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Number Theory

1 The greatest idea: mod n counting

2 For any n we have a ring Rn = Z/n
3 If n = ab is composite, the ring has zero divisors mod n: neither

a nor b is 0, but ab = 0

4 If n is prime this doesn’t happen, why?

5 mod p everything has a multiplicative inverse (except 0) so Rp is
a field, denoted GF(p)

6 Can also be built for prime powers (not discussed here) GF(pk)

7 All finite fields are uniquely determined by their size
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Key observations, theorems

If n|a1, ..., ak−1 and n|
∑k

i=1 ai then n|ak
Division with remainder: ∀a, b ∈ N ∃q, r : a = bq + r

Divisors of 1 are called units

“Little Fermat” ap ≡ a mod p

Euler-Fermat If (a, n) = 1 we have aφ(n) ≡ 1 mod n Here φ(n)
countes the integers between 1 and n that are relative prime to n

Wilson’s Theorem: (n − 1)! ≡ −1 mod n⇔ n is prime
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