 that for real numbers x and y,

lxyl = Ixllyl and |x+y| < [x] + Iyl

Both of these properties are useful throughout calculus.

We mentioned that for some sequences {a,}, there is a real number L (or at least
there appears to be a real number L) such that the larger the integer n becomes, the
closer a, is to L. We have now arrived at an important and fundamental idea in the study
of sequences and are prepared to introduce a concept that describes this situation.

A sequence {a,} of real numbers is said to converge to a real number L if the larger
the integer n, the closer a, is to L. Since the words “larger” and “closer” are vague and
consequently are open to interpretation, we need to make these words considerably more
precise.

What we want to say then is that we can make a, as close to L as we wish (that
is, we can make |a, — L| as small as we wish) provided that » is large enough. Let
€ (the Greek letter epsilon) denote how small we want |a, — L| to be; that is, we want
la, — L| < € by choosing n large enough. This is equivalentto —e < a, — L < €, thatis,
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L — € < a, < L+ €. Hence, we require that a, be a number in the open interval (L — e,
L + €) when n is large enough. Now we need to know what we mean by “large enough.”
What we mean by this is that there is some positive integer N such that if n is any integer
greater than N, then a, € (L — €, L 4 €). If such a positive integer N can be found for
every positive number ¢, regardless of how small € might be, then we say that {a,}
converges to L. This is illustrated in Figure 14.1.

* (3.a3) .
L+e --------- - - -
L —
L—€ e
i * (2, a) .
*(1,a1) .
1 2 3 N -

Figure 14.1 A sequence {a,} that converges to L

Formally then, a sequence {a,} of real numbers is said to converge to the real num-
ber L if for every real number € > 0, there exists a positive integer N such that if n is an
integer with n > N, then |a, — L| < €. As we indicated, the number € is a measure of
how close the terms a,, are required to be to the number L and N indicates a position in the
sequence beyond which the required condition is satisfied. If a sequence {a,} converges
to L, then {a,} is a convergent sequence and L is referred to as the limit of {a,} and we

write lim a, = L. If a sequence does not converge, it is said to diverge. Consequently,
n—oo

if a sequence {a,} diverges, then there is no real number L such that lim a, = L.
n— 00

Before looking at a few examples, let’s recall a concept that’s been encountered
before. For a real number x, the ceiling [x] of x is the smallest integer greater than
or equal to x. Consequently, [8/3] = 3, [ﬁ] —2,[—1.6] = —1 and [5] = 5. By the
definition of [x], it follows that if x is an integer, then [x] = x, while if x is not an integer,
then [x] > x. In particular, if # is an integer such that n > [x], then n > x as well.

We now show how the definition of convergent sequence is used to prove that a
sequence converges to some number.

1
The sequence {—} converges to 0.
n

Here we are required to show, for a given real number € > 0, that there is a positive

. . 1 1 1 . 1 .

integer N such that if n > N, then |- — 0| = |—| = — < €. The inequality — < € is
n n n

n
equivalent to n > 1/€. Hence, if we let N = [1/€] and take n to be an integer greater

than N, then n > —. We can now present a formal proof. ¢
€
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Result 14.1

Proof

PROOF ANALYSIS

Result to Prove

PROOF STRATEGY

Result 14.2

Proof

1
The sequence {—} converges to 0.
n

Let € > 0. Choose N = [1/€] and let n be any integer such that n > N. Thus, n > 1/e

1 1
- —0l=-<e. [
n n

and so

Although the proof of Result 14.1 is quite short, the real work in constructing the proof
occurred in the proof strategy (our “scratch paper” work) that preceded the proof, but
which is not part of the proof. This explains why we chose N as we did and why this
choice of N was successful. In the proof of Result 14.1, we chose N = [1/¢] and showed

1
that with this value of N, every integer n with n > N yields ’— — 0| < €, which, of
n

course, was our goal. There is nothing unique about this choice of N, however. Indeed,
we could have chosen N to be any integer greater than [1/€] or, equivalently, any integer
greater than 1/e and reached the desired conclusion as well. We could not, however,
choose N to be an integer smaller than [1/€]. We cannot in general choose N = 1/e
since there is no guarantee that N is an integer. ¢

We now consider another illustration of a convergent sequence.

2
The sequence {3 + —2} converges to 3.
n

Here we are required to show, for a given € > 0, that there exists a positive integer N

such that if n > N, then
2
3+ E -3 =

. .2 . . n? 1 ,
The inequality — < € is equivalent to > > — and n > /2/e. Therefore, if we let
n €

2

n2

2
=— <e.
n2

N = ’V,/Z/e-l and choose 7n to be an integer greater than N, then n > /2/¢. We can

now give a proof. ¢

2
The sequence {3 + —2} converges to 3.
n

Let € > 0. Choose N = ’1/2/6-‘ and let n be any integer such that n > N. Thus,

1 €
n>/2/e and n*> > 2/e. So — < — and — < €. Therefore,
n? 2 n?

2
3+ ) -3l =

We now consider a somewhat more complicated example.

2

= — < E€. ]
n2

n2
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Result 14.3
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Result to Prove
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n 1
Th to —.
e sequence {Zn 1 } converges to >

Observe that

n I\ 12n—=2n—-1| 1 1
2n+1 2| | 2@n+1) | | 4n+2| 4dn+2
The inequality ) < € is equivalent to 4n + 2 > 1/e, which, in turn, is equivalent
n
1 1 1 1
ton > — — —. It may appear that the proper choice for Nis | — — — [; butife > 1/2,
4e 2 4e 2
then N = 0, which is not acceptable since N is required to be a positive integer. However,
1 1 1 1
notice that — > — — —. Soifn > —, thenn > vy as well. Hence, if we choose
€ € €
N = [1/4€], then we can obtain the desired inequality. ¢

1
The sequence { } converges to 5

n
2n+1

1 1 1
Let e > 0 be given. Choose N = [1/4¢] andletn > N. Thenn > 1 > * 2 and so
€ €

1 1
4n > — —2and 4n+2 > 1/e. Hence, —— < €. Thus
€ dn+2

2n—2n—1 1 1
— | = |- = <e€
22n+1) 4n+ 2 4n+ 2

n+1 2

n wz

Again, the choice made for N in the proof of Result 14.3 is not unique. We could
choose N to be any integer greater than vl
€

We mentioned that a sequence {a,} is said to diverge if it does not converge. To
prove that a sequence {a,} diverges, a proof by contradiction would be anticipated. We
would begin such a proof by assuming, to the contrary, that {a,} converges, say to some
real number L. We know that for every € > 0, there is a positive integer N such that if
n > N, then |a, — L| < €. If we could show even for one choice of € > 0 that no such
positive integer N exists, then we would have produced a contradiction and the desired
result would be proved. Let’s see how this works in two examples.

The sequence {(— 1)t } is divergent.

First, let’s be certain we know what the sequence {(—1)"“} is. It could also be written
as1,—1,1, —1,.... Initially, one might think that this sequence converges either to 1 or
to —1. However, such is not the case. In a proof by contradiction, we begin by assuming
that {(—1)"*1} converges, to the limit L say. Our goal is to show that there is some
value of € > 0 for which there is no positive integer N that satisfies the requirement. We
choose € = 1. According to the definition of what it means for {(— 1)"“} to converge
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Result 14.4

Proof

PROOF ANALYSIS

Result to Prove

PROOF STRATEGY

to L, there must exist a positive integer N such that if » is an integer with n > N, then
|(—1)"+' — L| < € = 1. Let k be an odd integer such that k > N. Then

(D' — Ll =1 -L=|L-1] <.
Therefore, —1 <L —1 <1 and 0 < L < 2. Now let £ be an even integer such that
£ > N. Then

(=D —L|=|-1-LI=IL+1] <1

Thus, -1 <L+ 1 < land =2 < L < 0. So, L < 0 < L, which, of course, is impossi-
ble. We now repeat what we have just said in a formal proof. ¢

The sequence {(—1)”“} is divergent.

Assume, to the contrary, that the sequence { (—1)”“} converges. Then

lim (—1)"*! = L for some real number L. Let € = 1. Then there exists a positive
n— 00

integer N such that if n > N, then |(—1)”Jrl — L| < € = 1. Let k be an odd integer such
that k > N. Then
(D' — L =11 —-Ll=|L-1] <L
Therefore, —1 <L —1 < 1 and 0 < L < 2. Next, let £ be an even integer such that
£ > N. Then
(=D —L|=|-1—-LI=L+1|=|1+L| < 1.

So—1<L+1<1land—-2 < L < 0. Therefore, L < 0 < L, which is a contradiction. m

One question that now occurs is how we knew to choose € = 1. If € denotes an arbitrary
positive integer, then both inequalities [L — 1| < € and |L 4+ 1| < € must be satisfied, but
these result in the inequalities

l—-e<L<l+4+€and —1—€e<L<—1+4c¢€.

In particular, 1 —€ <L < —1+¢€ and so 1 —e < —1 + €. This is only possible if
2¢ > 2 or € > 1. Hence, if we choose € to be any number such that 0 < € < 1, a con-
tradiction will be produced. We decided to choose € = 1. ¢

The sequence {(—1)"*' -2} is divergent.

As expected, we will attempt a proof by contradiction and assume that {(—1)’”r1 n’ﬁ}
is a convergent sequence, with limit L say. For € > 0, there is a positive integer N then

such that
n
)yt — —L| <€
‘( ) n+1

for each integer n such that n > N. There are some useful observations.
First, if n > N and »n is odd, then

n
n+1

—L| <€ and so —€ < — L <e.

n+



Result 14.5

Proof

14.1 Limits of Sequences 371

Hence,
n
L—e < ——<L+e.
n+1
Second, if » > N and n is even, then
—L

<€ and so —€ < — —L <e.

n
n+1

n-+

Hence,

L—e<—

n
< L+e.
n+1

1
Also, sincen > 1, wehaven +n > n+ 1 and so 2n > n + 1. Hence, " 7 > 5
n

Depending on whether L = 0, L > 0 or L < 0, we are faced with the decision as to how
to choose € in each case to produce a contradiction. ¢

The sequence { (—1)y*! #} is divergent.

n
Assume, to the contrary, that {(—1)""'-2-} converges. Then lim (—1)""'—— =
n—oo

n+1 n-+ 1
L for some real number L. We consider three cases, depending on whether L = 0, L > 0

orL <O.

1
Case 1. L=0. Let € = 5 Then there exists a positive integer N such that if n > N,

1 1
then <—orL<—.Then2n<n+landson<l,whichis

-1 n+1__0
=D 2 n4+1 2

n+1
a contradiction.

; ‘

L
Case2. L > 0.Lete = 5 Then there exists a positive integer N such thatif n > N, then

L
'(—1)’”rl % —L| < 5 Let n be an even integer such that n > N. Then
n
L n
2 n—+1 2
L n 3L L. ..
Hence, — < — < —, which is a contradiction.

2 n+1 2

L
Case3. L <0.Lete = 5 Then there exists a positive integer N such thatif n > N,

L
then |(—1)"*! % —L| < —> Let n be an odd integer such that n > N. Then
n

L n L

< <
2 n+1 2

n
n+1

L . . .
and so > < < 5 This is a contradiction. [
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A sequence {a,} may diverge because as n becomes larger, a, becomes larger and
eventually exceeds any given real number. If a sequence has this property, then {a,} is
said to diverge to infinity. More formally, a sequence {a,} diverges to infinity, written
nlgrolo a, = oo, if for every positive number M, there exists a positive integer N such that

if n is an integer such that n > N, then a, > M. The sequence {(—1)"*'} encountered
in Result 14.4, although divergent, does not diverge to infinity. However, the sequence
{n2 + %} does diverge to infinity.

1
Result to Prove  lim (n2 + —) = 0.
n

n— o0

PROOF STRATEGY  For a given positive number M, we are required to show the existence of a positive integer

1 1
N such that if n > N, then n* + — > M. Notice that if n* > M, then n+=>nt>M.
n n

Since M > 0, it follows that n> > M is equivalent to n > /M. A formal proof can now
be constructed. ¢

1
Result 14.6 lim <n2 + —> = 00.
n

n—0o0

Proof Let M be a positive number. Choose N = {\/A_l—‘ and let n be any integer such that

1
n > N.Hence, n > ~/M and so n?> > M. Thus n*> + — > n*> > M. n
n

SECTION 14.1 EXERCISES

14.1.

14.2.

14.3.
14.4.

14.5.

14.6.
14.7.

14.8.
14.9.

14.10.

14.11.

Give an example of a sequence that is not expressed in terms of trigonometry but whose terms are exactly
those of the sequence of {cos(n)}.

Give an example of two sequences different from the sequence {n> — n! + |n — 2|} whose first three terms
are the same as those of {n> — n! + |n — 2|}.

Prove that the sequence {zl—n} converges to 0.

1

Prove that the sequence { o

} converges to 0.

Prove that the sequence {1 + 5 } converges to 1.

n+2
2n+3

By definition, lim,_, », a, = L if for every € > 0, there exists a positive integer N such that if n is an
integer with n > N, then |a, — L| < €. By taking the negation of this definition, write out the meaning of
lim,_, » a, # L using quantifiers. Then write out the meaning of {a,} diverges using quantifiers.

Prove that the sequence {

1
} converges to 3.

Show that the sequence {n*} diverges to infinity.
Show that the sequence {”s:#} diverges to infinity.

(a) Prove that 1 + % + % + -+ % < 2.4/n for every positive integer 7.
(b) Lets, = % + ﬁ + ;—n 4+ 4 ni for each n € N. Prove that the sequence {s,} converges to 0.

Prove that if a sequence {s,} converges to L, then the sequence {s,2} also converges to L.
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14.2 INFINITE SERIES

Result to Prove

PROOF STRATEGY

An important concept in calculus involving sequences is infinite series. For real numbers
oo

ap, a, ds, ..., We write Z ay = ay + a + az + - - - to denote an infinite series (often
k=1
simply called a series). For example,

1

1 .k 1 2 3
— -1 ... and T R T
Zk Tt +3+ an ;2k2+1 379 10T

are infinite series.

o0
The numbers a;, a,, as, . .. are called the terms of the series Z ar=a +a +

k=1
as + - - -. The notation certainly seems to suggest that we are adding the terms ay, a,
as, . ... But what does it mean to add infinitely many numbers? A meaning must be given

to this. For this reason, we construct a sequence {s, }, called the sequence of partial sums
of the series. Here s; = ay, s, = a; + az, s3 = a1 + a» + a3 and, in general, forn € N,

Sn=al+a2+"'+anzzak~

Because s, is determined by adding a finite number of terms, there is no confusion in
understanding the terms of the sequence {s,}. If the sequence {s,} converges say to the

number L, then the series Z ay, is said to converge to L and we write Z a;, = L. This
k=1 k=1

o0
number L is called the sum of Z ai. If {s,} diverges, then Z ay. is said to diverge.

k=1 k=1
The French mathematician Augustin-Louis Cauchy was one of the most productive

mathematicians of the 19th century. Among his many accomplishments was his defini-
tion of convergence of infinite series, a definition which is still used today. In his work
Cours d’Analyse, Cauchy considered the sequence {s,} of partial sums of a series. He
stated the following:

If; for increasing values of n, the sum s, approaches indefinitely a certain limit
s, the series will be called convergent and this limit in question will be called the
sum of the series.

We consider an example of a convergent series.

1
The infinite series Z T converges to 1.
= k(k+1)

First, we consider the sequence {s,} of partial sums for this series. Since

o L S B
~ k(k+1) 1.2 2.3 3.4 ’
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it follows that ! ! ! + ! ! + ! d
it follows that s) = — = =, s = —— + —— = = + — = — an
NI T T2 237267 3
1 n 1 N 1 1 n 1 n 1 3
S = — _— _— = —_ _— = -,
T1.272373.4 276 12 4
Based on these three terms, it appears that s, = _T_ T for every positive integer n. We
n
prove that this is indeed the case. ¢
Lemma 14.7 For every positive integer n,
1 N 1 n 1 I 1 _n
T2 T2 33, i+ 1) n+l
. . 1 1
Proof of We proceed by induction. For n = 1, we have s; = T2-1+1 and the result holds.
Lemma 14.7 1 1 1 —};
ssume that sy 1.2—i—2.3+3.4—i— +k(k+1) 1 where k is a positive

integer. We show that

1 1 1 1 k+1
R I S B R D N VAN 17 S I
Observe that
1 1 1 1
et = [E+ﬂ+ﬂ+”'+ k(k + 1)} TEE)
_ K N 1 _ kk+2)+1 K +2k+1
k+1  (k+Dk+2) *k+1Dk+2) (*k+1)k+2)
(k + 1)? k+1
Tkt DE+2)  kt2
By the Principle of Mathematical Induction, s, = . j_ ] for every positive
integer n. ]
There is another way that we might have been able to see that s, = n_r:_ T If we
had observed that
1 1 1
BECESE A
then a; = L =1- l, a) = L = - — 1, etc. In particular,
1-2 2 2-3 2 3

Sp=ar+a+az+---+a

(Y-

1 n

T a+l o+l

(-757)
_l’_ —_
n n+1
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Lemma 14.8

Proof of
Lemma 14.8

Result 14.9

Proof
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In any case, since we now know that s, = parE it remains only to prove that
n

lim s, = lim —— =1
n—00 n—oon 4+ 1

lim =1.

n—oo n 4+ 1

For a given € > 0, we are required to find a positive integer N such that if n > N, then

" — 1| < €. Now

n+1
n _n—n—l _ -1 _ 1
n+1 a n+1 T ln41] a4+l

1 1
The inequality Y < € is equivalent to n 4+ 1 > —, which in turn is equivalent to
n €

1 1 1
n>——1.Ifn> —, thenn > — — 1. We can now present a proof of this lemma. ¢
€ € €

lim =1.
n—oo n—4 1

1 1
Let € > 0 be given. Choose N = [1/€] and let n > N. Then n > — > — — 1. So
€ €

1 1
n>——1.Thus,n+1 > — and 1<e.Hence,
€ €

n

n
n+1

< €. ]

—1 _ 1
n+1| n+1

We are now prepared to give a proof of the result.

——— converges to 1.
— k(k+1)

The infinite series Z
k=1
|
The nth term of the sequence {s,} of partial sums of the series ; m is
1 1
e
1-2 2.3 3.4 n(n+1)

1 1 Lo o
1.2 2.3 3.4 nn+1) n+1
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Result 14.10

Proof
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and so s, = L By Lemma 14.8,
n

+ 1
lim —— =1
n—oo n+ 1
> 1
Since lim s, = 1, it follows that Z —_—=1. ]
n— 00 — k(k+1)

[o.¢]
1 1
We now turn to a divergent series. The series Z i 1+ 3 + 3 + - - - is famous
k=1

and is called the harmonic series. Indeed, it is probably the best known divergent series.

TR =
The harmonic series Z p diverges.
k=1

o0
Assume, to the contrary, that Z % converges, say to the number L. For each posi-

k=1
n

tive integer n, let s, = Z —. Hence, the sequence {s,} of partial sums converges to L.

k=1
Therefore, for each € > 0, there exists a positive integer N such that if n > N, then

|s, — L| < €. Let’s consider € = 1/4 and let n be an integer with n > N. Then

1 1
——<s,—L<-.
4 4
. .. 1 1 1
Since 2n > N, it is also the case that |s,, — L| < 1 and so ~1 <sy,; —L < 7 Observe

that

S2n=sn+n+1 +n+2+~--+21—n>sn+n<2—1n>=s,,+%.
Hence,
1 1 1 1 1 1
4_1>s2"_L>sn+5_L:(sn_L)+§>_4_1+§:4_1’
which is impossible. ]

In Result 14.10, we showed that a certain series diverges, that is, it does not converge.
Consequently, it is not surprising that we proved this by contradiction. By assuming that
the sequence {s,} converges, this meant that the sequence has a limit L. This tells us
that an inequality of the type |s, — L| < € exists for every positive number € and for
sufficiently large integers n (which depend on €). The goal, of course, was to obtain a
contradiction. We did this by making a choice of € (¢ = 1/4 worked!) that eventually
produced a mathematical impossibility. ¢
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oo
The harmonic series Z % not only diverges, it diverges to infinity; that is, if {s,} is

k=1

the sequence of partial sums for the harmonic series, then lim s, = co. We also establish
n— 00

this fact. First, we verify a lemma, which shows once again that mathematical induction
can be a useful proof technique in calculus.

n

1 1 1
Lets, = Z —=14+—-+---+—,wheren € N. Then so» > 1 + 1 for every positive
— k 2 n 2

integer n.

1
We proceed by induction. For n =1, 5,1 = 1+ 3 and so the result holds for n = 1.

k k+1
Assume that sx > 1 + > where k € N. We show that sy+1 > 1 + % Now observe
that

1 1
Soprt = 14+ =+ -+

2 k1
1 1

=S2k+m+2k+2+-“+ﬁ
>52k+L+L+...+L
= 2T Tkt okt

2k 1
=S2k+%=S2k+§
>1+]—<+l=1+ﬂ.
- 2 2 2

By the Principle of Mathematical Induction, sy > 1+g for every positive

integer n. u

[o¢]
1
The harmonic series Z x diverges to infinity.
k=1

n
Forn e N, let s, = Z T Thus, {s,} is the sequence of partial sums for the harmonic
k=1
series. We show that lim s, = co. Let M be a positive integer and choose N = 22¥. Let

n— 00

n > N. Then, using Lemma 14.11, we have

sn:]_f_l_|_...+l+;+...+l
2 N N+1 n

1 1 1

=swt oty Tty

2M
>sN=szzle+7>M. ]
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SECTION 14.2 EXERCISES

14.12

14.13.

14.14.

14.15.
14.16.

14.17.

14.3

Prove that the series Y -, m converges and determine its sum by

(a) computing the first few terms of the sequence {s,} of partial sums and conjecturing a formula for s,;
(b) using mathematical induction to verify that your conjecture in (a) is correct;
(c) completing the proof.

Prove that the series ) - | 2% converges and determine its sum by

(a) computing the first few terms of the sequence {s,} of partial sums and conjecturing a formula for s,,;
(b) using mathematical induction to verify that your conjecture in (a) is correct;
(c) completing the proof.

The terms ay, a,, as, - - - of the series Z:il ay, are defined recursively by a; = é and

2

ay = Qpo) — ———————
nn+1)(n+2)

for n > 2. Prove that Z,fil a; converges and determine its value.
Prove that the series > | % diverges to infinity.

(a) Prove that if Z,f;’ | G is a convergent series, then lim,,_. o a, = 0.
(b) Show that the converse of the result in (a) is false.

3n

00 . . . . -
Let ) -, ax be an infinite series whose sequence of partial sums is {s,} where s, = e

(a) What is the series Y po | ax?
(b) Determine the sum s of > >, a; and prove that > oo a; = s.
k=1 P k=1

LIMITS OF FUNCTIONS

We now turn to another common type of limit problem (perhaps the most common). Here
we consider functions f : X — R, where X C R, and study the behavior of such a func-
tion f near some real number (point) a. For the present, we are not concerned whether
a € X, but since we are concerned about the numbers f(x) for real numbers x near a, it is
necessary that f is defined in some “deleted neighborhood” of a. By a deleted neighbor-
hood of a, we mean a set of the type (a — §,a) U (a,a+68) =(a—65,a+8) —{a} S X
for some positive real number § (the Greek letter delta). (See Figure 14.2.) It may actu-
ally be the case that (a — 8, a + &) € X for some § > 0. For example, if f: X — Ris

defined by f(x) = m and we are interested in the behavior of f near 0, then 0 ¢ X. In
X
fact, it might very well be that X = R — {0}, in which case, (—4§, 0) U (0, §) C X for ev-
ery positive real number §. On the other hand, if f : X — Ris defined by f(x) = %
X2 —

and, once again, we are interested in the behavior of f near O, then 1, —1 ¢ X. A natural
choice for X is R — {1, —1}, in which case (—§, §) C X for every real number § such
that 0 <4 < 1.
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+34

NN
|
(=2}
NE

X-axis

NN

Figure 14.2 A deleted neighborhood of a

We are now prepared to present the definition of the limit of a function. Let f be a
real-valued function defined on a set X of real numbers. Also, let a € R such that f is
defined in some deleted neighborhood of a. Then we say that the real number L is the
limit of f(x) as x approaches a, written lgrlll f(x) = L, if the closer x is to a, the closer

f(x) is to L. The vagueness of the word “closer” here too requires a considerably more
precise definition. Let the positive number € indicate how close f(x) is required to be to
L, that is, we require that | f(x) — L| < €. Then the claim is that if x is sufficiently close
to a, then |f(x) — L| < €. We use the positive number § to represent how close x must
be to a in order for the inequality | f(x) — L| < € to be satisfied, recalling that we are not
concerned about how, or even if, f is defined at a.

More precisely then, L is the limit of f(x) as x approaches a, written lgl}l fx)=1L,

if for every real number € > 0, there exists a real number § > 0 such that for every
real number x with 0 < [x — a| < §, it follows that |f(x) — L| < €. This implies that
if 0 < |x —al < 8, then certainly f(x) is defined. If there exists a number L such that
lim f(x) = L, then we say that the limit Ah_r)r; f(x) exists and is equal to L; otherwise, this

X—a

limit does not exist. Thus, to show that lim f(x) = L, it is necessary to specify € > 0

X—a

first and then show the existence of a real number § > 0. Ordinarily, the smaller the
value of ¢, the smaller the value of §. However, we must be certain that the number
8 selected satisfies the requirement regardless of how small (or large) € may be. Even
though our choice of § depends on ¢, it should not depend on which real number x with
0 < |x — a|] < § is being considered.

Accordingly, if P_r)r}l f(x) = L, then for a given € > 0, there exists § > 0 such that if
X is any number in the open interval (a — §, a + §) that is different from a, then f(x) is a
number in the interval (L — €, L 4 €). This geometric interpretation of the definition of
limit is illustrated in Figure 14.3.

We illustrate these ideas with an example.

L—e¢ f(x) L L+e

y-axis

¢ X — ) X-axis
a—8 a x a+3d

Figure 14.3 A geometric interpretation of lim f(x) = L

Result to Prove lirri (Bx—7)=>5.
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Result 14.13

Proof

Result to Prove

PROOF STRATEGY

Result 14.14

Proof

Result to Prove

PROOF STRATEGY

Result 14.15

Before giving a formal proof of this limit, let’s discuss the procedure we will use. The
proof begins by letting € > 0 be given. What we are required to do is to find a number
6 > O such thatif 0 < |[x — 4| < &, then |(3x — 7) — 5| < € or, equivalently, |3(x — 4)|
< €. This is also equivalent to |3| - |x — 4| < € and to |x — 4| < €¢/3. This suggests our
choice of §. We can now give a proof. ¢

]ini Bx—7)=5.

Let € > 0 be given. Choose § = €/3. Let x € Rsuch that 0 < [x — 4| < § = €/3. Then
|Bx—T7)—=5|=13x—12| =[3(x—4)| =3]x — 4| <3(e/3) = €. ]

Let’s consider another example.
lim3 (2x+1=17.

First we do some preliminary algebra. The inequality |(—2x + 1) — 7| < € is equivalent
to | —2x — 6] < € and to 2|x 4 3| < €. This suggests a desired value of §. We can now
give a proof. ¢

lim3 (—2x+1)="17.

x—>—

Lete > O be given and choose § = €/2. Letx € Rsuchthat0 < |x — (=3)| < § = €/2,
s00 < |x+ 3| < €/2. Then
[(—2x+ 1) =7 =|—-2x—6]=|—2(x+3)| = | —2||x + 3]
=2lx+ 3| < 2(€/2) = €. ]
The two examples that we have seen thus far should tell us how to proceed when

the function is linear (that is, f(x) = ax + b, where a, b € R). We now present a slight
variation of this.

o 4x2 -9
lim
x—)% 2x—13

=6.

452 —9
2x—3

In this example, |f(x) — L| < ¢ becomes -6

2x+3)2x —3)

2x—3
hood of 3/2, it follows that x#3/2 and thus 2x—330. Thus,
2x+3)2x—3)

< € or, after simplifying,

— 6| < €. However, since the numbers x are in a deleted neighbor-

—6’ < € becomes |(2x + 3) — 6| < € or |2x — 3| < €. Therefore,

2x—3
2|x —3/2| < € and |x — 3/2| < €/2. We are now prepared to give a proof. ¢
4 -9

lim =
=3 2x—3
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Let € > 0 be given and choose § = €/2. Let x € Rsuch that 0 < |x —3/2| < § = €/2.
So 2|x —3/2| < € and |2x — 3| < €. Hence, |(2x+ 3) — 6] < €. Since 2x — 3 # 0, it
2x+3)2x—3) 4 -9 6

follows that | ——————— — 6
2x—3 2x—3

< € and so

< €. |

We now turn to a limit of a quadratic function.

lim x> =9.
x—3

Once again for a given € > 0, we are required to find § > O such thatif 0 < |x — 3| < 4,
then |x> — 9| < €. To find an appropriate choice of § in terms of €, we begin with
Ix> — 9] < €. We wish to work the expression |x — 3| into this inequality. Actually, this
is quite easy since |x> — 9| < € is equivalent to |x — 3||x + 3| < €. This might make

_c and choosing § = L However, § is required
o+ 3| [x + 3|

to be a positive number (a constant) that depends on € but is not a function of x. The
expression |x 4 3| can be eliminated though, as we now show. Since it is our choice
how to select §, we can certainly require § < 1, which we do. Thus, |x — 3| < 1 and so
—1 <x—3<1.Hence,2 <x <4.Thus,5 <x+3 < 7andso |x+ 3| < 7. So, under
this restriction for 8, it follows that |x — 3||x + 3| < 7]x — 3|. Now if 7|x — 3| < ¢, that
is, if |x — 3| < €/7, then it will certainly follow that |x — 3||x 4+ 3| < €. Arriving at this
inequality required that both |[x — 3| < 1 and |x — 3| < ¢/7. This suggests an appropriate

us think of writing |x — 3| <

choice of §. ¢
lim x> =09.
x—3

Let € > 0 be given and choose § = min(1, €/7). Letx € Rsuchthat0 < |x — 3| < § =
min(1, €/7). Since |x — 3| < 1, it follows that -1 <x—3 <landsoS5S <x+3 < 7.
In particular, |x 4+ 3| < 7. Because |x — 3| < €/7, it follows that

=9 = x—3|lx+3| <|x—3]-7 < (/T)-T=e. .

We have now seen four proofs of limits of type lim f(x) = L. In Result 14.13, we

chose 6 = €/3 for the given € > 0 and in Result 14.14, we chose § = €¢/2. In each case,
if we had considered a different value of a for the same function, then the same choice of
& would be successful. This is because the function is linear in each case. In Result 14.15,
fora given € > 0, the selection of § = € /2 would also be successful if a # 3/2, provided
3/2 ¢ (a — 8, a+ 5). This is because the function f in Result 14.15 defined by f(x) =
(4x* — 9)/(2x — 3) is “nearly linear,” that is, f(x) = 2x + 3 if x # 3/2 and f(3/2) is
not defined. However, our choice of § = €/7 in the proof of Result 14.16 depended on
a = 3;thatis, if a # 3, a different choice of § is needed. For example, if we were to prove
that lim x> = 16, then for a given € > 0, an appropriate choice for & is min(1, €/9).

x—4

Next, we consider a limit involving a polynomial function of a higher degree.

1111% (=22 —3x—7)=3.
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Result 14.18

For a given € > 0, we are required to show that |(x> —2x® —3x —7) — 3| < € if
0 < |x — 2| < § for a suitable choice of § > 0. We then need to work |x — 2| into the
expression |x° — 2x* — 3x — 10|. Dividing x> — 2x> — 3x — 10 by x — 2, we obtain
X —2x3 —3x— 10 = (x — 2)(x* + 2x> + 2x% + 4x + 5). Hence, we have

X =28 —3x— 10| = |x = 2||x* + 23 + 2% + 4x + 5.
Thus, we seek an upper bound for |x* 4 2x* + 2x? + 4x + 5|. To do this, we impose a

restriction on §; namely, we require that § < 1. Thus, |x —2| <§ < 1. So, -1 <x —
2 <land1 < x < 3. Hence,

e 203 4 202 + dx + 5] < 4] + 1223] + 23] + |4x]| + |5] < 170.

We are now prepared to prove Result 14.17. ¢

lim @ =2x=3x—7)=3.

Let € > 0 be given and choose § = min(1, €/170). Let x € R such that 0 < |x — 2| <
8 = min(l, €/170). Since |x — 2| < 1, it follows that 1 < x < 3 and so

[x* + 203 + 202 + 4x + 5] < |x*] + |23 + [2x3] + |4x] + |5] < 170.
Since |x — 2| < €/170, we have
|6 —2x°* =3x—7) = 3| = |x¥* —2x° — 3x — 10}
= |x—2|Ix* + 23 + 26% + 4x + 5]
< (¢/170) - 170 = €. "

Our next example involves a rational function (the ratio of two polynomials).

X2 +1 2
Iim ——— = —.
x—1 x2+4 5

First observe that
X +1 2‘_‘5(x2+1)—2(x2+4) B =3 3 — x4 1]

2+4 5 502 + 4) T 52 +4) 52 +4)

3lx+ 1]

5(x2 +4)
that§ < 1.Then|x — 1] <lor0<x < 2. Hence,1 <x+1 <3andso3x+ 1] <9.

1
Also, since x > 0, it follows that 5(x*> + 4) > 20. Thus,

Hence, it is necessary to find an upper bound for . Once again we restrict § so

! and
—— < —andso
524+4) 20

3lx+ 1] 1 9
— <9 =) ==
5(x244) 20 20
We now present a proof of this result. ¢

X412
lim = —.
1 x24+4 5
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Proof Lete > 0be given and choose § = min(1, 20¢/9). Letx € Rsuch that0 < |x — 1| < 4.

Example 14.19

Solution

PROOF STRATEGY

Since [x— 1| < 1,wehave 0 <x <2and 1 <x+1 < 3.Hence, 3|x+1|<3-3=9

1 3 1
and 5(x% + 4) > 20, so — . Therefore, M < 9/20. Since |x — 1| <
20¢ /9, it follows that

1
— <
524+4) 20 5(x2+4)
241 2‘_‘5(x2+1)—2(x2+4) 32 -3

244 5 52 +4) S 5(x2+4)
3x—1|lx+1] 20 9
= < — - — = €. | |
5(x2 +4) 9 20

We now present one additional example on this topic.

2
—1
What would be a reasonable conjecture for lilr} ; 7 ?
xX—> X —

Since it appears that lin}()c2 —1)=0 and lirr%(Zx— 1) =1, we would expect that
X =1 0 '

li Y
o1 1 ¢

Let’s now give a formal proof of this, beginning with a plan for a proof.

To verify that the limit in Example 14.19 is 0, we show for a given € > 0 that there exists

8 > Osuch thatif 0 < |x — 1] < §, then
xr—1 _

2x — 1 B

=1
2x—1

<

Observe that

x—Da+D|  |x+1]
2x— 1 o 2x—1]

|x + 1
[2x — 1|
strict § < 1, as before, but in this situation, we have a problem. If § <1, then
O<|x—1]<déand so |[x—1| < 1. Thus, 0 < x < 2 or x € (0, 2). However, this in-
|x+ 1
[2x — 1]
place a tighter restriction on §. The restriction § < 1/2 is not suitable either, for if |x — 1|
1
<8 <1/2,then1/2 < x < 3/2. Even though ||2x+ 1||
x —
in this interval, this expression becomes arbitrarily large if x is arbitrarily close to 1/2,
allowing |2x — 1] to be arbitrarily close to 0. That is, we cannot find an upper bound

-1
2x—1

Ix—1].

Proceeding as before, we find an upper bound for

. Ordinarily, we might re-

terval of real numbers includes 1/2 and is not defined when x = 1/2. Thus, we

is defined for all real numbers x

1
for ||2x+ 1|| if § = 1/2. Hence, we require that § < 1/4, say,and so |x — 1| < § < 1/4.
X —
Thus, 3/4 < x < 5/4. Hence, |x + 1| < 9/4. Also, |2x — 1| > 2 (%) —1=1/2 and so
1 9 9
< 2. Therefore, A1 < 2=—. ¢

12x — 1] 2x—1 4 2
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Result 14.21

Proof

o=
lim
x—1 Zx —1

Lete > Obe givenand choose § = min(1/4, 2¢/9).Letx € Rsuchthat0 < |[x — 1| < 6.
Since § < 1/4, it follows that |[x — 1| < 1/4 and so 3/4 < x < 5/4. Hence, |x+ 1| <

5/4+1=9/4. Also, |2x— 1] >2(3) =1 =1/2 and so

< 2. Therefore,

2x— 1|
9 9
U9 5 2 Since v — 1] < 8 < 2¢/9. it follows that
x—1] 4 2
=1 X -1 |)c+1|| 1 2¢ 9
0| = = x—1]<=.-Z = m
2x — 1 2x — 1 [2x — 1] 9 2

Next we consider a limit problem where the limit does not exist.

.1 .
lim — does not exist.
x—0 X

. .1 . .
As expected, we will give a proof by contradiction. If 11[1’(1) — does exist, then there exists
x—0 X

1
a real number L such that lim — = L. Hence, for every € > 0, there exists § > 0 such

x—0 X

. 1 . .
that if 0 < |x| < §, then |— — L| < €. For numbers x “close” to 0, it certainly appears
X

1. . .
that — is “large” (in absolute value). Hence, regardless of the value of ¢, it seems that
X

1
-—L
X

there should be a real number x with O < |x| < § such that > €. Itis our plan to

show that this is indeed the case. Thus, we choose € = 1, for example, and show that no
desired § can be found. ¢

.1 .
lim — does not exist.
x—0 X

N .
Assume, to the contrary, that hn}) — exists. Then there exists a real number L such that
X—> X

1
liI’I(l) — = L. Let € = 1. Then there exists § > 0 such that if x is a real number for which
X—> X

1
0 < |x| < §,then |— — L| < € = 1. Choose an integer n such thatn > [1/§] > 1. Since
X

n > 1/6, it follows that 0 < 1/n < §. We consider two cases.

Casel. L<0.Letx=1/n.S00 < |x| < §. Since —L > 0, it follows that
1
——=Li=n—-Ll=n—-L>n>1=¢,
X

which is a contradiction.
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Case?2. L > 0.Letx=—1/n.So,0 < |x| < §. Thus,

1
‘——L‘ =|-n—-Ll=|-m+L)|=n+L>n>1=c¢,
X
producing a contradiction in this case as well. [

Let f(x) = |x|/x, where x € R and x # 0. Then liI‘I(l) f(x) does not exist.

The graph of this function is shown in Figure 14.4. If x > 0, then f(x) = |x|/x =

x/x = 1; while if x < 0, then f(x) = |x|/x = —x/x = —1. Hence, there are numbers x
that are “near” O such that f(x) = 1 and numbers x that are “near” O such that f(x) = —1.
This suggests a proof. ¢
y
1
X
0
—c J— 1

Figure 14.4  The graph of the function f(x) = |x|/x
Let f(x) = |x|/x, where x € R and x # 0. Then lirr(l) f(x) does not exist.
x—

Assume, to the contrary, that 113(1) f(x) exists. Then there exists a real number L such
that )121(1) f(x) = L. Let € = 1. Then there exists § > 0 such that if x is a real number
satisfying 0 < |[x — O] = |x| < &, then |f(x) — L| < € = 1. We consider two cases.
Case 1. L > 0. Consider x = —§/2. Then |x| = §/2 < §. However, f(x) = f(—6/2) =
(6/2)/(=6/2)=—1.So|f(x)—L|=|—1—L| =14 L > 1, acontradiction.

Case 2. L <0. Let x=24/2. Then |x| =6§/2 < 6. Also, f(x)= f(6/2)=(5/2)/
6/2)=1.So |f(x)—L|=1|1—-L|=1-—L > 1, acontradiction. [ ]

SECTION 14.3 EXERCISES

14.18. Give an € — § proof that lim,_,, (3x + 1) = 4.
14.19. Give an € — § proof that lim,, _; (3x —5) = —8.
14.20. Give an € — § proof that lim,_,, 2x> —x —5) = 1.
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14.21.
14.22.

14.23.
14.24.

14.25.
14.26.

14.27.

14.28.
14.29.

14.30.

14.4
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Give an € — § proof that lim,_,, x> = 8.
Determine lim,_.; s and verify that your answer is correct with an € — § proof.
Il _ 2

4x4+3 T 3¢

Give an € — § proof that lim,_, 3
x> —2x=3
x2—8x+15

1

XZ

The function f : R — R is defined by

Determine lim,_, 3 and verify that your answer is correct with an € — § proof.

Show that lim,_,y = does not exist.

1 x <3
fx)=4315 x=3
2 x> 3.

(a) Determine whether lim,_,3 f(x) exists and verify your answer.
(b) Determine whether lim,_,, f(x) exists and verify your answer.

A function g : R — R is bounded if there exists a positive real number B such that |g(x)| < B for each
xeR.

(a) Letg: R — R be abounded function and suppose that f : R — R and a € R such that
lim,_,, f(x) = 0. Prove that lim,_,, f(x)g(x) = 0.
(b) Use the result in (a) to determine lim,_, o x> sin (Xiz)

Suppose that lim,_,, f(x) = L, where L > 0. Prove that lim,_,, /f(x) = VL.
Suppose that f : R — R is a function such that lim,_,¢ f(x) = L.

(a) Letc € R. Prove that lim,_,. f(x —c¢) = L.
(b) Suppose that f has the property that f(a + b) = f(a) + f(b) for all a, b € R. Use the result in (a) to
prove that lim,_, . f(x) exists for all c € R.

Let f: R — R be a function.
(a) Prove that if lim,_,, f(x) = L, then lim,_,, | f(x)| = |L]|.

(b) Prove or disprove: If lim,_,, | f(x)| = |L|, then lim,_,, f(x) exists.

FUNDAMENTAL PROPERTIES OF LIMITS OF FUNCTIONS

If we were to continue computing limits, then it would be essential to have some theo-
rems at our disposal that would allow us to compute limits more rapidly. We now present
some theorems that will allow us to determine limits more easily. We begin with a stan-
dard theorem on limits of sums of functions.

Theorem to If lim f(x) = L and lim g(x) = M, then

X—da

Prove
)}131 (f)+gx) =L+ M.

PROOF STRATEGY Inthis case, we are required to show, fora given € > 0, that |(f(x) + g(x)) — (L+ M)| < €

if 0 < |x — a| < & for a suitable choice of § > 0. Now,

I(f) 4 g(x) = (L+M)| = [(f(x) = L) + (g(x) = M)| = [f(x) = L[ + |g(x) — M].
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Proof

Lemma 14.24

Proof

Theorem to
Prove
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Hence, if we can show that both |f(x) — L| < €/2 and |g(x) — M| < €/2, for example,
then we will have obtained the desired inequality. However, because of the hypothesis,
this can be accomplished. We now make all of this precise. ¢

If lim f(x) = L and lim g(x) = M, then

lim (f(x) + g(x)) = L + M.

Let € > 0. Since €/2 > 0, there exists §; > 0 such that if 0 < [x — a| < §;, then
|f(x) — L| < €/2. Also, there exists 6, > 0 such that if 0 < [x — a| < §;, then |g(x) —
M| < €/2. Choose 6 = min(§;, 6;) and let x € R such that 0 < |[x — a| < §. Since
0 < |x —a| < &, it follows that both 0 < |[x — a| < §; and 0 < |x — a| < §,. Therefore,

I(f(0) + g(x)) = (L +M)| = |(f(x) = L) + (g(x) = M)
S IfO) =L+ [gx) —M| <€/2+€/2=€. .

Theorem 14.23 states that the limit of the sum of two functions is the sum of their
limits. Next we show that this is also true for products. Before getting to this theorem,
let’s see what would be involved to prove it. Let ll_r)l’(ll f(x) =Land ll_r)r}l g(x) = M. This
means that we can make the expressions | f(x) —'L| and |g(x) — M| as small as we wish.
Our goal is to show that we can make |f(x) - g(x) — LM| as small as we wish, say less
than € for every given € > 0. The question then becomes how to use what we know about
|f(x) — L| and |g(x) — M| as we consider | f(x) - g(x) — LM|. A common way to do this
is to add and subtract the same quantity to and from f(x) - g(x) — LM. For example,

|f(x) - g(x) = LM| = | f(x) - g(x) — f(x) - M + f(x) - M — LM|
= |f()(gx) —M) + (f(x) — L)M|
= If@llglx) — M| + [ f(x) — L||M].

If we can make each of | f(x)||g(x) — M| and |f(x) — L||M]| less than € /2, say, then we
will have accomplished our goal. Since |M| is a nonnegative constant and | f(x) — L| and
|g(x) — M| can be made arbitrarily small, only |f(x)| is in question. In fact, all that is
required to show is that f(x) can be bounded in a deleted neighborhood of a, that is,
|f(x)] < B for some constant B > 0.

Suppose that lim f(x) = L. Then there exists § > 0 such that if 0 < |x — a| < §, then
Ifol < 14 |LI.

Let € = 1. Then there exists § > 0 such that if 0 < |[x — a| < &, then |f(x) — L| < 1.
Thus

lf)l = 1f(x) =L+ Ll < |f(x) = LI +|L] < 1+ |L]. .

We are now prepared to show that the limit of the product of two functions is the
product of their limits.

If lim f(x) = Land lim g(x) = M, then lim f(x) - g(x) = LM.
X—a X—da X—a



388 Chaptel‘ 14 Proofs in Calculus

PROOF STRATEGY

Theorem 14.25

Proof

Lemma 14.26

As we discussed earlier,

Lf(x) - g(x) = LM| = | f(x) - g(x) — f(x) - M + f(x) - M — LM|
= |f(0)(glx) — M) + (f(x) — L)M|
= [fllgk) — M| + | f(x) — L||M].
For a given € > 0, we show that each of |f(x)||g(x) — M| and |f(x) — L||M] can
be made less than €/2, which will give us a proof of the result. Of course, this fol-
lows immediately for | f(x) — L||M| if M = 0. Otherwise, we can make |f(x) — L| less

than € /(2|M|). By Lemma 14.24, we can make |f(x)| less than 1 + |L|. Thus, we make
lg(x) — M| < €/(2(1 + |L|)). Now, let’s put all of the pieces together. ¢

If im f(x) = Land lim g(x) = M, then lim f(x) - g(x) = LM.

Let € > 0 be given. By Lemma 14.24, there exists §; > 0 such thatif 0 < |x — a| < §;,
then |f(x)| < 1 + |L|. Since lim g(x) = M, there exists §, > O such that if 0 < |x —

al < 8, then |g(x) — M| < €/(2(1 + |L])). We consider two cases.
Case 1. M = 0. Choose § = min(dy, 65). Let x € Rsuch that 0 < |[x — a| < §. Then

[f(x) - g(x) = LM| = |f(x) - g(x) — f(x) - M + f(x) - M — LM]|
= |f(x)(glx) — M) + (f(x) — L)M]|
= [fllgx) = M| + | f(x) — L||M|
<A+ |LDe/RA+ L)) +0=¢€/2 <e.

Case 2. M # 0. Since lim f(x) = L, there exists §3 > 0 such that if 0 < |x — a| < 83,
then |f(x) — L| < e/(2x|;\)/lal). In this case, we choose § = min(§;, >, §3). Now let x € R
such that 0 < |x — a| < 8. Then
If(x) - g(x) — LM| = | f(x) - g(x) — f(x) - M + f(x) - M — LM|
= [f()(gx) — M) + (f(x) — L)M]
= IfOllgx) — M| + | f(x) — LIIM|
< (L+ILDe/2(L+ L) + (¢/2IM]) M|

=€/24+€/2=¢€. ]
Next, we consider the limit of the quotient of two functions. As before, let
L
lim f(x) =L and lim g(x) = M. Our goal is to show that lim % = —. Of course,
x—a x—a x—a X

this is not true if M = 0; so we will need to assume that M # 0. Since lim g(x) = M #£ 0,
X—a

it follows not only that g(x) # 0 in some deleted neighborhood of a but that there is a
properly chosen deleted neighborhood of @ on which 1/|g(x)| is bounded. This is ac-
complished in the following lemma.

If lim g(x) =M # 0, then 1/|g(x)| < 2/|M| for all x in some deleted neighborhood
of a.
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Let € = [M|/2. Then there exists § > 0 such thatif 0 < |x — a| < §, then |g(x) — M| <
|M|/2. Therefore,
M| = |M — g(x) + g(x)| < IM — gx)| + [g(x)].
Hence, |g(x)| > |M| — M — g(x)| > [M| — [M|/2 = |M|/2. Thus, 1/|g(x)| < 2/|M|. m

. . . f) L
If im f(x) = Land lim g(x) =M # 0, then im —— = —.
X—>a X—>a X—a g(_x) M
L
To prove that lim @ = —, we are required to show that @ — —| can be made
v—a gx) M 8(x)

arbitrarily small. Observe that

@ B £‘ ) -M—-L-gx)| |f(x)-M—LM+LM—L-g(x)
gx) M| 8x) - M - 8) - M
_ '(f(X) — L)M + L(M — g(X))‘ _ &) = LM + |LIIM — g(x)|
gx)-M h 18O IM|
_ @=L LM — g
1€ 180 IM|
Thus, to show that M — — | can be made less than € for any given positive number €,
gx) M

[f(x) — L] |L|IM — g(x)]
and
lg(x)] lg()1M|

it is sufficient to show that each of can be made less

than €/2.
With the aid of Lemma 14.26, we now have

fO L] _f@ =Ll | ILIM — )|
gx) M| |g(x)] 1g()[|M]
2
<|fx) =Ll — +|L[IM — gx)| - ——.
M| |M|?
This suggests how small we must make |f(x) — L| and |g(x) — M| = |M — g(x)| to
accomplish our goal. ¢
. . . f(x) L
If im f(x) = Land lim g(x) =M # 0O, then im —— = —.
x—a x—a x—a g(x) M

Let € > 0 be given. By Lemma 14.26, there exists §; > 0 such thatif 0 < |x — a| < §y,
then 1/|g(x)| < 2/|M|. Since lim f(x) = L, there exists §; > O such that if 0 < |x —

al < 8, then |f(x) — L| < |M|e/4. We consider two cases.
Case 1. L = 0. Define 6 = min(§, 6;). Let x € R such that 0 < [x — a| < 6. Then

f L} _ 1S — LI LM — ()
gkx) M|~ gl |g(x)[|M]
Mle 2 €
<— —+4+0==- <e.

4 M 2
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Theorem 14.28

Proof

Theorem 14.29

Proof

Theorem 14.30

Proof

Theorem 14.31

Case 2. L # 0. Since lim g(x) = M, there exists 63 > 0 such that if 0 < |x — a| < 83,

then |g(x) — M| < |M|*¢/(4|L]). In this case, define § = min(§;, &,, 83). Let x € R such
that 0 < |[x — a| < 8. Then

J 5’ _ @=Ll ILIM — g()

gx)  M|T  |g(x)l lg()[|M]
Mle 2 Ll M]*Pe 2 € €
—_— — F — —— — = — 4 — = €. u
4 M| M| 4Ll M) 2 0 2

Now, with the aid of Theorems 14.23, 14.25, 14.27 and a few other general results,
it is possible to give simpler arguments for some of the limits we have discussed. First,
we present some additional results, beginning with an observation concerning constant
functions and followed by limits of polynomial functions defined by f(x) = x" for some
neN.

Leta,c € R If f(x) = cforall x € R, then lim f(x) = c.

X—a

Let € > 0 be given and choose § to be any positive number. Let x € R such that 0 <
|x —al < §.Since f(x) = cforallx € R,itfollows that |f(x) —c|=|c—c|=0<¢€.m

Let f(x) = xforall x € R. Foreacha € R, lim f(x) = a.

Lete > Obe given and choose § = €. Letx € Rsuchthat0 < |x — a| < §. Then | f(x) —
al=|x—a|l <é=c¢€. [

‘We now extend the result in Theorem 14.29.

Letn € N and let f(x) = x" for all x € R. Then for each a € R, lim f(x) = d".
X—a

We proceed by induction. The statement is true for n = 1 since if f(x) = x, then
lim f(x) = a by Theorem 14.29. Assume that lim x* = d*, where k € N. We show that

X—a

lim X*' = a**!. Observe that lim x**' = lim (x* - x) . By Theorems 14.25 and 14.29

xX—a . . ) X—>a xX—>a
and the induction hypothesis,

lim X! = lim (xk x) = (lim x]‘) (lim x) = (ak) (a) = d*'.

X—a X—a X—>d X—>d
By the Principle of Mathematical Induction, lim x" = a" for every n € N. |

X—a

It is possible to prove the following theorem by induction as well. We leave its proof
as an exercise (Exercise 14.32).

Let fi, f2, - - -, f, be functions (n € N) such that lim f;(x) = L; for 1 <i < n. Then

lim (i) + L)+ -+ fu)) =Li+ Lo+ + Lo
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With the results we have now presented, it is possible to prove that if p(x) = ¢, x" +
Ca1X U 4 - 4 c1x + cg is a polynomial, then

lim p(x) = ¢,d" + cp1d" '+ -+ + cra+ ¢ = pla). (14.1)

xX—a

For example, applying this to Result 14.13, we have
lirri(3x—7)= 3-4-7.

Similarly, Result 14.14 can be established. Result 14.15 cannot be established directly
since lim3 (2x — 3) = 0. Applying what we now know to Result 14.